SrCHUCEn  WLen.  gp^exxnsenii  ozr  otrEieir  axsaingz^:  ^eci- 
fiJSSElans  car  otiisr  <ieti£.  ere  usei  fear  ersy  purpnse 
atriieir  otren,  In.  EcmnecrfeLcsn.  -wilrli.  b.  deCurLtely  reLefeel 
gavecDinsife.  praairerreni;  ogeESklaUg  rtie  H-  S» 
Geraernnierrtr.  tiierefay  lnenre  na  re^onsibility,,,  ncir  ary 
abll^ditcsii.  -wiietisaewgr'jf  sai  tiie  feet  tiieit  tiie  Gtrreni- 
meat;  iieae  fcrnmiXetrei^  air.n  Lshe.d,^  arr  In  eiy  ws.y 
sixgglied  t&e  selcL  drawin^^  ^edfLcetxcniSj,  or-  otSer 
dE&&  is  ncEti  tta  "be  re^rdei  "by  tmnTf  ffe±i  nrr.  or'  cfuber'- 
■5jise  as  in  ery  mermer'  licenEiiig  iibe  btoXdear  car  ary 
otiiieE'  seESGErL  car  caar^enratijm^  ear  consreying  ary  i-tgfrtr.g 
cor  ggcmiggioiL  ta  mamifaeairej,  use  cor  selL  any 
paiieirted.  IrnrenfcLars.  tbafe  in  ary  way  hs  related, 
tfeeceta- 


lO 

CO 

CO 


uu  ^  - 
CSi 


.Methods  m  Structural  Dynamics 
for 

Thin  Shell  Clustered  Launch  Vehicles 


TECHinCAL  DC’CJ!-E:n2i'’'  r.EPGRT  IIC...  RGL-TZ  r.-c‘--lC5 


APRIL  106  5 


j.  S.  Keith,  et  al 
LTA*  Astronautics 


-  _ . 

Jtr 

Uur  - 

^  .  ■■  .T  “ 


♦ -ifi 


■ 


D  DC 


BEST 

AVAILABLE  COPY 


•tfTTTO 
AfTH'  Of- 

SU»J€Cr 

ta 


ftIR  FORCE  FLIGHT  DYNAMICS  LABORATORY 

Research  and  TechnaLogy,  Division 
Air  Force  Systems  Command 
UNITED  STATES  AIR  FORCE 
Wright-Patterson  Air  Farce  Base,  Ohio;  454.33; 


FDD  h  Jtme  igSS 

LimltetlQii  qdl  tlie  DiatirLtnrfeiQii  of  FDD— TnH-6i|~LQ5 


DDC  (AtTn:  Mr,  Wade) 
Cameron  Station 
Alexandria,,  Va  23314 


1,  Your  organization,  has  heen  innlnded  on  the  distriEcntion  list  to 

ohtain  a  gopY  of  'Eechni.c.al  Report  FDD— TDE-64— LQ5 "Methods  in  StmctarEtl 
Dynejnics  ’or  Utin  Shell  Clnstered  Eennch-  Vehicles"  dated  April  19fi5-  '' 

The  folloyring  notice ^  which  limits  further  distrihntion  of  this  r^Gcrt„' 
should  have  been  included  on  the  ffotices  Page  of  the  reports 

"Foreign  announcenrent  and  distribution  of  this  report  is  not 
authorized.,"  The  distribution  of  this  r^ort  is  limited 
because  it  discloses  aearoelastlc  and  structural  dynamica 
information  on  space  launch  wehicl.es , 

2,  This  letter-  is  to  inform  jrau  of  the  limxtatlonM 

IvjUtZr 

VALTER^, 

Asst,  for-  Research  &  Technolagy 
Vehicle  Dynefflica  Division 


i 


HOTICES 


Wlieii  GoTrerrmetil:  draHing-s  ^  specif icationa,,  or  otier  data  are  used 
for  anj-  purpose  otiier  than  in  cannection  with  a  definitely  related 
Go-rernment  procurejnent  operation,,  the  United  States  Go-rerrment  therehy 
incurs  no  responaihiltty  nor  any  obligation  wbatsoe-wer ;;  and  the  fact 
that  the  GQ-T-ernnient  may  haire  f ormnlated. furnished,,  or  in  any  way 
supplied  the  said  drawings ^  specifications,,  or  other  data,,  is  not  to 
he  regarded  by  implication  or  otherwise  as  in  any  manner  licensing  the 
holder-  or  any  other  person  or  corporation,,  or  conweying  any  rights  or 
permission  to  manufacture,.,  use ^  or  sell  any  patented,  in-rentton  that 
may  in  any  way  he  related  -thereto.. 


Copies  of  this  report  should  not  he  returned  to  the  Research  and 
Technology  DiTision  unless  return  is  required  by  security  conaideratian 
contractual  obligations,,  or  notice  on  specific  document.. 


FnL--TDB-6U-LQ5 


/Vfetlinds  in  StFuetiiral  i^nairiics 
fer 

Ihm  Stnielil!  CPysteFed;  Lauinjeti"  Vfgiriidies 


TEGHNTCAL  DQCnMEWTAET  REPOBT  HO..  FDI.-TDH-6U-LQ5 


APRIL  19-6  5 


I..  S,.  Keith.,  et  al 
LTV  A&tE-oxiauttc& 


AIE  FORCE  FLIGHT  LYEAillCC  LAEOBATUFY 
EECEAF.CH  AIK  TECHNOLOGY  CP-VCr-'i: 
AIR  FORCE  TiETST  ''o;c'a:i; 
WRiGHT-PATTEEECII  AIR  FfPCE  SACE,. 


'-HI' 


FOBEWOED 


Thia  report'  coTera  reaearch  conducted  by  the  LOT  Astronautica  Bi-vlsionj 
ri±ng-Teinco--?bugh.t.,  Inc.,,  Dallas-j  TSajcaa,  for  tba  Aeroapace  I^amica  Branch-j 
Tehtcle;  D^'^anrLcs;  DAvlaton-j  AF  ELignt  DynamLcs  Laboratory,  Wright— Patteraon. 
Air'  Force;  Biaa'e,.  Ohio,  under  Contract.  Fo..>.  AF33(  657)  -91I4.6..  Thia  work-  tjaa 
performed  to:  advance  the  dynamic  Loada:  state  of  the  art,  for  flight  vehiolea 
as  part  o^f  the  Eeaearch  and.  Technology  Division,  Air  Force  Syatama  Command'  a 
ac^loratory  development  program-..  The  reaeardi  -ffas.  conducted  under  Pro-ject 
Fo...  1370,  "Dynamic,  Ecoblema  in  Fli^t  Vehicles;,"  and  Task  No.  137005, 
"Prediction  and  Prevention  of  Dynamic  Load  Kroblema".,  Mr.  Lynn  G.  Rogers 
and  later  Mr.  T.  D„  Lemley  of  -the  Vehicle  Dynamica  DiTision',  AF  Flight 
Dynamics  Laboratory  were  the  pro-Ject  engineers. 

The  proj;e'ct  engineer  for  L.TV  Astronautics  was:  Mr.  J.,  Staart  Keith. 

The  principal  authors:  -vere  Mr.  J.  S..  Keith  and  Mr.  J.  W.  Lincolnj  Mrs. 

Susan  P..  Shrader-  -was  responsible,  for  coding  the  computer  program:  in. 

Appendix:  1.,  Mrs.  Shrader-  -was  also  the  author  of  that,  part,  of  the  report... 

Mr.  (T.  D  .  Chaney  -was  responsible  for  the  vibration  analysis  of  the  Saturn, 
vehicle  and  he  was  the  author  of  Appendir  H  which  des^ibes  this  analysis. 

The  cooperation  of  the  FASA  at  Langley  Field,,  Virginia,  is  gratefully 
acknowledged.  LOT  Astronautics  is  e3p;eciaily  gra-faeful  to  NASA,  Langley  for 
making  available  a  complete  set  of  blueprints  for  the  1/5  acale  mcdeLof  the 
Siataim  vehicle  and  in.  particular-  for  the  close  cooperation  of  Mr  .  Homer- 
Morgan  and  Mr  .  John  Misson  of  the  Dynamic  Loads  Division... 

This  is  the  final  report,  on  Contract  AF33(657)-91i;6... 


This  report  has  been  reviewed  and  is  approved. 


WALTER;.!, 

Asst,  for  Research  &.  Technolagy 
Vehicle  Dynamics  Division 
AF  Flight  Dynamics  Laboratory 


ii 


AmTHACO! 


4  g.eiie3:al.  mechodalogy  in  S.truc±iiraL  Dynamics:  based,  on  the 
use  of  generalized  caordinates  is  presented..  These  general  methods 
are  dsmonstraited.  by  analysis  of  some  of  the  prdhLans  of  slender-,.  can~ 
ventionaL  laianch  vehicles..  Applications  of  idle  general  methadoLogy 
are  also  girven,  for  coaplex,  configiratlons  employing  thin  shell  tanks 
li  clustered  arrangements,..  The  methods  of  strractural  analysis  and 
■vibration  analysis  that  are  presented  are  not.  restrioted  to  any  parti¬ 
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L.Q  IHTROmCTICW 


1.1 


THE  IJATUBE  AM)  FUEPOSE  OP  THIS  HEPOET 


The  purpose  of  this  report  is  to  provide  a  eonsistent  methodology  for 
solving  structural  dynamics  prohlems'  associated  with  the  des:ign  and  operation 
of  largCj  clustered^  launch  vehicles.  The  methods'  are  motivated  by  the  need 
to,  obtain.: 

a  Structural,  load  design  criteria, 

o.  Control  system  design,  criteria. 

o.  Operational  capability  and  performance  boundaries: 
for  boosted  flight  through  the  atmosphere. 

Th's  emphasis,  has  been  more  on  the  methodology  than  on  the  seleetion.  of  detailed 
design  criteria,.,  The  attempt  to  establish  rational  design'  criteria.,  however, 
has  been  the  guiding  motivation  for  the  methods,  that  are  do:cumented  herein., 

This  report  was  written  with  the  intention  of  fully  doeumentlng  a, 
specific  methodology  which  is  in  ccniaon  us:e  in  the  aerospace  industry,  but 
which  has.  received  limited  treatment  in.  the  published  literature..  To  be 
specific,  the  methodology  referred  to.  could  be  called  "a  finite  degree-of— 
freedom  approach  to  structural  dynamics. "  The  major  part  of  this;  report  is; 
devoted  to  the  detailed  development  of  this  general  methodology.  ]n,  suhse- 
quent  sections  of  the  report  this  methodology  is  demonstrated  to  be  applicable 
to  the  launch  vehicle  dynamics;  prablems.  associated  with  complex  clus.tere.d 
configurations.  Sufficient  iidlormation,  is:  given  in  these  latter  s;ections  to 
show  that  the  methods  of  this  report  are  general  enough  to  cover  the  structural 
dynamics  prablems  asao.ciated  with  non-beam-like  lavmch  vehicles  (such  as  Titan 
IH  C  and  Saturn  X  B) . 

An  attempt  has  leen  made  in  writxng  this  report  to  show  the  exten¬ 
sive  generality  of  the  methods'.  This  motive  influenced  the  arrangement  of 
the:  subject  material.  The  fQllo\Ting  steps  were  taken  to  achieve  this; 

(1)  Section  2.0  provides  a  com-Dlete  deveiopment  of  the 
methods  from  batsic  principles  of  mechanics  for  a 
continuum. 

(2)  Section  3.0  demonstrates  the  applications,  of  these 
methods  to  conventional,  slender,  launch  vehicles. 

(3)  Section  ^.1  demonstrates;  the  applications  of  the 
methods,  of  Section  2.0  to  an  arbitrary  deformable 
bod;r, 

(4)  Section  4.2  specializes  the  development  in  Section 
4.1  to  an  "arbitrary"  la-unch  vehicle,  in  boosted  flight 
through  the  atmosphere. 


(5)  Secuion  5«0  considers  in  detail  sane  aspects  of 
structural  dynamics  concerned  vrith  th in-wall  tanks 
and  clustered  arrangements^ 

(6)  Finally,  Appendix  II  provides  an  example  numerical 
analysis  of  a  specific  clustered  configuration  to 
funther  demonstrate  the  general  application  of  the 
methods,  and  to  clarify  the  discussion  in  Section  5«0. 

The  example  analysis  in  Appendix  II  is  a  detailed  docTomentation  of 
a  vibration  analysis.  The  configuration  chosen  is  that  of  the  Saturn  I  launch 
vehicle..  The  vibration  modes  and  frequencies  are  calculated  for  data,  corres¬ 
ponding  to.  the  NASA  Langley  one-fifth  scale  struetural  model  of  the  first 
Saturn  vehicle  (serial  designation  SA-l)  that  was  launched  in  October,  I961. 

In  addition  to  the  Saturn  analysis,  several  nimierical  examples:  are 
given  where  data  have  been  conveniently  available.  The  examples  in  Section 
3.0  are  primarily  based  on  data,  for  the  NASA  Scout  solid-propellant  lavinch 
vehicle.  Practical  limitations  have  made  it  necessary  to  onit  additional 
numerical  examples. 

1.2  HIST05ICAL  INTRODUCTION  TO  THE  MEOTODS  OF  THIS  EEPOET 

The  methods  of  this  report  are  not  novel,  nor  are  they  revolutionary 
or  new  to  the  aerospace  industry.  They  have  been  used  under  many  different 
names.  Some  typical  examples  are: 

Q  inatri:^  method 

o  generalised  coordinate  approach 

a  collocation  method 

o  energy  method 

o  Lagrangian  approach 

o  Roylei^-Ritz  method 

o  modal  method 

This  report  attempts  to  put  these  methods  in  order  and  show  how  they  are  all 
generated  from  the  same  basic  notions.  Siiice  the  scope  of  this  r'.'uort  is 
necessarily  restricted  to  launch  vehicle  dynamics  this  purpose  is  limited 
and  the  need  still  exists  for  a  broader  synthesis  of  these  basic  methods  in 
structural  dj,ciamics. 

It  has  been  suggested  iii  Faragrapli  1.1  that  we  call  this  general 
method  a  "finite  degree-of -freedom  anproach  to  structural  diviamics,"  a  name 
which  must  suffice  until  we  can  inlicat.e  mere  specifically  what  is  involved. 
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The  methods:  of  this  report  rely  cmpletely  on  the  principles  of 
Amlytical  Mechanics;  namely^  the  Principle  of  Yurtual  Work  and  its  exten~ 
Sion  to  dynamics  by  D 'Alembert* a  Principle.  These  principles  vere  used  by 
Lagrange  to  develop  Analytical  Mechanics  by  use  of  his  method  of  generalised 
coordinates.  lagrange’s  boast  was  that  bis  methods  were  independent  of  geo¬ 
metry  and  he  took  pride  in  noting  that  bis  treatise^  Mecanique  AnaTytique, 
did  not  contain  a  single  figpre.  It  seems  remote,  but  it  is  this  characteris¬ 
tic  of  Lagrange's  method,  which  makes  it  useful  in  structural  dynamics..  The 
usefulness  stems  from,  the  fact  that  equations  of  motion  are  developed  which 
S'PPiM  to  any  configuration  because  they  are  essentially  independent  of  the 
geonetry  of  any  particular  configuration. 

The  engineering  discipline  which  is  currently  called  structural 
dynamics:  suad  aeroelasticity  dates  back  to  the  beginning  of  powered  flight 
and  received  impetias  with  the  first  mathematical  analysis  of  the  flutter 
mechanism,  by  Theodorsen.  and  Garrick  in  193^*'  During  this  period  of  develop¬ 
ment,  Lagrange's  approach  has  been  used  repeatedly  with  success  in  vibration 
and  aeroelaatic  problems.  The  British,  however,  have  tended  to  use  the 
method  more  faithfully  than  it  has  been  used  in  this  ccnmtry.. 

The  extensive  use  of  the  Lagrangian  method  at  LTV  Astronautics  is 
principally  due  to  S.  d,,  Loring.,  As  early  as  1936j  Loring  had  developed  the 
use  of  the  method  in  a,  general  finite  degree-of -freedom  approach  utilizing 
matrices,,  Loring  came  to  Chance  Voxight  Aircraft^  in.  L93b  and  eccerted  a  signi¬ 
ficant  influence  on  the  structures  capability  of  that  compar^  in.  the  period 
from  1936  to  19iiS.  Due  to  the  obscurity  of  his  publications.^,  Loring*  s 
work  did  not  influence  the  general  trends'  in  aeroelasticity  during  that, 
period.  Outside  of  Chance  Vought,  the  subject  evolved  independently  from 
the  following  sources; 

o  !IASA,  Langley  Field,  Virginia,  due  to  the  contributions  of 
T.  Theodorsen  and  I.  E.  Garrick;  KA0A  TR  Fa..  hS6,  General 
Theory  of  Aerodynamic  Ihstahility  and  the  Ifechanism  of 
Flutter,  193t- 

o  Wright  Field,  Dayton,-  Ohio,  due  to  the  basic  approach  docu¬ 
mented  by  auilg  and  Wasserman;  Air  Force  Technical  Report, 
k-TSd,  Application  of  Three-Dimensional  Flutter-  Theory  to 
Aircra^  Structures,  I9WI  (The  existing  military  specif i- 
cations  on  aeroelastic  problems  have  been  lar.gely  influenced 
b\r  this  document.,) 

o  Ifeissachvisetts  Institute  of  Ttechnola.g7,  due  to  the  con-trih-utions 
of  R.  1.  Bisplingaoff,  H.  A.shley,  G.  Zartarian,  R,  L.  Halfmsn 
and  others  in  the  Aeronautical  Department  and  in  the.  Aero- 
elastic  and  Structures  Research  Laboratory. 


^  Chance  Vought  is  a  parent  organisation  of  LTV  Astronautics,  a  division  of 
Ling-Temco-Vought,  Inc. 

^  For  example,  Loring*  s  publications  in  the  SAE  Joxnmal  are  not  included  in 
the  extensive  bibliography  of  the  book  Aeroelasticity  (Addison-WesLey,  1955) 
by  Bisplingnoff ,  Ashley  and  Halfman. 
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California  Institute  of  Technolos:.''^  due  to  the  oontritu- 
tiona  of  1..  C»  Fungi  Elastoatatlc  and  Aeroelastic  Problems 
Relating  to  Thin  Wings  of  Hi^;li-3ueed.  Airplanes^  (Ph.«D-, 

!BiesiSj  1948)  and  Hieory  of  Aeroelastici^  1955) 

■Hie  methods  of  this  report  do  not  reflect  directly  the  estenaire  and  signifi¬ 
cant  contributions ,  of  the  above  sources hut  are  almost  entirely  devoted  to 
the  independent  contributions  of  Loring  and  the  subsequent  development  of  his 
ideas  by  M.  Turner^  Dr.  W«  W..  Soroka,.  S..  Eabinowitz,  Dr.,  Conrad  C.,  Wan, 
iT.  E.  Stevens,  E.  Simon,  Dr..  H.  A«  Wood,  Dr..  Ih  C.  H..  Li,  Dr.  J.,  K.  ffiviland, 
A.  L..  Head,  Jr.,  and  others  yrho  have  been  connected  with  Chance  Tought  over 
the  past  twenty  years.  In  spite  of  the  obscurity  of  his  publications^,  loring' 
WQX'fc  has,  nevertheless ,  influenced  the  industry  through  the  engineers  which 
have  left  Chance  'Vought  and  gone  to  other  companies., 


1  S.  J.  Lcrinr,  'Cenoral  Aprrcacn  to  ohe  Flrt-or  '--rcblcn.  Journal  (.'hcans’- 
actions)  vclrnie  1^,  IIo.  1,  Januar;,'  c.  .an'i  Uoe  of  teneralised  Coordinates 

in  FLutuer  .na.l”3is,  5.11  .Tnjirm.1,  vcl’jme  '1,  Ec.  1,  April 
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a.l  PRINCrPLES,  OF  AimimCAL  MECHOJICS  FOE  COEEIHaOUH 
FUJITS,  DBGREE-OF-FRBEDCM  SYSTSiE' 

An  Bitrod-gctlon  to  Coirtimnm  Mj^cnanlcs 

Dx  dealing  witb.  the  motion  of  a,  flexible  launch.  -Tehicle  interacting  with. 

Its  fuel  and  the  surrounding  atmosphere  there  are  nunErous,  opportunities  to.  call 
upon  fundamental  principles  related  to.  the  djinamics  of  a.  continuum,  of  mass  parti- 
eies..  For'  this  reason  we  want  to  rewiew  these  principles j,,  in  this  section,,  in 
a  form  and  notation  which  will,  clarify  discussions  in  subsequent  sections..^- 
Sfost  of  the  conceptual  difficulties  with  the  dynamics  of  "open"  systems  (such 
as.  a,  vehicle  losing  mass)!  arise  because  care  is  not  exercised  in  analyzing  the 
detailed  motions  of  the  particles  of  the  sys.tem.,  It  is  felt  that  these  dif¬ 
ficulties  and  others  may  be  avoided  by  a.  preliminary  consideration  of  the 
equations,  of  continuum  mechanics.- 


Consider  an  arbitrary^  finite  portion  of  a.  continuum  of  particles  at.  a, 
time,  say,  t  =  0. 


FIGURE  T  A  PORTION  OF  THE  CONTINUUM 


let,  I  ,  jr ,  and  JK  be  a  set  of  inertial  unit  base  -vectors  directed  along 
the  axes  of  a  rectangular'  coordinate  sys-tem,  (x,y,z)  whose  origin  is  fixed. 

At  t  =  0  let  the  arbi-ferary  surface  bounding  this  set  of  particles  be  given  in 

^For  a  more  comple-fce-  discussion,  reference  should  be  made  to  Green  and  fema. 
Theoretical  Slsstlcity,  CStford,  195^,  or  Ttuesdell,  Principles  of  Continuum 
tfechsnics,  Colloquim  lecttrnes  in  Pure  and  Applied  Science  Fo,  5  Socony  Ifobil 
Oil  Co.  Field  Research  laboratory,  Dallas,  Texas,  Ifebruary  i960, 
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t&e  implicit  form 

ifjTjii,  =  0 


(2-1) 


We  may  "tag"  or  give*  an.  identity  to  eacli  of  the  continum.  of  particles:  hy 
associating  that  particle  with,  the  coordinates,,  (x;,y,.2.),.  of  the  point  occtrpied 
hy  the  particle  at  t  =  G*  ESren  though  the  particle  is  displaced,  from  this  point, 
in  subsequent  times,  we  continue  to  call  it  the  "x-y-z  particle."  fi.  set.  of 
coordinates,  such  as  these,  which  label  particles  are  termed  "lagrangian  coor¬ 
dinates." 


Tne  particles  which,  at  time  t  =;  0,  have  coordinates,  (x:,y,E)., 
continuously  displaced  to.  new  positions  which  have  coordinates,  say,  ($,77*0 
referred  to.  the  original  inertial  reference  frsne..  The  kinematics  of  the 
motion  is  conroletely  described  by  the  set.  of  functions 


F  =^C7{THTHTt) 

f  (X>  Cj-t) 


(2-2) 


These  equations  give  the  coordinates  of  a  point  which,  at,  time  t,  is  occupied 
by  the  x-y-z  particle.  Because  of  our  definitions  of  x,  y,  and  z,  these  equa¬ 
tions  satisfy  the  peculiar  relations. 


t^,£,  0) 

(2-3) 


Tn  a  concise  manner  we  have  the  position  vector,  Jt  (x,y,z,t),  of  liie  x-y-z 
particle  at  time,  t,  given  by 


J  -4-  s,t)K  (2-4) 


The  coordinates,  ($,77,$),  are  termed  "Eulerian  coordinates"  for  the  particles. 
The  velocity  of  the  x-y-z  particle  is  defined  by 


and.  likewise  the  acceie-raidan.  of  tihe  x-y-z'  particle  is  defined  ty 


<5X,Cx,Lj,.£rt’)  ==  ^(xrtjTX,t) 


(2-b) 


T&e;  Eulerian. 'end,  l£©:;ang.iax  coordinate,  des,cripti.ons  are  summarized  in 
ligure  a.. 


FIGURE  2  EULERIAN  AND,  LAGRANGIAN  COORDINATES 


2.1.1.a  Ibg'  Equations  of  Cbntinux.1y  and  Mbmentran, 

let,  the  mass  per'  unit,  of  volume  in  the  neighhorhood  of  the'  point  Cxj,y,,z,}' 
at.  tire;;,,  t  =  0;,;  he  denoted  hy 


Ca-r; 


u 


The  to.tal  mass,  of  the  arbitrary  portion  inside  the  surf  ace  j,  f(x^.y;t.z)  =  0;,. 
which:  bounds  this  fixed,  set  of  particles  is  given  byl 

(2.8) 

The  conservation  of  mass:  in  noarelatxviS-tic  continuum,  mechanics,  is  expressed,  by 
the:  trivial  relation. 


dt 


=  Q 


5:}“0 


(2-9) 


The  conservation  of  momentum,  is  similar  and  is.  derived  from  a,  form,  of’  Ife.wton,''s, 
second  la\v  in  classical,  mechanics..  The  problem^,,  however'jj,  is.  not,  eonceptually 
straightforward  because  of  the  nondlfferentiable  nature  of  the,  f brces:  on  a 
n£ss.-po,int.  in  a  continuum..  Invoking'  ElewtQn'’s;  second  iaw',.  we  have 


\  ilV  =  ci,F(T<,L|,£,,t,)  (a-10) 


where  the  integral  on  the  ri^t.  should  be  interpreted  as  a,  generslizatlDn  of  the- 
Stieltjes  definition  of  an  integral.,  Upon  integra.ting  over  the  fixed  set.  of 
particles  inside  f  (X;ryj-z)  s=  0  at.  t  =  0^  we  have 


f  — 0 


(2-11) 


The  total  force;r  IF  ,  on  this  finite  set  of  particles  is  given  by  contributions 
from  a  surface  and  a  volume  integral 


F  IP-dV 


(2-12) 


'jflcLV 


is  used  to  denote  the  volume  integral 


)  ix  -ii. 


IS 


whe-Ee^  S.  is  t&e^  stress-  dyadic^  and.  P  is  the  so.-called  body-force  per  'unit 
of  TOlume,* 


£*'d§: 


FIGU  RE  3  SURFACE  AND  BODY  FORCES: 


Tbe  ideatity;,,. 


J;x.y^,E)=Q  f(x,y,fc)=0. 


(2-I3.I 


is  true,  be.ceuse  our  consideratioa  of  a,  fixed,  set.  of  particles:  makes:  the'  limits, 
of  integration  independent,  of  time.,  Using:'  this';,,  along  with,  the;  definition,  of 
■velocity  (Equation  2.-5  );r  Equation  2-11  yields 


+  ]  PcLV  (2-lW 


E^ations:  2.-9  and  2-1^  express  the  principles  of  the'  conservation  of  mass 
and  moHEntum,  in  'terms  of  lagrangian  coordinate-s:.,  Otn:'  aim',  will  be  to:  transform, 
these  to,  expressions:  in  Eulerian  coordinates:;,  but;.,  before:  this,  'we  want  to, 
introduce  the  Eulerian  notion  of  mass  density.,  The  relations  which  give'  the 
"label;^"  (x:;^y;.z:);.  of  a  particle  which  at  time,;^  tj.  is  at  the  point  i  ^  j/H  r  C  ) 
are  given  by  the  in'verse  of  Equations  2.-2 

X  =  Xf5,Y,F,  t) 

'j=  i,fc)  (2-1?) 

^See  Constant;.  Tbeore-tical  Physic s,  Addisou-Wesley;.  1954..  p..  40  and  p.,  201. 
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If  we  use  these  equations  to  make  a  change  of  variable  in  Equation 
have. 


jgdV  =  (a-lhl 

i'tt.4,z^=Q,  S ( 'tfSilttu,  rcg.7,j;tn  =0 


where  is  the  Jacahian  associated  with  the  transformation  ergressed  by 

Equations  2;-L5*-  The  nature  of  the  Jacobian  plays,  an  inmsortant  part  in  the 
Eulerian  notion  of  density^  'Ihe  Jacobian  is  the  ratio  of  the  volune  element,, 
cbcdydr,  to.  the  "defornEd"  volume  element,  6.^  dr]  6l^  «  Erom  this  it  follows 
that 


0(x,t{,e) 


has,  the;  physical.  Interpretation  of  the  mass  per  unit  of  deformed  volume.  ¥e 
then,  define  a.  density  function  for  Eulerian  variables  by 


(2-rr) 


In  like  manner,  we  define  a  body  force  per  unit.  ness,  for  Eulerian  variables  by 


PtX,.l^,E,t'j 


(a-i8) 


For  conciseness,  we  denote  the  instantaneous  siirface  botinding  the  fixed,  set  of 
particles  by 


F(5,7,>r,tl  s  f(x(5,7,yf), =  0 


(2-19) 


If  we  use  Equation  2-15  to  transform.  Equations  2-9  ani  2-1^4-  to  Eulerian,  vari¬ 
ables,  we  obtain 


A 

it 


],av 


=  0 


=§E-iS  -]p,iv 


V  iOiit  .=1 


(2-20) 


(2-21) 


TSe  sarfacs:  integral,  ia  Eqaeclcsit  S-SL  is  s  vectHr  iavariasiu  in.  form:  and.  hence 
nnsLtered  hy  this  cansioeraxion  of  a.  trsnsf'ciriDatiQii  ta  Ealerian.  ccordiaataa.. 
AIsOje  it  should,  he  ejnghsaized  that  the  fi  ^  and  p  ,  in  Bmstioms  a-Sd  and  S-Sl. 
are  the:  lolenian  countecpants;  dafiisd  in,  Sangfetons;  a"l.T  snd  2-lS« 


Bo  denize  the  Ealecisn  difYarentlaL  equatians  of  continuity  and  mcaBsntuia;,; 
we  mist  csnry  out  the  tiae  difg^entia'tiDn  indicted  in  EOTatione  2raci  end 
S-ai.*  rt  should  he  noted  idiat  this  openstion  is  not  ea  trisrisl  es  fear  iiie  esse 
when  the  inte^isL  was  espnessed  in  la^angLan  coordinates..  The  integrals  have 
tinE-denendent  Ximts  of  integratLon  when  expressed  in  ESiLeEian  coordinates.. 

We  mist  inyohe  s  ^nerslizetion  of  Eeihnltz's  rule  for  di.Hfe-rentiatitig  an 
integrals  We  state  this  theorem;  without  praed^v 


41  ( 


)  '¥''d;£ 


(&-2£) 


in  this  eanression,;  is  the  velocity  of  points  on  the  surface  that  deacrxhe 
the  limits  of  integration^ 


3n  our  applications,,  the  velocity  of  the  surface  coincifes  witt  the  velocity  | 
of  particles  (since  no  mess  crosses  the  hounding  sTorface)..  Also,-  the  lest  teen  * 
in  Enintion  a-^  can  he  transformed  into  a  volume  integral  hy  use  of  the  di—  ' 

ver^nce  theorem*  * 


>  +v-f  TlUV 


(2-22) 


If  we  a^Iy  this  to  the  left-hand  side  of  EduatiDna  a-aQ  and  a-ai,  we  obtain 


(a-a4.) 


e^ct:/  =  ^  v*r0T^))cti/ 


p'll.-T.tt'i-a  FS,l;j;tl=a 


iif*®  “l/S 

H&TrntlMI  F!5;r,l;tJ=0 


(2ra5^) 


If  we  use  the  diveiri^nce  thsarem:  on  the  surface  forces  in  Equation  S-SL,  we  nsy 
write  Emistiona  a-ah  and  a-EJ  as 


(2-ah) 


.  hetirxEuie  proof  for  this  theorem,  is  given  in  several  places..  In  particular' 
it  is  discussed  in  lectures  in  Eluid  £fechan±ca  hy  ^dney  Goldstein,  Urteracience 
IJba* 


(£-27) 


/ 

'  it 


f  gTV)  -  Y-E  -0^  )  6^1  =  Q 


Since  the  g;aEticnx  of  the  craxbinuuin:  we  corcsidjened.  wee  anhitra-Eyj  we  raaat.  conclude 
thsst.  tiie  integca-nde  a£  the  shave  expresslans  are  zena  at.  each,  paint;,  (  $  yTj  , 
q£  the  continuunL  of  nEan  paEticlea..  The  Eulecian.  efcquationa  of  continuiity  ancL 
nKJinentcmr  SEce  then. 


(2-2a) 


The  legrangian:  countecpsEt;  aC  these  equsticma  ta  derxvedi.  hy  applying  the  dx.-- 
vecgenne  theoran;  tn  the  surface  farces  in.  Bpastion  S-H..  The  Eagcangtarc 
equations  of  cantinui.ty  surf-  mmcartmii  are  then 


(£-50) 


(S-3I.) 


The  first  equation  just  ecpreases  the  tri-viai  fact  that  the  Iss^axxgimx.  den.-ai.ty 
fimction,  is  not  degendeait  on  -tdiDe..  It  hiauld.  he  noted;,  again,  that.  A,  P,  and; 
Y~  sEce  defined,  differently  in  the  above  se-ta  of  equations,  hat.  there  ta  rarely 
any  accasLon  for  using  both  the  Eolerian  and  la-grangian;  equations  to^tteir  so 
that  no  attenpt  wili  be  made  to  give  them:  different  natations  4- 

We  will  have  numerous  apErortunities  in  this  report  to  use  Etpiahions  2:~2S 
and.  2-29  car  Squatian  2r-51.-  Dx  gEErticular,  we  want  to  use  EmiatLon  2-51  to 
derive  a  form,  of  the  Erinciple  of  Virtual  Wcofe  which  xs  useful  for'  the  daciva— 
tion  of  the  emiatiana  of  motion  of  a  flexible  vehicle, 

2.1.1. 3  &  Fcomailation  of  the  Srinclp.le  of  Virtual  Work,  for-  a  Continuaus  gystex 


lit  the  conventional  ngnner-  we  define  a  vir-feual  dlsplacaient  as  cme  which: 
carries  each  particle  of  the  into  an  imagined  configuratian  in  the 

"nel^borhccd."  of  the  true  canfigurartdan  of  the  ^stem  at  ttme  t« 


1’ 


RGUR^E  4.  A.  VIRTUAL. ClSFLACEMEHT  aFTHESySTcM, 


I£  WEB.  dsnate  this:  vlltijait.  ctlsgiLacejnenfe  by  th&  pasttion:  veatorr  £br:  tha 

p^axtxcrle.  ini  tte  n^^boriri:^  con£lguration:  Is:  DT-t-Sll--  TBs:  virtual. work: 
of  aiEL  th«L  forces  of  tha  system:  ( ixKiiuiiin'S'  the.  EC'Alembart:  irectiai  forces)  is 

sw-iCvEi-P-f^V  stiff 


•which',  ia  zeccc  because  of  Equat-xoir  2.-31.  We  may  eitevsEfce  this  Ecb£Ebemen.-t.  'ta  the 
183^’^  of  e  E^^incisie,  or  ar.  ejctonr,  by  gastulatirrs-  thai^  5m  ~  O.  ever  •wher  cor— 
stramt:  forces  are  exdu&di  Siomi  ^  andi  p  ..  With,  the  unierstandins  that: 
constrairt;  forces  aact  not:  ta  be  included,  in.  the  deCinitior  of  P  and  }  we 
hasve 


&w  =  \  ( T-H  ^  P  -e;  9^)  •  s.in-'  ctV  =  a 

iSXii(.s3^0- 


(a-32) 


which-  is  the  Erirtc±E'le  of  VirtuaiL  Work,  for  e  dassdi  system:  (i.e,^  a  fired,  set- 
of  garfcides). 

The  Entnc±Ele  of  Virtaal:  Wozd;  car  be  eactendad  ta  ag^  systems  (where  rstss 
crosses  the  boundary  of  tte  system:)  by  considering  the  Buleriar  equations  of 
continuity  and  mcmKntum.  (Equations  21-20.  and  21-29^)..  If  we  a^ir  exclude  cor— 
sbraiirt  farces  fcour  the  body  and  surface  forces  and  integcate  over  a.  fixed 
regior  ir  ^ace,  'the  -botal.  virtual,  work,  becones 
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0 


(a-3» 


5W  =  W  P  ^ )  •  Sill  dV 

F!3,'/,fc-t)  -0 

EE:  we;  now  tnaaisform'.  this:  hack,  to.  lagcangian,  coordinates.,  than. 

F(5(x,;],)t,t),  >jfx,Lj.,r,.b),  O 

is;  the;  time;  varying:  surface;  bounding  the;  particles;  which,  at  tiri^-,  t., 
the;  fixed,  region,  in.  spa.ce;  dE;scribeii  by  F(  ^  O  =0.^ 


FIGURE  5  ILLUSTRATING  THE  REGION  OF  INTEIGRATION 


^In.  the  langua^  of  modem  mthematical  analysis,  f(:c,y, z,,t)  is  the  ' 
imgh"  of  the  region  of  the  continuum,  inside  F(  ^  ,  rj,  <^)  =  0  at  time^ 

lb 


(2-35) 


are.  inside; 


inverse 

t. 


'EM  integral.  (Equation  £-3^)  becomes  (the  deriration,  follows  closely  that  given 
for  the  transformation  leading  to  Equations  2-26  and  2-27) 


V  sffi’dv  =  0 

=*0 


(a-36) 


iS’am.  this:  we  must  conclude  that  the  Principle  of  Virtual.  Work,  holds  for'  open, 
systems..  This  must  be  qualified,  by  noting  that  forces  acting'  at  the  boundary 
of.  -the.  system,  that  are  constraint  forces  for  the  interaction  of  'the  sys.'teiii:  withu 
its.  surrotmdings  must,  nevertheless.,  he  included  in.  the  virtual  work  for-  the 
system',  alone;. 


Following:  the  convention  of  Whit-fcaker  and  Ianc20s^>  we  shall,  refer  to  the 
formulation  of.  mechanics  conceived,  by  Lagrange  and.  ffluTiilton  as  Analytical, 
ffechanics.  in  contrast  to  Ifewton's  formulation'  which,  -we  shall,  call  Vectorial. 
Ifechanics..  Bie  "term,  "vectorial."  refers  to  the  fact  that  Hewton' s  laws  are 
relations  between  vectors  .  The  governing  equations  in  Analytical.  >fe.ehanics, 
however',  involve  scalars  such  as  kinetic  energy  and.  potential,  energy.  Ex  this, 
report,  the;  methods,  of  Analytical.  Ifechanics  will,  be  used,  exclusively,  The 
fundamental.  principle  of  Analytical.  M;chanics  is  the  Principle  of  Virtual.  Work.. 

2.1.2.  Iflgrange*  s  Equations  for  Continuous  Elastic  Systems 

A  more  practical,  formula.'tioa  of  the  Principle  of  Vir'bual.  Work  can  be;  ob¬ 
tained  for  a  system:  with  a.  finite,  (or  countably  infinite)  number  of  degrees-of— 
freedom.  Br.  those  cases  the  configuration  of  the-  sys-tem  can  be-  prescribed,  by 
a  finj-be;  number  of  functions  of  -time.  ,A  set  of  such  funcbxons  is  called, 
generalized  coordlnafce.s .  We  shall  call,  them  independent  generalized,  coordinates 
when  they  may  be  independently  varied  without  violating  the  kinemtical.  con— 
s'tralnts  of  the  sys'tent.  3h  this  case,  the  number  of  functions  required,  is 
equal,  to  the  nuniber  of  degrees-of -freedom.  If  the  number  of  generalized  coor¬ 
dinates  is  greate-r  than  the  number  of  degrees -of -freedom,  there  must  exist 
cons'traint  relations  between  these  coordinates  which  insure  that  the  kinemati— 
cal.  constraints  of  the  system  are  not  violated.  We  wi.ll  call,  these-  "redundant 
generalized,  coordinates.” 

2. 1.2.1,  lagrange's  Equations  for  an  Independent  Set  of  Generalized.  Coord-i  nates 

K  we  deno-te  the  generalized  coordinates  by  pj(t),  J  s=  1,2. ..W,  the:  position 
•vector  of  -the  x-y-z-partlcle  can  be  -written  as  a  function  of  these  F  coordinates^ 
(F  is  the  number  of  degrees -of -freedom). 


in.  trr(j3|i  p^...  x,!!, z,t) 


(2-3T) 


^Sae  E.  T-.  Whit-taker,  A  Treatise  on  the;  Analytical.  Dynamics  of  Particles  and. 
Rigid  Bodies ,  Cambridge,  1961,  or  Cornelius  lanczos.  The  Variational  Erinclples 
of  tfeebaniesa  Toronto  Press,  19^9^  P*  3. 

^le  assumption  is  tacitly  made  here  that  the,  constraints  of  the:  sys-tem  are 
holoncsnic  (see  Lanezos,  The  Variational  Principles  of  Mechanics,  p.  2h). 
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Glte  explicit  dependence  on  time  is  included  to  account  for  the  rase  of  time 
dependent  constraints. 

A,  conrpleteljr  genera2_  and.  arbxtrary  virtual,  displacement  can  be'  insgine.d 
by  giying  an  arbitrary  variation,  5pj,  to  each,  of  the  generalised  coordinates. 
Eie  position  vector*  of  each,  particle'^  in  this  neighboring  configuration  is. 


(2.-38) 


IE  we-  attribute-  a.  differential,  nature  to  the  5pj,  the  virtual,  displacement  of 
each  particle  is. 


(2.-39) 


Substituting-  this  into  Eiguation  2.-33  we'  obtain 

s*l-t  \  F  -elilv  S  4V  5t>j  -0 


(2.-i4«) 


Care  must  be  exercised  at  this  point  because  the  partial.  der.ivatives.  of  JIL  are; 
defined  differently  in  Equations  2.-33  and  2-3P .  Dif ficuLty  may  be.  avoided  by 
regarding:  x,  y,  and  z.  as  only  of  parametric  sigpificance.  By  careful,  manipula.— 
tion  it  can  be  shown  -that  the  following  identity  is,  true:. 


■'"bj 


dV 


=  Al/ ~  t  i>  otrt 
At,  \  d  pj  J  z  ot 

f  =0 


dfc 


iV 


_  ^  t  2_  dW,  itt 

dpj  3  5±  at  ^ 


(2.-^1.) 


The  derivation  depends  upon  the  limits  of  in-tegration  being  independent  of.  time 
so  -that  our  considerationB  here  apply  only  to  closed  systems..  Equation  2-^. 
can  be  written  more  concisely  by  introducing  the  definition  of  kine-tic  energy. 


We  may  then  write 


,  i\!  =  LiK''\  _  K 

?  apj  -At  dpj'  opj 


(2-4.3) 
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iBi;  us  now  direct-  our  attentions  to  the  other*  terms,  in  Equation  2.-^. 
She  expression. 


Jfv-E+P)-  ||iV 


(2.-1^!^) 


is.,  by  deiini-tion.,  the  ^neralized.  force,  associated,  -with,  the  generalized, 
coordinate;.  We  may  separate  -this;  into  internal,  and.  external,  forces;  hy  Mding; 
and.  subtracting:  the:  term 


(2.-1P5) 


We  then,  have; 


cLV  = 


(a-46) 


The  divergence,  theorem:  can  he  applied  to.  the  first  term*,  which  we  then  recogpize 
as  the  contrihution.  from,  externally  applj.e.d.  forces.  Thus,  we  define  Fj  to.  he. 
thfi;  generalized  forces  other  than  internal,  forces. 


(,2rhT) 


The  external  generalized,  forces  can.  always  he  derived,  from,  the;  virtual,  work.  of. 
the.  extemad  forces  in.  the.  form. 


N 

&W  =  5  Sift*  P  dV  §  5iif  H-  if  =Y1  {2.-ka) 

j=i 

which  is  e.qulvalent  to  Equation  2.-k-J  because  of  Equation  2.-39*.  Equation  2,-46 
then  hecones 

i  ( I'H  -  P  )  •  ||  aV  =  i  -  V-  1^1  dV  (2.-^9) 
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Tbe-  second,  term  is  tiie  contribution  of  internal,  forces  to  the  generalized 
force.  1316;  integrand  of  this  term,  can  be  written  slightly  more  concisely  by 
using-  the  notation  of  cartesian  tensors^. 


(2-50.) 


3]a  the  case  of  snail,  motions:  and  linear  one-dimsnsional  stress-strain  relations, 
we  can  write 


0-^.4 


(2.-51) 


which,  indicates:  the:  existence  of  a  potential,  LL=J^E.G.  Young's: 

modulus;) .  In-  the  general,  case,  we  can  do  little  more  than  postulate  the  exist¬ 
ence  of  a.  potential,  for  the  internal,  forces.  On  the  basis  that  the  internal 
forces  are.  conservative  we  assume  that  u  exists  such  that^- 


(2-52) 


(u  is:  called  the  specific  internal,  energy  for  the:  x-y-z-particle  at  time,  t. ) 

To  account  for  non-conservative  internal,  forces:,  we  may  achieve  a.  little 
more:  generality  by  introducing  a.  "dissipation  function"  r,  such  that 


5u  _  art 


(2-53) 


A  dissipation  function  wild  exist  when  the  stress-strain  relations  are  a 
generalization  of  the  one-dimensional  relation3 


(T  =  ^-^?.e) 


Tf  we  introduce  Equation  2-53  into  2-49,  we  obtain 


(2-54) 


p.  _  ^ 

j  3jpj  d^j 


(2-55) 


Jeffreys,  Cartesian  Tensors,  1931» 

Green  and  Zerna.,  Theoretical  Elasticity  Oxford,  1954,  section  2.6,  p.  71. 
This  assumption  is:  closely  related  to  the  First  Principle  of  Thermodynamics. 

■3a  rational  generalization  of  Equation  2-54  has  been  given  by  Enrico  Volterra, 
On  Elastic  Continua  with  Hereditary  Chiaracteristics,  Journal  of  Applied 
Mechanics.  September  1951*  See  also  action  4.1.5,  Equations  4-l82  through 
4~187  in  this  report. 
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whe^re 


U  =  j  udV 

(2-:)d) 

and 

R  rt  dV 

(2-5T) 

U  is  the  total,  internal  or  strain  energy  of  the:  system,  and  R  is 
dissipation  function. 

To  simnnarize,  we  have  obtained  the  following 

i&ylei^’  s 

ii'v-y.PVlIiv 

=  D  K 

j  spj  d^j  dtU|ij  a|5j 

(2-58) 

where 

(2-59) 

c 

II 

— ■> 

(2-6o) 

R=5rtdV 

(2-61) 

(2-6a) 

If  we  introduce  this  into  Equation  2-40,  we  obtain 

(2-63) 
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^  We  have  asauned  the  p,  to  be  independent,  and  the  dp.  can  he  arbitrarily 
assigied,  so  that  the  only  way  the  above  aim  can  he  zero^ia  for  each,  of  the 

aoefficieats  of  the  dpj  to  be  individually  zero.  'The  result  is  lagrange's 
equations  o-  & 


3|jj 


^  4R  ==  p 


(S-felt) 


1  =  L,  1.  .  .  ..IT 


K'  part  of  the  external  body  forces,  iP  , 
from  a,  potential  function.  For  exarsple. 


is  conservative,  it  too  may  be  derived 
if 


!P  =0 


(a-65) 


then  there  exists:  a  potential  per  unit  volume,  ,  such  tha.t 


P= 


(2-66) 


and  we  have 


(Mote,  f  is  the  Eulerian  gradient) 


(2-bT) 


2h 


where 


if  dV 


ta-66,| 


&  tsplceL  exErngie  of  sncrh.  a  force  is  the  fbrce  of  gr.sv±1gr.. 

2.i..a.,a  Isgrarrge'^g  Egoetloiis  foir  a  gedimdarrii  Set:  of  Geaaersixzea.  Gbordifrafes 


K'  there  is  occasLoa  to  exgrasa  the  wirtneX  worfe  in.  terms  of  K  geners-Iizee 
coordinates  (M  >  IST,;  the  nnmber'  of  de^ees-of'HfieecionLj;,  t&ea 


bl  ^ 


C.a-632 


The  B..  form  s.  set,  of  independent:  generalized,  coordinates  onljr  if  S£  =  K...  3f 
H  >  we  mast.  reco©iizs  that,  H-HI  relations  exist  hetween  these  MI  coordfnstes 
which,  insure  ttet.  the  constraints  are  not  vialsted 


C2~7a| 


Since  the  pj-  are  not,  independent;,,  we  are  not  permitted  ta  impljr  that,  the  coef¬ 
ficients  of  dpj.  in.  Equation,  2-6^  are  zero.,  We  twqTx'  instead;,  use  IS;gEan^®s 
method  of  undetermined  mnitipliers*  The  derivation  of  Es^sn^''E  equations 
in  this  case  proceeds  as  follows* 


The  notion  tha.t.  the  virtual  displacements  ere  consistent  with  the  con¬ 
straints  is  expressed  hjr 


F-L  (  i?!  +  5|?, ,  1?-.+  r  . .  -  ==  0  (2-Tl.l- 


i  =:  1,  a*-*i£--E 

Again;,,  using  the  differential  nature  of  virtual  displacements,,  we  ohtain 


C2~7aJ 
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H’  we  mtrodnce  erbltrary  mil.tipliea:s;;p  we  may  also;  say  tb&t. 


C2-733 


Zii  Is  equally  true  tfiat- 


M-K  M: 
j—i 


re  we  add,  t6±a  zera-term  te  5!¥j,  we  Iissre 

M; 


W;  H-N: 


^IL 


j=i 


C2-T5): 


We  ney  ciiaose  waXuea  t&et.  insure  that  t&e  fir&i:,  H-IT  coecCeicxeiits  of 
are  zera;  t&at,  is 

n  _  ^  -  IS  -A/  21')  -i-  ‘ffr  y-V  IB  =  n  jt) 

Atl  Jjij '  ^  af:g  L  3i7j  ^ 


j  =  L;.  a—.K-ST 

T&e  Isst^  K  JpjXs  can  te  innependently  chosen  so  that 

i  f Pi  -%-% ^  I  I-  ^ 


=  0 


j=M-K+l 
iitp-lies 


M-N. 

J  3fe  it’af?!  J|?i  '^, '^afi 


(2-77) 


(2-7S)' 


J  =  K-5Prl;,.,...ir 


2o 


Equations  2.-76  and,  ii-78.  can  very  sisroly  be  written  toother  as 


^  -i-  ^  ^  ^  =  p. 

ipj  ^0.. 

J, 


M-W 

-IH 


— -  X;r  *-  •' 

at.  1- 


(2-79). 


(2-80) 


!S3±s.  is  tfie  form,  of  ISgran^'s  equations  wbicb  mist  be  used.  wben.  tbe'  generallzedl 
coordinates:  do  not  satisfy  tbe  constraints  explicitly.,  It.  constitutes,  a  set.  of’ 
25f-S;  equations,  in  tbe  Jf  redundant,  coordinates,  and  tbe  Mrlf  miltipliersjf  h,  j_., 


2.I.2.3  lagrangei'^s  Equations,  for  Quasi-Coordinates: 

Occasionally  in.  dynemics  it  is.  desirable:  to.  wort,  witli,  the^  Mnetic  energy 
expressed  in  terms'  of  nonlntegrable'  velocity  conponents..  Eor  exsaplej,.  tbe 
Mne-feLc  energa'  of  a.  rigid  body  can  be  expressed  in.  terms:  of  tbe  velocity  com¬ 
ponents  of  tbe'  msss-center  referred  to.  an  axis  system  fixed  in  tbe  body.,  Stscb 
considerations  lead  one  to  assume^  that,  tbe  Mnetic  energy  can,  be  expressed  in, 
terms,  of  IT  quantitiesj;  wbidx  are  related  to:  ^nerelized  coordinates  for  tbe 
system^  by  equations  of  tbe  fom 


N 

.  vi'"' 


(2-81) 


jfin  exsnple  is  given  by  tbe  motion  of  a  rigid  body  in  a.  plane*  In  this  case  we: 
hs've 


T  +■  IVj  ^ 


(2-82) 
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In;  this  express±Qir  vv  end.  Vg  ere  tbe  coragoneirts;  af  idiE  veXocifay  vsc-tor  refeanced. 
ta  princi-geX  exes-  feiEj?  sre  reXsteX.  ta  the  generslizad  GSGordtnEtes;  *■  pjj.  ggj; 
and  E  j  by 


Vs,“ 

•^3;=  N 


(2-33) 


whddx  is-  the  same  form,  as  that  indicated  in  EqueteLair.  2r8X~  TMs  exanrole  is 
aisG  characterized  by  the  fact  that;  the  set  of  first  arXer  eqnatioiia,;  2-83^ 
are  not  tnteg:shle»  That  ia,,  there  does  net  exist  &  set  of  caordineteS;.,  et,; 
Bg.,-  end  s^  such,  that 


Vi*  4 


El  iXlu'Sctrate  the  paint;;,  the  faXIow'ins  simiXsr-  set  of  equactLons  is  intesisfaXe 
in  the  shave  sense 


Y,  ^ 

Vx' 

% 


SW'  ft  f,  -S'  Cor|5i,j2-a 


-4 


(2-65) 


It  is  easily  verified;.,  in.  fact;  that  in  this  case  '^±<=  b±_  whsce 

5-;  *  f?,  (2-86) 

which,  corre^onds  ta  a  siirngle  change  fconr  one  set  of  ^DErsIized  caordinatea 
ta  another  set  of  ^neraXized  caordinatea*  Our  interests  are  ^ecificaTTy 
directed  toward  the  case  when  the  equations  are  nonintegrshle* 

In  the  g^neraX  case  we  suppose  that,  is  ong  of  a  number'  of  'varia'faXes 
that,  may  he  appropriate  for  the  description  of  the  motion  of  a  djrnamicaX  systenu, 
In  par'ticular'  we  assums  that 

T  =*  T f  'V,T  7a. . .  •  "Vm  ;.  ^7,.;.  {Ta,*- .  ja-nl  (2-8T) 
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j-i 


(2^aa) 


Earidaec-j  we  augga^  tihafe  v j_cl±;  ia  nat  atr  exact.  difTenentlal.  ( i...e.._,  there  da  nah. 
exxafe  aj;_,  auch.  ■tiiat  d^  ==  „  ]3i  fallavra  from  thia  tbafe 


M'ijj 


(a-ag-) 


daea  ncrfc  g^erally-  haldL  for'  all.  x.,.  i,.  and.  ( It  cam  he  shamx  thet  EquEEbzona 
ar8g  ace  neceasaartly-  true  if  aj_  exiata  aucJx  •i±iat 


(a-ga) 


If  Equaddxjna  a-Sg  wece  true,  aoir  crmaidecationa  hece  would,  reduce  to  a  triylal. 
c±!Hn'ge  from  one  set.  of  gais:slized.  coordinatea  to  anothea.. 

Ex  the  noninte^mhle  caae  It  ia  cQiiv:ecrLaife  ta  irdbraduce  the  nccfexoa  of  a 
quaat-caardinada..  The  differentiala  of  the  qraaf-coordiiiatea  are  defineal  by- 


M 


The  (jiantity,.  S  s±j  thua  defined  ia  not  an  exact  diffeeentiaE  and  tde  eiiacence 
of  ^  ia  not  .tiirglted  by  EtoaMoir  2b-gd., 

If  we  can  aafve  fon  ]gj  in  Statical.  2.-dS,.  then'. 


(a-ga) 


where  a^j  are  the  elenenta  in.  the  inverse  of  the  IT  by  H  luatrix-  whose  eleiEenta 
ft  fallcwa  that 


L'^wAh^^  =  U:  -i 


(2.-93) 


zg 


I£  we  premulilply  IsgEa-nge's  equaMonK  (Equation  2r-bk-}  by  and-  sum,  oven  j, 

we  obtain 


IL 


J=i 


{2.-9h) 


Tbe  nxght.-handi-  side  is;  tennsed.  the  "g^ecallzed  f'caices,  assaclated  with:  the  quasi— 
eaondinates..’’  This:  fallDwa  from:  the  fant:  that. 


Si-Zfji  (5 

j=t 


^  M  >1 


(a-?5) 


ia  the  ocefElcisit  of  fej  in:  the  eocpression:  for-  the  virtual,  work;  of  the  applied 
fSorcea 


i~  X=l  j=l 


dU 


i  S;|5  a-jg 


- 

rh-  ’ 


(2:-9d) 


whece  use  haa  been:  made  of  Equation:  2-91.  to.  write 

M 

=11  ^53^- 

t==i 


(a-?T) 


fa  express  Equations  2-9^  in  teEcma  of  the  v-^j  we  note  that- 


N 


^  =jr  ■'or  <)Vfe 

U 


(2-9a) 


and 


%  ^ 


(2-99) 


In  these  relations  we  may  use  Equation  2-88  to  write 


3Vh 


(2-100) 
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Subs-titutiug  these  into:  E'qjaaEttons.  S-98‘  and  2-99^  we  ahtato 


SI  3fr  ^ 

cVpj  ^  3Vh 


(2-102) 


N.  NT 

^  ^=yyy  sr 

ate  ^te 
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ate 


(2.-103) 


Substituting;  into:  Equations:  2-9^,  we  find  that. 


^  f  Mkj  _  ^  V 


(2-LOij-) 


This  can  be  simplified  by  using  Equation  2-93 

;(?i1  tt  3.  (2-105) 

'•  j=i  n.^  J  ft 


i; 

dt' 


A  further  simplification  results  if  the  following  definition  is  made 

N  N-  N 


(2-106) 


2^2,  THE  GENEHML  THEOHE  OF  SHAEL.  MOTIONS:  ABOUT:  A  POINT:  OF  MINIMUM  PQTENTIAE. 

T&a  thaory-  of:  vihrateLona-  which:  is:  subjecir  of:  this;  section:  plEQrsr  an 

extremely  impontani  pari  in  the;  method's;  of;  dynamic:  ana-lyais  which,  has/e;  been 
dH;YelQps.d,  for-  elastic:  airframes;  and.  apacecra-fLi.^  The  ^nerality  of.  the  concepi 
of  a.  mode  of  vibration  is;  often  obscured,  by  fixin-g:  ettention:  on  special,  problems; 
like  beams  and.  plBte:S.  It  is  possible,  as:  we;  shall,  show,  to;  introduce;  the 
theory  of  vibrations  as:  a;  very-  general,  app-lication  of  the:  fimdan&ntal.  principles: 
of  Analytical  Mechanies.  More  specifically,  we;  shall,  specialize  the  general, 
principles-  of  the  preced-ing:  section  by  mskingr  the  fbHowing  assjcmptions;: 

1.  The  sys.tem:  has  a;  finite  number*  of  de^ees-of-ffeedom:.- 

cL.  The  system:  has:  a.  static;  or*  indifferent  position  of  equilibrium; 

when  the  external,  forces:  are  zero:.- 
3..  There  are  no:  tiine  dependent  constraints:  (we;  assume  this:  for* 
simplicity  only;  actually,  the  theory  we  consider*  here;  can  be 
gmeralized.  to;  include  time  dependent  consbraints:.-) 
i|-o  The  diap-lecetients  of  the  system;  from;  the  equilibrium;  po:sition 
are  small,  in  -bhe  ^nse  -that  thiri  order-  terms  are  ne^igible  in 
compariaon  with;  quadratLc:  terms- 

Wibh.  na  essential,  loss:  in  generality  we  shalL  assune  that  the  pasitton  of 
equilibrium-  is  given  hy 


(21-113:) 


i  —  1, 2:*-»-»M 

This  is  equivalent  "bo:  saying:  -bfaat  Ea-@:ange' s  e:quat±Dns;  in;  the  static;  case  with: 
no  e;-ternal.  forces  (  aee  Equation;  2.-6.^ , 


are  satisfied  by  pj_  =  0;  that  is:. 


au 


(0,0,...  o)  =  cr 


(2-11.4.) 


(2.-215) 


Because  ESjaatLon  2—115  is  s-  necessary  condi.tLon  for  U  having:  a:  minimum:  (actuallj 
a  stationary)  value,  it  is  commonly  said,  that  p-j_  =  Q  (in  this  case)  is.  a  "point 
of  minimum:  potential.. " 


2.2.1  The  Klnefaic  and.  Fo-bentxal  ESiergies- 


If  we  delate  the  velocity  of  the  x~y-z-rpar-bicle  hy  Y  ,  then 


M 

at 
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a.  2^  the:  genebm,.  theory,  of'  shall,  motions;  about:  a  point  of'  minihuh  potential. 

THfii  theery  of.  vibraiions:  which;  is  the-,  sabdectr  of  this,  section'  plays,  an 
extcemsly  important  part  in:  the:  methods,  of.  dynamic-,  analysis  which  haye  been 
dsye-loped.  for.-  elastic-  alrframeB;  and.  spacecraft.  The.  generality  of.  the:  concept 
of  a.  mode:,  of  vibration  is:  often  obs.cured.  by  fixing:  attention  on  spe;cial.  problems 
lik&  beams:  and:  plateSH.  It  is:  possible:,  as:  we:  shall,  show,  tO'  introduce  the: 
theiory  of  vibrations:  as.  a.  very  general,  application  of  -tie  fundamental  prinGiples. 
of  Analytical  Ifechanics;..  More,  specifically,  we.  shall  spe;ciaiize  the  general 
principles:  of  the:  pre:ee.dingr  section  by  making:  the.  follow  lag:  aBs.umptions:,: 

1  The:  systems  has;  a:  finite'iL  number.' of  degjceesr-of  “freedom, 

I,  The:  system:  has;  a:  static:  or:  indifferent,  position  of  equilibrium 
when  the  external  forces;  are  zero;. 

3!.  There;  are-  no;  time;  dependent  cons-traints;  (we  assums;  this:  for.- 
simplicity  only;  ac.tualiy,  the  theory  we  consider.'  here  can  be 
generalize.!  to:  include  time  dependent,  constraints;.  ) 

The  displaceiiKnts:  of  the  system:  from:  the;  equilibrium:  position 
are  small  in:  the  sense  -tliat.  third  order-  terms:  are  ne^gLigible  in 
comparison  with:  quadratic:  terms;.  - 


With,  no:  e;ssentia-l  loss-  in:  generality  we:  shall  ass.ure  that  the.  position  of 
equilibrluar  is:  glren  by 


^=-0: 


(2.-113:) 


1  =  1,2..,...M 

This,  is:  equivalent'  to;  saying  thaet  Lagrange'  a  equations,  in  the  static  case  with 
no  external  forces,  (see.  Equaidon  2r6h-), 


are  satisfied  by  pj_^  =  Oj  that  is> 


^Jo,o,...o) 


(2.“lli|-) 


(2.-115) 


Because  Equation  2.-115  is  s  necessary  condition  for  U  having  a  minimum  (actually 
a  stationary)  value:,  it  is  commonly  said  that  p^  =r  0  (in  this  case)  is  a  "point 
of  minimum:  potential " 

2..2j1  The  Panetic  and  Potential  Energies. 


If  we  denote,  the.  velocity  of  the  x-y-z.~particle  by  Y  ,  then 
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and  the  kinetic  energy  (Equation  2-62)  Is 


T  = 


(2-116) 


We  want  to  show  first  that  the  kinetic  energy  is  quadratic  in  the  "general¬ 
ized,  velocities,"  pj.  We  have,  by  differentiating  Equation  2-3T, 

v  -X'  M  h  ^  'in  (2--117) 

The  second  tein  is  zero  if  the-re  are  no  time-  dependent  constraints  (assxjmption 
3)  because,  in  that  case,  time  does  not  appear  explicitly  in  Equation  2-3T* 

If  we  introduce  Equation  2-117  into  Equation  2-116,  we  obtain 


(2-118) 


Integration  and  sunmation  way  be  interchanged  to  obtain 


(2-1L9) 


If  we  introduce 


d-ij  (  f’l)  fu  Pm)  — ^ 


^  . 

d!=f 


dV 


(2-120) 


then 


T  = 


The  generalized  coordinates  can  generally  be  chosen  so  that 


(2-121) 


3E 


=  a  constant,  independent  of  the  p^. 


(2-122) 


]ii.  this  case,  the  are  coastants. 

We  harve  thus  shown,  that  the  kinetic  energy"  is  a.  homogeneous  quadratic 
expression  in  the  generalized  velocities.  Note  from.  Equation  2-12.0  that 


^ij  =  aji  (a-123) 

Considering,  now  the  potential,  strain  energy^,  we-  want  to  show  that  under- 
assumptions  2  and  the-  strain  energy  is  also  a.  quadratic  form.  To  do  this  we 
expand  the-,  strain  energy  in  an  N-dimensional  teylor'  s  series  about  the  point 
of  equilibrium,  =  6. 


(2-124.) 


-  u(o,o,.-.o).+)r  |^(o,o,...o5  Pi  -t- 

.tr  "K  xtZ_Z_tb;abr 


v^i 


If  the  arbitrary  re-ference  for  the  potential  is  -taken  as  zero  at  the  equilibrium, 
position,  then 


U(o,o,...o)  =  O 


(2-125) 


Also,  from  Equa.tlon  2-115, 


(0,0...  O', 


0 


(2-126) 


Further,  if  we  invoke  asstmiption  4-  and  neglect  -terms  in  the  series  that  are  of 

a  higher  order  than  the  quadra-tic  -terms,  PtPt,  then 

■^0 


t) 


(a-iaj) 


^If  part  of  the  ex-temal  forces  is  conservative,  then  their  po-tential  may  also 
be  included.  For  example,  gravity  forces  are  important  to  the  -vibra-tion  of  a, 
pendulum. 
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IE  we  introduce 


a  u  , 

fe-ii  ~  °---  o' 

y  ^}3i  ofjj 


(S-128) 


then,  the  strain  energy  for  small,  motions  is 


1-.  J=l 

Since  U  is  continnous  and.  otherwise  well-hehaved  at  pi_  =  Q,  we  mast  hawe 


yu  _  (a-i3Q) 

a|3^7)|Dj  a|)ja|3i, 

Consequently^ 


Using  the  definition  of  matrix  algebra.,  we  can  write  Equation  2-121.  and. 
Equation  2-129  as 


=  (2-132) 

and 


where  [a]  is  the  U  by  IT  matrix  of  inertia,  coefficients,  a^j,  and  [k]  is  the 
U  by  ff  matrix  of  stiffness  coefficients,  It  follows  ftom  Equations  2-123 

and  2-131  that  the  inertia  nstrix  asad  stiffness  matrix:  are  symnetric  mtrices, 
that  is 


(2-13i^) 


and 


yT^th]  (2-135) 
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m  EquafeLans  S.-132  and  2-133^  'LpI'  is  a  column,  nstrix  of  the  If  ^neralized 
coordinates,  Pj,  j  =  1,2.,.. .IT. 


!^n 


(a-136) 


2.2.2  Bie  Equations  o£  Kbtxon: 

We  nesy  employ  Ijagcange's  equations  (Equation  2-64.)  to  derive  the  equations 
governing  the  motion  of  the  system:  descrihed  by  STOations  2-132  and  2-133. 
can  be  shown  that,  in  the  case  whene  p.p.»  p.p.p.  (in  addition  to  assumptions 
1  thru  If),  the  feylei^  dtssipaEbion  function  cin  oe  approximated  by 


(£-137) 


where  the  elements,  bj. +,  of  idie  damping  nstrix.,.  [kJ  ,  aae  conatants.  Also, 
the  existence  and  continuity  of  the  dissipation  function  in  the  nei^horhood 
of  the  equilibrium;  position  (pj^  =0)  require  that. 


fel'-  [51 


(a-136) 


The  virtual,  work.  of  the  external  forces  defines  the  ^neralised  forces, 
Bj,  associated  with  the  ^neralixed  coordinates,,  pj  (see  Equation  2-43). 

N 

6VV=^S}rj^-  (2-139) 

J“i 


Substituting  Equations  2-132,  2-133^  and  2-12T  into  Equation  2-64  using 
2-139 ;  we  obtain 


(2-i4a) 


where  use  has  been  mde  of  the  fact  that. 

2r  ^  aCKfe^  . 


J=| 


(2-14i) 
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(s-ite) 


(a-14.3) 


(2-1.44) 


Equatiions  2-l40  are  the  classical  equations  of  the  theory  of  vibrations 
that  were  first  derived  by  Ea-grairge  and  subsequently  studied  by  Lord  Haylei^« 

2.2..3  General  Solutions  to,  the  Vibration  Equations 


2.2»3*1  The  Homogeneous  Equations,  of  Eree  Vibration 

We  will  first  consider  the  case  of  free  vibrations  with  no  damping  because 
of  the  importance  these  solutions  have  in  the  cases  whece  £pj  ^-{Oj-and  dis¬ 
sipation  is  present.  We  will  consider  then 


(2-145) 


These  equations  are  a  linear  simultaneous  set  of  coupled  second-order-  differen- 
■tial  equations.  We  may  find  a  solution  to  these  equations  by  assuming  a 
"product"  solution  of  the  form 


{fj.-y}  =  -Cf} -Jftj  (2-146) 

where  the  elements  of  {0/ are  not  functions  of  time.  Substi-tuting  this  into 
Equation  2-145,  we  obtain 

[A  lift  <  K  f  1  I,  =  {0}  (2-147) 


or 

(2-lh8) 

5 
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Since,  the  left  side  of  the  equation  ia  indepeaident  of  tiiES^  the  rl^t  side  must 
he  also,  so.  that 


■7 

-  -H-  =  A  =  a  constant 

Equations  2-14-5  have  then  been  "sepanated"  Into,  the  equations 


(S-Li^9) 


(  fA]  -  =  -l^o} 

and 


(a-ijQ) 


(2-15L) 


lir  order  that  solutions:  (other-  than  the  trivial  one,  -foj-) exist,  it  ia 

necessary -that  the  de-tezminant  of  the  coefficients  in  Equation  2-15Q  he  zero 


==  1  La]  -  >>.  [k]  1  =  Q 


(2-152) 


This  equation  is  an  order  polynomial  in  X  which  determines  H  discrete  values 
of  X  for  -which  a  product  solution  of  the  form,  in  Equation  2-146  exists..  It  can 
be  shown  that.,  due  to  the  symmetry  properties  of  fA]  and  (Kl  ,  the  roots,  A 
of  A(X)  =0  are  all  real;  and,  further,  they  are  positive  tecause  of  the 
positive  definite  character-  of  [A]  and  [K]  ..  For  each  of  -fche  N  roots  there 
corresponds  a  solution  to  Equation  2-150. 


=  {o}  (2-153.) 


lb  my  be  noted  tha-c  any  constant  multiple  of  a  solution  is  also  a  solution. 

To  nEtke  the  solution  unique,  an  arbitrary  normalizing  condition  can  be  imposed. 
Most  often  it  is  convenient  to  assume  that 


(2-154) 


It  is  evident  that  is  any  solution  to  Equation  2-153,  then 


( 


} _ 


(2-155) 


3'’ 


is.  a  normalized  aolutlon.;  tfaa,t  is^  one  tbad.  satisfies  Egnation  2“15^  ss  well, 
as  Equation,  2-1  J3*' 


Solutions  to  Equation  2-151  for-  each.Aj_  are 


cLi^COS-cOit  f 


(a-i5fa) 


where 


(a-i5T) 


By  a  theoremi  of  linear-  differential  equaidons  the  general  solution  to  the 
homogeneous  equafeLons  (Equation  is  a,  linear-  comhinatLon  of  the  E  partic¬ 

ular-  solutions. 


X.  —  2^  •<  •! 

N 

L=i 


(2-156) 


(2-159) 


The  constants,  aq  and  hq,  can  he  expressed  in  -terms  of  initial  canditLons;  but, 
we  will  postpone  this  until  the  ''or-thogonality'"  relations  are  established., 

2. 2  .-3  -2  Or-thogonalj-ty  Helations  for  the  Modal  Columns 

Any  -two  different  solu-tions  to  Equa-tLon  2-150  corresponding  toA^  andAj 
( i  j )  must  satisfy 


a,^  (2-lbQ) 

and 

[A  U  If  ]-j  =  [K  H  f  1-j  Vj  ^  2-lfal) 

If  we  premultLply  the  first  equatLon  by  j  and  the  second  equa-tLon,  by 
then  transpose  the  first  equa,-tian,  we  obtain 

iff  5j  =  {(f  1-x  [k  I{(f  }j 


(2-lba) 


12  Iqusiion.  S.~l£s.  is  suh-tracbed  from  ETqna.tioa  2:-l6j  end.  we  sate  that  [dj  =  [a| 
and  [Kl'"  =  rK:I,.tfaeiL 


•Elf  {^->^1  =  a 


(a-igfij-) 


Since  i  ^  i  “  A.j  5^  Q  aa  long  as  there  are  na  repeated  roots  to  the  charso™ 
■becistxie  eqaatioitj,-  A(A.)  =;  (I«  Oar  disoussiQn.  here  will.  anpXY  to  the  case  of 
no  repeated  roata^-  haweveiT;,-  soite  practical,  systems  can  hswe  repeated  roots 
althon^  ■fch^  usually  present  no  problem^ 

12  X  j_  “  X^  7^  Qj:  then 


{ar-165) 


and  from  Ebustxan  Sr-lSz. 


^  (S-166) 

32  we  premultiply  Equation  S-lhO  we  obtain 

i<f  K>^-u  (2-16T) 

Esing  Equation  2-15^  we  get. 

IffiCKKif-FL' “t  (s:-i6a) 

lii  summary,  the  ar-thoganali'ty  relations  are 

{2r~m9) 

(2-1.70) 


t  I-J 
1  0 

£ifP([KTftff^  =1  i=j 

I  0 


ti 


Ta.  Equstixirt  S-0L59'  ms.^  use  th&  atoowe  equaiilona  to  express  the  arbitrary 
conatairba,  ei_  and.  h.ij  in  terms  of  the  initial,  values  of  the  generalized  coor¬ 
dinates  and.  gmeralized  velacities..  Setting  t.  =  Q  in.  Equation  2;-1.59',  we  get. 


N 

•U3;(o;)P  -[(p,}-.  (Li 

t«=i 

Bad-  similjS^Eiy- 


(a-1.71.) 


N 

£|frf a)  }•  4  (f -Irt  (v.i 

1*1 


(a-i7a) 


TSc  saXy:e  for*  aad  we  [^A.J 

N 

■£(f-4rAi£[i(aii*  -‘Y-  at  (2-1.73) 

tol 


£(p^-rAl^(a)t  =Y  CA'Kcf CU, 


(2-17^) 


u=i 


Using  the  ortnagonslity  relations  (Equation  2-I69  and  2-170.),  these  simplify 
to 


aL=  4fJ£[A}f(7fo5V 


(2-175) 


(a-i7b) 


ffe  obtain  the,  complete  solution  to  the  homogeneous  equations  of  free  vibration 
by  substituting  Equations  2-175  and  2-176  into  Equation  2-159- 


(2-177) 


Finally j,  we  conclude  by  nobing-  that  Equaiiona  £-169  and.  a-LTO.  can.  be-  writiben, 
concisely  a-s 


[(f^[AT[(f)l  =  {a-i7Q) 

and. 

[^!ltKl[fl  =  (a-i.T9) 

wheT!e[<^  J  ia  the  matnix.  of  modal,  columns 

[q)l=[-[cp3T,  -[(j).}.,  ...  icflj  (a-18.0:) 


commonly  called,  the  "modal.  maiEix..." 

a.  a.  3:  .3  Response  of  the  Undamped,  gyatem.  to.  External  Forces:  Which.  Are  a. 

Fiination.  of  Time  Only 

El.  Equation.  £~LUo.  we  assume,  again.,  that.  [B-J  =■  [o.J  but  than  the  generalized 
forces,  -f  FJ- ,  are  a  function,  of  time  explicitly.. 


Let,  us  assume  as  a  solution.,  the  series. 

N 


(a-181) 


(2-i8a) 


where  the  q.^^  are  to  be  determined  by  the  external,  forces.  Equation  2-l8a  may 
also  be  written  as 

ll3fti}  -  [(|>H<5fti}-  (2183) 


where  [<j}:]  is  the  modal  matrix  (Equation  2-l8o).  The  latter  expression  empha¬ 
sizes  the  role  of  the  q^'s  as  coordinates  to  describe,  the  mo.tion  of  the  system. 
Equaulon  £-183  is  commonly  called  the  normal  coordinate  transformation  and  the 
q_^'s  are  called  norms.!  coordinates,.  They  are,  in  fact,  a  set  of  generalized 
coordinates  which  can  be  used  to  specify  the  configuration  of  the  system  in 
the  same  way  the  pj’s  do..  The  inverse  transformation  corresponding  to  Equation 
£-183  can  be,  obtained  by  premultiplying  Equation  £-183  by  [0}'  [  AJ 
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(a-iQii-) 


nairtg  Equation  S~17S>  we  have 


(a-ia?) 


EquatLona  3.~lSl  are  sxmniifieil  -Mheti  the  qj_'  a  are  uaed.  aa  geaeraillzed. 
cQoriiinatea.-  To  tranafornr.  ta  nonnal.  cQordinatea  let  ua  aahateLtate  Eijuation 
a-lQ3  Into  Equation,  a-l8l 


+■  {p>  (a-iafa) 


We  will  tranaform.  the  ^neralized  forces  consistently  if  we  preamltiply  this 
equation  hy 


Making  use  of  Equations  2-1.78  and  2-179  j  we  obtain 

^  ^  (2-1£8) 


The  differential  equations  are  uncoupled  when  eacpressed  in  normal  coordinatea. 
The  i'*^8  equation  ia 


=  ■i'fJ-C'FP'tt? 


(2-189) 


the 


These  differential  equations  may  be  salved  by  a  -v-ariety  of  methods,  but 
Eaplace  transform  has  specific  ath/anta^s  in  this  case.  We  define 


j*- 


Jr. 


lit) 


-3t 


it 


(2-i9a) 


u. 


Openatingr  on  Equsfcijm  2-l&9-.>  we  dtitain 


■*'  {ipF'lPfsoi  +-Si|jifa)  +-  (&-L91.) 


or- 


S"+-tOa 


(2.~L9S.) 


I£  we  identify  the  fallowing  transforms 


ax 

J  ^ 


■S.t  , 


Cos.  LOAt  €*.  ‘  dt. 


(2r-19S) 


I 


“  ^m'a3.,'t  ^  _J _ 

.Q.  coi  ^  s^+  uii 


(2r-L9^) 


we  can;  use  the  aonyolntioit  theorenr  to  wxri-te  the  soIutiDn. 

^<fT;4Pta>  dr.  ^^(a)costoit  ^ 


Sub.sti,tiLting  into.  Equation  2.-J32.  using  Equation  we  obtain 


N  ^ 

i—r  ^ 


(a-196) 


The.  Green's,  funatian  for-  -ttie  system,  ta 


[GfUj 


I  L 


(a-197) 


t=i 


co; 


whi,ch-  has;  the;  property  that,  the  solution  with  zero,  initial,  energy  is. 

'^-r\ 


(1-198) 


Tfcfii  tran's-feniL  of  tte  Gfeerr*  si  fuircfioir  is  the  admittance  matrix  Wrhxch^  in  this 
case,  is 


[H-fsi] 

i=i 


s'-mu 


( 1-199) 


where 


( 1-20.0) 


It  can  also,  be  shown  that,  -the;  admittance  matrix  has,  the  property  that. 


[H(o)1  =  r[^]s‘  +  [kI) 


(1-101) 


1.1.3-^  The  2fera~Erequency  Modea  Of  an  Unrestrained.  System 

All  of  the  modes  and  frequencies  nrust  satisfy  Equation  1-153,  which  may 
be  written  as 


(1-102) 


Passible  solutions  for  which  =  0  are  called  zero -frequency  ( or  "rigid  body"' ) 
modes,  and  they  must  satisfy 


I K  It  'f  l-i  =  -i  o  i- 


(1-103) 
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Modes  which  saiisfy  Equation.  2-2.03  represent  possible  displacements  for'  which 
the  potentiai  energy  is;  zero.  If' 

(2-20t) 

where-^(^J-j_  satisfies;  Equation  2-203,  then 

U  =  =  k^t^j-YCKKcp}^)  =  0  (2-205) 

These;  are  then  passible  displacenffints;  which  reauit  in  no  elastic  deformation. 
Thus,  the  term,  "rigid-hody"'  modes.. 

Di  order-  that  solutions  other-  than  the  trivisi  one, 

(2-206) 

exist,  it  is;  necessary  that  the  determinant  of  the  coefficients  ^  be- 

zexo.  That  is 


l[Kll  =  0  (2-207) 


The  stiffness  matrix  then  is  necessarily  singular  when  there  are  rigid  body 
modes.  If  we  denote  the  rigid  body  modes;  by(0jjj-j_  and  premultiply  Equation 
2-202  then 


(2-208) 


but 


{cpJj[KKif}i  =  =  0  (2-209) 

hence  forcj^  yt.  0, 


[aHv}-  =  0 


(2-2i0) 


VJe  thus,  conclude:  that  alL  of  the  zero-frequency  modes  are  orthogonai  to  the 
elastic  modes  for  which ^  0. 


H!  tbe  system,  is  restrained,  so;  that  the  only  possible  displacene-irts  are . 
ones  for'  'which  the  system,  is  defom&d.  and  strain  energy  is  stored.,  then 
rigid.-body  inodes  are  not  present  and.  there  are  no:  solutions  to  Equation  2-202. 
corresponding  to;£j  =:  0.  Di;  this  case 


l[Kll  ^  a 


(2-211.) 


and[Kj-l  ■  e-xists.  Lagrange, 'a  equations;  (Equation  2-6h-)  in  the  s.tatic  case 
give 


(2-212) 


or 


(2-213.) 


If  there  are  no;  zero-frequency  modes,  then 


which  indicates  that  the  displacements  of  an  elastic  system  are  linearly 
related  to  the  loads  acting  on  it  (for  small  displacements).  The  matrix 


[El  =  [Kf  (2-215) 

is  called  the  influence  matrix.  The  (i,  j )  element  is  the  contribution  to  the 
i*'^  generalized  coordinate  by  a  unit  value  of  the  j’ttL  gene-ral  i  7.ed  force. 

k  -t  eij  R  (2-21*) 

j=' 


For  a  restraine.d  sys.tem  the  strain  energy  may  be  expressed  in  terms  of  the 
applied  loads,  acting  on.  the  sys.tem  by  using 


=[eHp]- 


(a-ai7) 


=  -^^PyiEl-fP} 


(£-218) 


Ecam.  this,  Casli^iana'a  theorem  ie  eaaily  proven:. 


au. 


For  reatralnecL  systems,  Eqnattoix  2— L5Q  can  be  written  as; 


[eIaT^^]-  =  A4(()1 


( 2-219) 


(2-220) 


an  expression  which  is:  suitable  for  a  nxamerical  solution  by  an  iteration  pro¬ 
cedure.  The  praatical  importance  of  iterative  procedures  makes  it.  desirable; 
to  derive  a  relation  suitable  for  iteration  of  systems;  that  are  umiestrained.. 
For  such  systems  we  have  shown  that  |[kI|  =  Q  and.  thus  [e]  =  [k]”^  does  not 
exts.t. 

The  essence  of  this:  problem  can  be  po:sed  as:  Are  there  solutions  to.  the 
static  equations  (Equations  2-213.), 


[K]{p}  -{P} 


(2-221) 


even  when  |[Kj|  =0  because  of  the  unrestrained  conditions? 

From  the  theory  of  linear  equations  it  is  known  that  there  are  solutions 
to  the  set  of  equations.  Equations  2-221,  provided  the  ri^t-hani  side:  satisfies 
certain  conditions.  In  particular,  we  note  that  the  homogeneous  equations. 


[kHI?]-  “-[oi 


(2-222) 


have  a  ^neral  solution  which  is  a.  linear  combination  of  all  the  distinct 
zero -frequency  modes.  That  is.. 


{13}  “  -[(|)^}|  c.,  -I-  {(PrIm  ,  (2-223) 

Eg 


is;  a.  saiution;  to.  Equaiions;  2.— 222.  for-  am  arbitrary  choice,  of  the;  constants^ 
cg,. . .  cj^  (where  ’!  is  the  number-  of  zero -frequency  motes;) . 

Also:,  a  theorem;  of  the  theory  of  linear  ertuations  states:  that  the  general, 
aalmtion.  to;  Equations;  2.-221-  is  the  sum:  of  the  solation  to.  the  homogeneous 
equations:  (E^ations  2-222)  ani  a  particular'  solution,  -to;  the.  nonhomoge^neous 
equations;. 

We.  will  -try  to  find.  a.  particular'  solu.-tion  to  Equations  2-221.  in.  the  form: 

Nx  N-M-  N-M  ,  I 

[sHjol 

ust  then-  a-sBUHKf:  the.  general.  sDlutloir  ta  be 

M 

■fW  ^  lSHK> 

l-i 

and.  aubs-titute  this:  into:  Elquationa  2r-22X 

l.=H 

The;  definition  of  zero-ffei^ency  modes  (Equation  2-2D3)  gives 


(2-22:li-) 


(2-225) 


(2-226) 


IkK(Pr]-^  ={0} 


so;  that  Equation  2-226  becomes: 


i  =  i,  2, . .  .M 


(2-22T) 


(2-226) 


3t  is  evident  that  if  thes.e  equations,  axe  -to,  have  a  solntion,  then, 

(2-229) 

But  tne  left  side  is  zero,  from,  Ejuation  2-227 ;  thus,  it  is  necessary  that 


'?0 


(2-230  ) 


M 


1.  • 


This  is.  a.  condition,  which,  must  be  satisfied  by  ^  Pj-  in.  order  that  Equations 
a-221  have  a  solution. 


A-SB.uining'.  Kquation  2-23.0  is.  true,  wei  will  attempt  to  obtain,  a  solution  to 
Equation  2-228  by  premuitiplying;  that  equation,  by  [Sj  . 

[S]'[K][aH|D*}  =  [sY-^p}  (2,_23X) 

r  -i'' 

Up  to.  this;  point  we.  have  said  very  little  about  the  maEfcr:ix,  [SJ  .  We  now  want 
to.  ass-uiiKi  that  [S]  is;  an.  N:  x  N.  —  M  matrix,  such  that 

ts:][K][S]  (2-232) 


is.  non- singular',  it  follows:,  that  the  column's:  of  the.  [sj  -matrix  must 
necessarily  be  linearly  independent,  but  this  is  not  sufficient  to.  insure  that 
Equation  2-232  is:  non- singular'.  A-  suffioient  condition  is  provided  by  con— 
siderin-g  M  arbitrary  but  independent  constraints:  which  would  prevent  rigid- 
body  motion,  of  the  system.  Fora  linear  system:  these  constraints  can  be  expressed 
generally  as 


[aipy  ={g} 


(£-233.) 


We  can.  pose  &.  physica-i  argument  that  at  least  M  of  the  coordinates,  pj 
j  =  i,2...N.,  mus.t  be  involved  in  these  constraints  in  such  a  way  that  there 
exist  M  columns:  of  the  [E.J -matrix  that  are  linearly  independent.  IS.  we 
as;s.ume  that  these  columns:  appear  as  the  fir,st  M  columns  of  [L]  ,  theai 


(2-23^1-) 


is  a  square,  non-singplar-  matric.  Stated  differ.ently,  it  is  possible  to 
par'tition  Equations.  2-233 


[  [l—l , 


=  {0} 


(2-235) 


so  that 


■ipil  -  [L-i  1  }- 


(2-23fa) 


or 


i\>}  = 


rij 


ipz] 


(£-£37) 


Hie  coefficient  matrix  in.  Equation  2-237  can  be,  taken  as  an.  [s]  -matrix.  E£ 
Equations  2-233  represent  true  constraints  of  rigid-body  motion,  it  is  physi¬ 
cally  evident  that 


[5]  [>-i][Li]l  (2-238) 

[sf[K][s]  rij 

is.  a.  stiffness  matrix  for  the  constrained  system  and  hence  should  be  non— 
singuder. 

A  condition  on  [s]  which,  is  sufficient  but  not  necessary  is  that 


[cpRy'5i=[o]  (2-239) 

The  proof  that  this  is,  siifficient  to  insure  that 

[S1[k][S]  (2-24o) 


is  positive  definite  is  long  and  involved  and  is  omitted  here.  For  completeness 
we  note  that  an  [Sj  -matrix  satisfying  Equation  2-239  is  easily  constructed. 

For  this  purpose,  partition  [<;4pj]  so  that 


(2-241) 


and  let 


[S'] 


(2-242) 
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We  then  have 


{2.~2.h-3) 


Returning  to  Equation  2-23Xj  we  have 

=  ^[5]'[K][«S])~[S]^^P} 

Substituting  this  into  Equation  2-22.5,  we  obtain 

M 

=X^4(pR\Ci.  +  [s]f[sl'[KT[s]y[s]'-[p]- 
1=1 


(2-24i)-) 


(2-24?) 


which  is  the  general  solution  to  Equation  2-221  provlde-d  Squat  on  2-23.0  holds. 
The  Tuatrix, 


[E]  =  [S]f[Sy[Kl[S]VlS]' 


(2-24fa) 


Is  a  set  of  influence  coefficients  corres.ponding  to  some  arbitrary  constraint 
of  the  rigid-body  motion.  It  is  desirable  for  later  discussions,  to  express, 
the  Cj_  in  Equation  2-245  in  terms  of  the  zero -frequency  normal  coordinates. 

This  we  proceed  to  do. 

The  general  solution  to  the  undamped  vibration  equations  (Equations;  2-145) 
is  a  linear  combination  of  all  the  solutions  to.  Equation  2-202  (including  the 
modes  corresponding  to  cu  =  o). 

1^  K-M 

i=,  “  •“ 

If  we  premultiply  this  by^^g^jfAj,  then 

M 

i-=f 


(2-24T) 


(2-243) 


whece  use  hs-E  ’beeci  made  or  aquaxion  a-SlQ*  If  we  iirbraduca  the  matri 

frequency  modeE 


then  Equation  S-a^S  can  he  written  aa 


If  we  also  premultiply  Equation  a-a4-5  hy  0^1  [4  J  then. 


[tf.l'CAtEKP]- 


and 


“  rccpRiuiccfRir'c^'RyrAHi^v  -  '[^d'^A]['^R]yi^^r[A][EHP^ 


Substituting  from  Equation  a-a^Q,  we  haye 

=  {<^k}  -^'[(fRllAUlfRlHifRl'rftlLEltP} 
Substituting  this  into  Equation  2-a^5,  we  haye 

-  tj]- =- 4-  [e]-?P}-  -  [ifRl^LfR]  [Al^fsll  f  fR:]  [a  ][£  ]-+P]- 

whicii  can  be  alr^lified  if  we  introduce  i±is  matrix. 


We  then  haye 


H-[r]'[EHP} 


of  zero- 

(a-aij-9) 


(a-asa) 


(a-asi.) 


(a-a^a) 


(a-a53) 


(a-aji^) 


(a-255) 


(2-256) 
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whi.c±:  is  the  ^neral.  solution',  to  the  static;  equations^ 


-  4P]-  (2^-257) 

provided, 

=  (£-258) 


Lfeny  ■  of  the  aeroelsstic  prdhlema  sssociated,  with,  unresctmained  hodies  asre 
approximately-  solved,  by  imposiirg  the  constraiirt, 


%1-=4q> 


(s-255) 


so  that,  the  system;  can.  only  -bake  on.  a.  configuration,  that  is  a  linear-  combina,— 
■tion  of  tts  elastic  modes. 


W-M 


=1^ 


In  par-biculax-,.  It.  Is  useful,  -to  impose  tirLa  constraint  in  order-  to  dertve  an 
equa-tion  go.vernin£  only  the  elastic  modes  for-  the-  purpose  of  nunerxcal.  solntlon'.- 
Equation  2-S59  leads  -bo  the  following  conditions  of  constraint  on  the  ^neralized. 
co.ordina.-tes.,  pj. 


^'R^rA  ]-i|3}-  =  4Q5' 


(2-2fai) 


which  follows  by  setting  •fqg  j-=-£Q}' in  Equa-feion  2-25Q..  HI  we  recall  that  the 
kinetic  and  potential,  energy  is 


T=  (2-2b2) 


U  -  (a-2b3) 


then  we  may  us.e.  Lagrange '  s  equations  for  coordinates  which  are  not  independent 
( Equation  2-79 )  Bifi:  relations  of  constraint  are 


(2.~261{-) 


i  =  L,2.j 


Etui  'die  ^nerslized  GOUStEatEdi  forces  ais 

£  '^1-1  (2-265) 

XT'  ^  t— I 


oir 

(2-2.66) 


Suhsbitauiirs  tills  lata  Isgrangs's  equstiottj  -we  abtaia 

=  -rP}-  (2-a6T) 

T6e  Esgcangiaa  multigllerSjAj^^  may  be  eiimlnsted.  by  tbs  follcr.r±iig  procedure. 
Fremultlply  Equabiaa  2-207  by  [®  g  . 

-  [7JIk.Kp1-  -  ;.7rT[A][7^M\}  =  '.+r]'{P}  (2-2t8) 


Ibe  secorti  term  is  zero  because  of  EOTStion  2-227*  Solylng  for  we  have 


t\5-“  "^RTl-][7sr'‘[^.?l'  LAHf>-iPP.  (2-2^9) 


If  ■‘■’tls  is  Eubstltru.tad.  irta  Bmiation  2-3:7;  we  obtaia 


:  ^  i*  ~  A  I 


(2-270) 


Using  Equation  2.-255^  this  can.  be  written  as 


(2-271.) 


Biis  set  of  linear  equations,  can  be  solved,  for  the  p.'s  in  terms  of  the  ri^t- 
hand  side  by  the  procedure  which  led  to.  Equation.  2-2^6...  The  only  difference 
is  that,  the  right-hand  side  is 


(2-272) 


in  this  case;  whereas  in  the  static  case,  considered  before^  the  ri^t-hand 
side  was  simply  f  P}'-  Condition  2-258  in  the  present,  case^  is. 


[<fRf[pir{pi-[AHp]-^  =  {o} 

which  is  identically  satisfied  because 

~  ■ ''ij  ■  lA ['vrI [ ft 

.  =  COT 


(2-273) 


We  may  therefore  write  Equation  2-271  as 


id]-  =  [cf^l-Cc^Ry  +  fr]'[El[r]  tP]--[AHi3T^  (2-275) 


Consistent  with  our  previous  assumptions,  however,  we  ha'/e  -C'3g]-  ={0}* 
(Equation  2-259)^  so  that 


^pT- =  [rl'CelCn  -LaK'W  ' 


(2-276) 


The  coefficients,  CrJ  CEirpI  ^  oaas  as  close  as  anything  to  a  generalized  notion 
of  influence  coefficients.,  Ihey  appear  to  be  the  discrete  analogy  to  the 
"generalized  Green's  function"  introduced  by  Courant  and  discussed  by 
Bisplinghoff  in  relation  to  aircraft  structural  analyses^.  ]h  this  report  we 


~See  E.,  Courant  and  D.  Hilbert  tfethods  of  tfethenatical  Physics,  Inter  science, 
1953.;  Vol.  I,  p.  35^';  and  Bisplin^off,  Ashley,  and  Halfman  Aeroelasticity, 
Addison-Wesley,  1955,  p.2h  . 
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shalL  refer  ta  the  coefficients  in.  Equation  2-276  as  the  "free-hody”  influence 
coefficients^.,  It  is  a  curious  consequence  of  the  deriTa,tion  given  previously 
that,  the  free-hody  inf.luen.ce  coefficients  are  unique  and  independent  of  the- 
arbitrary  constraints  assured,  for  the  calculation,  of  [e]  Zh.  s.oii!e  instances,; 
a  constrsinecL  influence  coefficient  ina.trix.  is  calculated  directly  without  using 
Equation.  2-246.C  Such,  is  the  case  when  the  "complementary  strain  energy"  method 
is:  used,  (see  Section,  5.,1.,1.2  of  this  report)., 

Equation  2-276  is  important  for  its  applicatLon  to  some  aeroelastic  loads 
problems:  for  unrestrained,  systems  where  the  constraint,  is  not  a 

serious  one.,  We  are  presently  interested.,  however',  in.  its  ^plica.-tion,  to  the 
problem  of  free  vibrations;., 


For  free  vibrations;  we  have  ■{fI' 
"product"  solution. 


=  fQ}"  ;  and,,  as  before,,  we  assume  a. 


(a-277) 


in  Ecjuation  2-276  and  arrive  at 

Crl'CeTCrKMitf  t 

0. 

which,  separates  into,  the  two  equations 


LrfLelLrlCAKt^]-  = 


(2-278) 


(2-279) 


(2-2aa) 

Equation  2-279  is  in,  a.  form,  sui'table  for  a  numerical  solution  by  iteration « 
The  results  are  the,  solutions:  to  Equation  2-2Q2  corresponding  to  ^  Q„  The 
zero -frequency  modes,  or  rigid-body  modes,  can  usually  be  written  down  immedi- 
a.tely;  however,  in  souk:  rare  cases  Equation  2-203  must  be  used  to.  calculate 
them... 


Zn  conclusion,  we  note  that,  the  response  to:  tims  dependent  forces  (Equa¬ 
tion  2-196)'  must  be  modified  slightly  in  the  case  where  there  are  zero-frequency 
modes..  It  can  be  shown  that  the  Green's  function,  in  this  case,  is 


^  7:1^  (2-201) 

■i  1  *  ^  1.  i 

N-M 

also  the  very  interesting  paper  'by  B.,  H..  ZTraeys  de  VeubiZie,  Iteration  in 
femidefinite  Ei^nvalue  Problems,  Journal  of  the  Aeroria.utical  Sciences,  October, 
i9?5.. 


(a-aSa) 


IS.  we  inCraduce  the  definitions'.^ 

“  -I 


(a-aS3) 

this  can  be  wrt'bten  as 

(.a-aa4,) 


and.  the  g^erai  solution,  is 


(2-285) 


a.a.3.5  Solutions  to  the  Lineezrly  Damped  7ibra.tiQn  Equations 

The  previous  Ee<ctians  ha^re  dealt  with.  Equa-tion  a-1^  in  the  case  where 
tue  'damping  is  zero«  We  want  -fen  considen^  in  this  section, the  danced  equa¬ 
tions  with  external  forces  which  are  a  function  of  time  only,. 

7“  npi'  -^[eTtpi:  [K-ltpI  =  iP'fejj-  (a-a86) 


In  an  attempt  to  solve  these  equetions,  we  might  be  led  to  believe  that  the 
nomBl  coordina-te  transformation  (Equation  a-lS3)  would  uncmple  these  equa¬ 
tions  in  the  sane  wa-y  it  uncoupled  the  equa-feions  with  no  damping.  If  we 
substitute 


(2-28T) 


iirtQ  Equation  2-286  and  prenraltlply  by  ^  we  obtain 


[<()]'[ S I ((iH  It  +  =  [if  liPt 


or 


wbene 


(2-288) 


(2-289) 


(2-290) 


ia  the  damping  matrix  GorreaponcLing  to  tbe  normal  coordinates  ~  The  i^'^  equation 
is 


dir 


-  ■'ij 


(2-291) 


These  eauetiona  are  only  uncoupled  when  the  modal  damping  matrix^  [hJ  ;  is 
diagonal-  There  are  some  nechanical  systems  where  tiie  damping  nB.tri:i  is  ap¬ 
proximately  proportional  to  the  stiffness  nstrix  (see  also  Section  »  •  •  )^ 

(2-292) 


and  in  this  case 


Cf  :  = 


.riisii  f  1  =  r* 


(2-290) 


oCi  GUS 


and  Eauation  2-291  ceconKS 


(2-29*+) 


-r-  -  ioj,. 


5 ,  =  - 


4. ; 


(2-295) 


IE  we  express  this  in  te-rms  of  the  "modal  critical  damping  factor,"  we 
have 


with. 


cW 


(a-a9h) 


(a-29T) 


for  this  type  of  damping  the  critical  damping  factor  is  higher  in,  the  hi^er' 
frequency  modes,.. 

lord  Haylei^  has  given  a  g^^al  proof  that  the  solutions  to  Equation 
2-291  are  very  little  affected  by  assuming  that 


it-i; 


(2-29^) 


whax  the  damping  is  smali^..  We  then  have  the  fairly  general  result  that 


Vithu 


(2-29^) 


with 


MieMv 

iiOi 


(2-3QQ) 


For  structures  that  are  common,  in  the  aerospace  industry,  the  damping  factor- 
defined  in  Equation  2-300  can  be  a  very  complicated  fxinction  of  the  discrete 
undamped  frequencies,  ni  p..  (Note,  is  a,  description,  to  some  extent,  of  the 
stiffresa  distribution  of  the  structurejWj^  is  sometimes  called  the  generalized 
stiffness.,)  Figure  7  shows  the  type  of  eicpirical  relations  that  are  obtained 
from  resonant  frequency  and  decay  measurements  on,  a  wide  variety  of  structures.. 
The  last  grapth  is  indicative  of  systems  characterized  by  Equation  2-292.. 


^See  Rayleigh,,  Theory  of  Sound  Dover,  1949,  7ol..  1,  Sac..  102,  p..  13fa  and  137 » 
Recently,  Dr..,  T..  K..  Causey  has  given,  a  much  more  direct  proof  of  this  important 
result  by  using  modern  perturbation  methods.  See  equation  (Wt-)  in  Effect  of 
Damping  on  the  Natural  Ecequencies  of  Linear  Dynamig  Systems  by  T.,  K.-  Causey 
and  M.  E„  J,  Q' Kelly;  Journal  of  the  Acoustical  Society  of  America,  7al.,  33, 

No.,  11,  pp.,  1^5S-ltfel,  November  I961. 
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R  GURFE  T  DAMPIN  G  CHA  RACTERl  CTi  CS  FROM 
MEASUREMENTS  OF  ANC  Vi - 


Ihe  aalution  ta  SssaaEfeian  a-25?9  is  fair!;/  straightfcarward  and.  we  give  only 
the  final  result  sn  that  we  may  direct  our  atterrtiim  to  the  case  where  the  [H] 
-niatri:!  ia  not  diagonal,  and  He  damning  is  not  siiiall.  The  CEceen'a  functiDn 
for  the  aystSE  'iescxihad  by  EcjaaEtian  2.-eLd9  turns  out  ta  he 

[•lul  ='^  If};  (1-301) 

t*’  J 

In  the  general  case  we  must  use  a  meHod  devii^d  by  K.-  A-  Fasa^  ta 
find  the  solution  far^  time  degendent  farces.-  A  diacusaian  of  the  gpne-r?Tl  cFt..e!F> 
fallawa- 


^K.  A.,  Fass,  Caardinates  Which.  OncaupJe  the  Equations  of  Matian  of  n.qmped 
ftmaMic  Systems,  Journal  of  Applied  Mechanics,  &pt..,  1950. 


IE  we  Qgerate  on  EquEEtion  2.-2fib  with  the  Iapla.ce  trauBfoma,  we  obta'in 


(  3^[/v]  +  s[5]  =  {P^S)]-  +  ■3jA]{|7/o)}  4-  [/\14p(o)f  4- [Sllj/ft)}  (2:-3.02l) 


The  foimal.  solution-  to.  these  aqiiations  ia  given  by 

{p(5^j.  =  {  s^[A] ^[k]^'  f4Pfe}  -t  5  [MIN')} 

[A-]| ^'M}  4-  [6Hf4<ol}^ 


(2.-S03) 


We  recaUL  that^  in.  the  case  of  no.  dampingj  the  admittance  matrix  ( Equationa 
2.— 199  and.  2-201.)  wae  gi/en  by 


i^nAiHK])"  “f  Ml 

snui\ 


(i-aoil-) 


Also,  it  can  he  shown  that  in  the  case  leading  to  Equation  2-301,  we  have 


(  s-^-[ai-'-5[bi  ^[kiT  =y  Mi - 

l,-=,  t  iaj[ 

where 


In  oath  of  these  equations 


(a-305) 


(2.-306) 


(2-307) 


Our  intentions  are  to  show  that  in  the  general  case  of  Equation  2-abfa,  we  have^ 


M 

'  '-L./Vl  ■4-  3[Bl  ^  ['^l)  '  “V 

i-1 


^  d-pil],  4~  I'IqIi, 

4- 


(2-308) 


4ha  principal  difference  he-twee.  equations  2— .  and.  “ ' 'd  reflects  on  the 
eocistence  of  the  physical  notion  of  a  mode  of  vibra-tion.  This  ia  dlseusaed 
ov  1.  K.  Causey  in  Glasaical  Normal  Modes  in  Damped  Linear  Dynamic  Systems, 
•loxirnal  of  Applied  Mechanics,  27  E.  (i960). 
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wherxer  [i/'Ji  and  axe.  real,  matrices  and  cr^  +  is  the  i'bh  complex 

root  of  the;  chaxactexistic  equation 


A.(5)  =  I  sHM  +  5  [8  ]  ^  [it  ]  1  =  o  .  (a-309) 

We  can  reduce  Equation  2-2.86  to  a  set  of  first  order-  equations  by  intro— 
dudna  the.-  g^exalized.  ve-lacities.  as  additional  "coordinates:.. "  If  -we  let 


(2-310) 


then  Equation  2-2.86  can  be  expressed  as 

L6K6}  l6HK>  +  [kH[3}  =  iP}  (P-3-1 1 ) 


with 


tt}  -  -io} 


(2-312.) 


This  set  of  first  order  equations,  can  als:o  be  written  as 

where 

[V]=-[A1  lo]' 

ilol 


lW]=[[S]  IK], 
(-'ll  io]J 


Ip^}  = 

Ip} 

{p*}  = 

{pf 

[lolj 

(2-313) 


(2-311^) 


(2-315) 


(2-31fa) 


(2-317) 
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Tha  laplace  transform  of  Equation  2-313  is 


(2-318) 


We  have  assuiiie.d  zero  initial  energy  because  we  can  generalize  our  final  result 
by  using  Equation  '2-303 . 

Equations  2-3l8  are  easier  to.  solve  than  the  equations. 


(s^LA-Us  [6l  -  =  {P^slJ-  (2-319) 

altho.ugh  it  is.  the-  latter'  set  in  which  we  are  primarily  interested. 

To  solve  Equations  2-318  lot  us  first  consider  the  homogeneous  equations 


(s  [V]  ^ 

For  non-trlvial  solutions  we  must  have 

^.(s)  =  1  Sfv]  v[v\/]  js  1  +  5[8]  +  [k]  1  =  0 


(2-32.0) 


(2-321) 


Correspond.ing  to  each  root  (which  is.  In  general,  complex),  we  have  a  solution 
to  Equations  2-319  or  2-320.  If  s  =  Sj^  i  i  =  l,2...2Njare  the  solutions  to 
A(s)  =  0,  then 


(2-322) 


There  are  also  solutions  to  the  trEuisposed  equations 


'  Si  [V  ]  t  :vV]'  =10}  (2-323  ) 

[V  [V  ]  from  Equation  2-31^ 

From  these  equations  we  can  establish  the  following  orthogonality  relations 


[V  =  0 

=  0  i*j 


(2-321) 


(2-325) 


(9-3afc>) 


1st 

Ca-aa?) 

■■I’i  =  [it't  i.-  n*>N.  if >,.  irk- irk.  1  (a-sas) 

In.  these  mstricas,  the  last  K  columns  are  the  complex  conjugate  of  the  first.  K 
columns  hecause  uhe  roots  to  A(s)  =  0  are  generally  complex  and  will  occur- 
in  conjugate  pairs.  If  we  now  consider  the  nonhomogeneous  equations  ('Squatlons. 
2-51S)  and  make  the  transformationj. 

=  '.'f  Hf }  (2-329) 

in  Equations  2-310,  we  obtain 

nvi  f ;v]  (2-330) 


Premultipl;’  by  ','*j 


(2-331) 


From  the  -orthogonality  relations  (Equations  2-32*^-  and  2-52?),.  we  have 


■-'f 


(2-332) 


Us  mg  Equation  2-32o,  we  have 


:  u* 

.  1. 


1 


iV  ] 


■-V  J 


-  u  a 


(2-333) 


where  we  have  assumsa  the  solutions  to  be  noraslized  so  that 


‘:>o 


(a-33^j 


Using  Equa,ti.Qn  2-333  in  EquafeLon  2-331-/-  we  can  solve  for 


(a-335) 


Suhstitu-ting  this  into  EquatLon  2-329/-  we  ha-ve 

{p*^l  =  [((('F  Wj[i^’=jfP’^i- 


Cs-33h) 


We  can.  relate  the  modes  of  Equation  2-322  to  the  modes  which,  satisfy 


(A  -I-  =-Fq} 


(a-33T) 


By  comparing  Equation  2-33T  with  Equations  2-322  and.  2-323/  it  can  he  shown 
that 


[ 


(2-336) 


and 


i  I 

i 


(2-339) 


Ca-3i^Q) 


=  Q 


DUbstituting  these  in  Equation  2-33h  and.  using  Equation  2~31C/  we  have 


•Ihi  =  [ffFsvjt'  I'iPi 


3t  iQ 


(2-3tl) 
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(2-3.42/ 


The  following:  identity"  is  easily  -verified 


(2-31v3) 


We  can  -fehen  express  Equation,  2-342  as 


If  we  let 


4  hi  =7"  f 


5-5, 


(s-5i,i  s-Si' 


(2-344) 


-V  =  ;j_r  W. 


(2-345) 


(2-34t) 


fjl,  -  /\  ■’-VK"  f  ?>,  ■' 


(2-347) 


-i  -  ■>  -  -  ^ 


(2-345) 


CoH^arlng  this  with  Equatloa  '2-303  j*-  must  concXuda  than 


f'5^[Al+S[Bl^[Kir'  =)  ^  "  LtyJ-. 

^  iT*-  ’r  ^  r-  t,  i 

-ir  -X  -r  T“^1'  ul-^ 


(2"3t9] 


The  ahove  relatLon  is.  for  restrained  systems  only  sad  it  has  been  saaumed  that 
there  are  no  zero:  roots..  The  case  of  common,  interest;^  however j;  is.  the  case 
where  the  zero-frequency  modes  discussed  in  Baragraph  £..2., 3.-^  satisfy  the 
redatxon 


L6H(PrK-  =iQ^ 

i  = 


(2-350) 


which  is  characteiriatic  of  internai  damping  in  that  no  dissipation  results 
from,  a  mode  in  which  there  is  no  elastic  deformation «  The  theoretical  develop¬ 
ment  is  fairly  complex  in  this  case,  hut  the  result  is  what  would  be  expected 


y  -zr;,! 


(2-35X) 


where  p/zj^is  defined  by  Equation  2-2.d£« 

Numerical  methods  to  solve  either  Equation  2-322  or  Equation  2-33T^  are 
discussed  Lz  A-ro’' ii::  HZ. 

In  conclusion^  we  note  that  the  Green's  function  corre^onding  to  Equation 
2-3^9  is 

A  c  A“  - 

'f-.  '  r, iKtu),  t  1- ui  rtw,t  [V'It  —  iWA.t  .'Vvlj.  (2-352) 

i — >  U 

\r 

and  the  general  solution  is  the  inverse  transform  of  Equation  2-3X5 


tp'tll- 


-  r 


i.  j-'t-C/  Ji'  Pfrt}  1e 


(2-353) 


-If  unnormalized  solutions  to  Equation  2-337  are  obtained,  then  the  following 
formulas  must  be  used  instead  of  Equations  2-3  7c  and  2-3X7. 


-z  I&. 


[%]t. 


a.3  1HE  AEPLICailOUS.  OF  AH  USTERBQr&OlIOH'  PHOCEDOEE.  FOR  OBTSLIRING- 

&.  FraHE.  DB3-B11E:-QF-EBESD(M  APPROXIMATiIOII  FOR  COMIIKIIOns;  EEASBIC 

SFEnCTORFS: 


In.  fectLons  £.,1  and  £«&  ■wery  little  was  said  about  the  procedure  for  re¬ 
placing  a  continuous  system  (with  an.  infinite  numbear  of  degrees-of -freedom]  by 
one  -with,  only  a.  finite  number'  of  degrees-of -freedom..  In.  this  section.^,  attention 
■will  be  given  to.  discussion  of  the  specific  form  of  Equation  a-3T  ia  the  case  of 
sjubH  motions » 


a. .3.1  The  ELnematica  of  Snail.  Sfotlons 


let  us  s.uptgQse  that  the  continuum  of  particles  is  in  its  equilibrium 
position  at  -ttine;,  t  =  0..  Consistent,  with,  the  assumptions  of  fection  £,£,  the 
system  of  particles  executes  -smaTT  motions  about,  the  equilibrium  configuration.. 
If  we  denote  the  position  -vector  of  the  x-y-z  psrticle  st  t  =  O  by  LCx^.y^E),;^ 
then 


Ca-a55). 


is  the  displacement  vector  of  the  x-y-z  particle.  Referred  to  the  inertial  base 
vectors  introduced  in  Section  2.1,  the  position  vector,  l  ,  has  components  x,  y, 
and  z. 


=  kZ  *■  Uj'JT  *■  r.K. 


C2-25b): 


Ihe  instantaneous  position  vector  of  the  x-y-z  particle  is  then 


X  i  + 1|,  J'+ eJK,.  +■ 

''  X  -I-  j^^Oc.llTZrfc)  j  I  ^  +•  jju  (x.lj.,  £,t)  /  jr 

-*-  '£+•  ]  K. 


C2-35T). 


FIGURE  S  a  PGRiraW  OF  THE  SfSTEW'  DISPLACED:  FR.QM-  ITS  EQUIiLl'ERlUM  POSlTrOM! 


All  of  the  essamg.tiorrs  of  fectlon  2-2  ere  satisfied,  if  we  assume  that 

N, 

[p(5(..4,,£rt)  Cs-35ci) 

t— I 


ffe  then  have 


®-  C  r  IJ-  =) 


In  pariicular^ 


M. 

L(x-U,.£)  ^ 

t“l 


3-ltt. 

2ki 


jfj_.  =  s.  constant;^  independetit  of 
J. 


the 


(2-3,59): 


(2-3.00) 


as  was  assumed  in  Equation  2-122-  Equation  2-35^^  eapressed  in  components 
referred  to  I  ^  J  ;t>  2^*^  IK  r  ^sn  be  written  as 

H 

f7/x..|.nt)  K't)  (2-301) 
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(2-3.be): 


N 

i-i 


)3iEfavij;,t,t)”^  l^t/W 

t“l 


(2-3.63) 


Ih£  form,  of  Equation.  2-3  59.-  mfgbf  be  justified,  on  tfe  basis:  of  smali  mo.tions.;, 
that  is,;  JIL  can  be  expanded  in  a.  'Ilaylor'''s  se.rie.a,, 


N. 


jitf  — |3r;  ^,'0,0,.-.  a;.  x,.t^£)  f:. 


u=i 
H.  H. 


(2-3;6i^) 


If  thS'  pj  are  "smalX,"  then 


N. 

X.^,£)  =  Lfx,t|,E)  +  >~  ||,'•c.o, ...  a;.  x,i|,s)l?i  (2-365) 
(=*1 


■which,  is  the  sans  as  Equation  2-359  ••  There  is  sons  indication,,  however,  that 
the  form  of  Equation  2-365  is  justifiable  even  for  "large"  pj_.. 

The  choice  of  the  functions,  Ji  £(x,y,,z,],,  appears  to  be^  qui-te  arbitrary; 
however,  'we  must  recall  tha.t  the  generalized  coordina.tes  can  be  independently 
varied  without  viola-ting  the  cons-feraints  of  the  sys-tem.  If,  for  example,  ths' 

sys-tem  is  displaced  so  that  p.  =  1  and  p^  =  0  for  i  ^  j  then 

J 

=  lhj-'x,i|,£,)  (2-366) 

From  this  we  conclude  tinat  the  ih  ^  must  satisfy  all  the  physical  constraints 
thsT.  are  imposed  on  the:  displacements,  ||7  (x,y,.z,tj-  It  also  follows  that  no 
c  of  the  Ih  i  can  be  linear  combina.tion  of  the  others;  for  if  this  were  the 
xhe  ^neralized  coordinates  would  not  be  independent..  These,  general 
conclusions  were  obtained  by  Eayleigh  and  -were  used  as  the  basis  of  an  approxi¬ 
mate  nEthod  devised  by  Hitz. 
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The  interpolation,  procedure  to  be  described  below  is  concerned  with,  an 
appropriate  choice  of  the  functionSjQn  This  procedure  has  been  considered 
only  briefly  in,  the  literatxnre  although  it  has  been  used  at  Chance  Vought  (a 
parent  organization  of  ET?  Astroiiautics )  for  many  years.  The  method  had  its 
origins  in.  a  paper  by  S.  J.  Loring  published  in  I9V1I.  By  way  of  introduction, 
the'  HEthod  might,  be  called  a,  Haylei^-Ritz  approximation  "in-the-small.  "  In 
a  very  general  sense,,  all  finite  degree-of -freedom,  approximations  are  Eayleigh- 
Sitz'.  approximations  in  that,  the  deformations  of  the  structure  are  considered 
as.  a,  finite  linear'  combination  of  known,  (assumed),  deformation  shapes.  In  the 
interpolation,  procedure  the  assumed  functions  are  consideied  to  be  valid  only 
over'  small,  regions  of  the  system..  In  contrast  to  the  conventional  Baylelgh- 
Ritz  te.chnique,,  very  little  engineering-  Judgement  is  required  to  pick:  approxi¬ 
mate  "assumed  modes.," 

2.3-2.  Interpolation,  in.  One-Diiiension 

To  describe  the  values  of  a,  function  in  a  region  between  points  where  the 
function  is  specified  requires  that  some  interpolation  procedure  be  used..  Any 
interpolation  formula,  makes  use  of  an  assumed  function  for  describing  the  ordi¬ 
nates  between  points  where  the  ordinates  are  specified..  To  fix.  ideas  we  will 
consider  first  a  very  simple  interpolation  formula.. 

1£  a  function,..  pCx),  is  specified  at  a  finite  number  of  points  in  an 
interval,,  say  (O,.  1),  then  it  is  required  to  furnish  values  of  the  function 
at  other  points  on  the  assTimption  that 


fjfr)  —  J-i  r  +  -4-1 


C2-3b7) 


for  ’'1-1  ^  ^  ’'I 

Pi  is  the  value  of  the  function  at  x  =  then  we  also  require  tha.n 


F'H)  =  Pi 


(2-3b8) 


This  is  commonly  called  "trapezoidal  interpolation"  and  it  approximates  the 
function  pCx]  by.  a  series  of  straight  lines.  Figure  9  shows  the  interval 
(0,  L)  divided  into  If  regions  by  H  1  points,  0,.  Xj_,  Xg...Xjf_j_,  L. 


^.Loring,.  S.  J. ,  A  Ge.neral  Approach  to  the  Flutter  Problem,  Society  of  Automotive 
Engineering  Journal,  August  19^1.  This  very  fundamental  paper,  although  specifi¬ 
cally  motivated  by  the  wing  flutter  problem.,,  developed  a  general  approach  to  all 
vibration  and  aeroeiastic  problems.,  loring  developed  his  ideas  while  at  Chance 
Vought  in  the  period  from  193b  to  194b.  The  general  methodology  presented  in 
Section  2..0  of  this  report  has  principally  evolvai  from  loring's  original  papers. 


FliGCJiRE  9  TRA.PEZO®ALIH:TEEPOiLATi:ON: 


We  rcay  determine  a.j;_  in  'hf_  in.  Eqnation.  2-3-fa7  "dy  using  Equation  2-36b., 


fJtrt  =  ■f't 

Solving  for  aj_  and.  we  obtain 


C2-269‘1 

C2-370} 

(.2-371); 
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IE  we  sufeatitute  tills  into  Equation-  2-3&T;p  we  iiewe 


—  — 

' 

r-  — 

-i  1. 

PI 

X'i  -  ^L.~f  4.  ~  '4-i 

tt-H; 

Ki  , 

p; 

1  ii. 

i..,  ^ 

i—.  — 

t£-37S) 


wsild.  fo^T’  X.  on,  tte  InteEwa'l, 
wbeEe 

X  ^  X  ^  X'-L 


Equa-tion.  2-372  relates  tiie  corrbiiiuous'  funetios^  bC^})>  to,  the'  discrete  walues, 
S±.u  on  the  interuai  (0,,  E,),..  EE'  the  matrix  products  are  expanded^  we  dbtaln 
the  more  ffemlliar'  form  of  the  trapezetidaX  Interpolation  rule,, 


for  xt-i  <■  X  Tci 


(2-373) 


In  auhsequent  discussions  we  will  find,  it  very  conwenient  to  replace  x 
by  a,  "local"  weriable^p  which,  waries  ftom  Q  to  1  In  the  region  where  the 
interpQla.tion  formula  is  valid 


X-  =  ^  X  -  Xj-I 

H  £i 


(.2-37^). 


In  terms  of  this  variable.  Equation  2-373.  can  he  written  as 


pfx)  =  f'fj  ~  K-i  + 


(2-3.75) 


for  Q  «  !■  =5- 1 
and  «  X  t.  x^ 

If  this  is  stressed  in  the  form  of  EquB,tion  2-372,  we  ha.ve 


t(xj  =  D  fxi-,  .14)  =  t '  j"  i-r  f, 


-  -  Tr  H  ’ 
^i.-'  ]|  Pi-1 1 


(2-376) 


||  b- 

I  Pu 

Ji  J 
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p(x)  =  { I 

K 


Ca-3,Tr} 


wfeeine: 


for  1  = 


For'  aEgiloffitions.  to  be  consldeased  is;  this  rejsort  the  tra^ezoicia'l,  fonmils. 
is  not.  adjei5,aate.,  A.  formula’,  witli  more  Gfesirahle  prooerties:  ha’s  been  djetolopeii. 
by  J'„  A..  CSrififinj,  Jr'«^  iihe  fbrmmiav  wbioh.  he  eells  "dlparaboltei!  ba’s.  s. 
simplielty,,  f  leacibillty;,  anA  stability  that  is,  mat  achieveA  by  many  of  the 
common  interpolation  methods.. 

Ihe  diparabolin  formnia'.  is  defined,  by  averaging  the  "wei^ted"  parabolic: 
curves  through  each  set.  of  three  adjacent,  points;..  More  specifically^,  if  (,f ) 

is  the  parabola'.  thro-Ugh  the  points  defijaed.  by  the  ordinstesj,.  and 

lij:  and  f i+l  ),  is  the  parabola,  throng  the  points  defined  by  1^-1.^,  p,.  a  and 

then  the  diparabolie  forma-la  approxima.'te.s  the'  function^  p,(x;l^,  by 


(3fx)=  ri-Dcfjfr)  (fl 


Ca-3T9) 


for  ^  x  c 


wherej,  as -before. 


C  = 


{a-3.8o} 


/ 


FIGURE  tq:  diparabolic  interpolation 


rt  is  fairly  atraigErtforward  to  show  that. 


il'T) 


{  •  i 


1 

fK-i' 

1 

^i-1 

,  k-i 

1 

I’i 

K 

Also^  to  slitipllfy  the  discussion  gisrea  here^  we  assune  that  the 
Co.,  L.)  is  divided  iirto  IT  equel  intervals  so  that 

for  all  i 


We  then  have 


A-i  ’ 

j  i.-*  “ 


=  I 

1. 


(2-3.81) 


interval 

{2-38a) 


(2-383) 
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Slid 


fitf)  =  •{  I  5-  £^1- 


a 

__  I 

z 

I 

z 


I 

a 


1 1  ^1-1 
it\  j 


1 

a 

tvi.| 

3^ 

'i 

'll 

li 

ti-  i 

I 

-t 

k  j 

I£  we  multiply  Equation  2-38.4-  ly  (l  ),ji.  then  we  rs^  rea-rran^  the 
the  form 


i-r>ii(r)  =  i'  I  r 


1  -I 


a. 

a 

-t 


tv  J 


and  in  a.  similar  manner^,. 


=  i  I  s-i^  -r^i-r  a 


a 

a 

7L 


k-, 

tw 


(2-384-) 


(.a-385) 


terms  in 

(2-388) 


(2-387) 
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aubEti-tuteLon,  of  these  reaulte  in  Equstlort,  2-375  gissa  the  deaxred.  £brm  of  the- 
dxpacsbalic:  formuls. 


(2^aa) 


The  above  formulg.  nsy  be  WExtben.  more  coaciaely  aa 


whece 


firx)  =  f  i  f 


£cec‘  X  ^ 


(^a5) 


mi- 


K-i 

fe-i 

k 

k»i 


(a-aga) 


When  unequal,  intecvala  are  used,  the  intergoIateLott  coeEficieirtH,-  are  not 
the  same  for-  e’/ery  intenvaX^-  however',,  the  aeh  of  4-  x  4-  matricea. 


[fj^  i=!,r...N 


(a-351.) 


cart  be  caleulatai  when  the  caordxnates,  Xj^,  are  sBecxfted... 

ft  can  be  shown  that  the  dxparabolic  formula  djesfinea  a  conttnuoua  curve 
wi-th.  a  continuoua  derfvative  on  the  interval,  from-,  x:  =  Q  to  x;  =  E.,  Thxa  im¬ 
portant  proper-ty  of  "smoothnesa"  fallows  from  the  fact  that.  Equation  a-389 
satisfies 


rt  a 


1^ 

cb: 


ki4-ri.) 


(a-392) 


8a 


SEecial.  conslde-Ea^bion.  nius:t.  be  given  ta  the  end  paints;  if  it  is;  undesirable 
ta  have  the;  collacatian  points,  x  fall,  outside  of  the  interval,  (q.  E.)- 

These  paints  may  be  eliminatetL  by  artibrarily  imposing;  the  condftions 

^(0)  “  =  0  (£»393) 


Ih;  most,  applications  this  constraint  introduces:  very  liitrle  error^..  Using  the 
relations 


~  P- 


faoz.  aKt-J 


=  a 


(a-5?^) 


d\ 

d'X'^ 


tL)^ 


a  0  tfeKi] 


t’W-i 

t^N’l 

|5n 

tw+l 


=  Q 


(a-39^) 


we  can;  deacive  the  fallowing  results  which  are  appropriate  for  the  first  ant 
jjtn  intervals 


p/-x)  =  ■}  I  f 


0 

Q 

5x  -4  i 

+  i  +  1 

0 

Q 

0 

■t. 

i  f  ,u 

for  C  c~  r  <-  v„ 


(S.-396) 


|3(x}  =  -fi  1  a 


~h 

i. 


1 

z 


o  11 

'i. 

1 

for- 


pN-tj 

I 

r’N-  j 


(2-39T) 


^Nd.  attempt  is:  being  made  here:  to  satisfy  the  "natural."  boundary  conditions  for 
any  particular-  problem..  It  is  a  conae:quence  of  the  use  of  the  Principles  of 
Analytical  Ifeclianica  that  the  natural,  boundary  conditions  do  not  have  to:  he 
considered.,  hut  are  automatically  satisfied. 
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2.3,. 3  Appllcalilon  of  the  Interpolation  Tfeghnlque:  to  Sons  l^lcaJL  Strunturea 
Pxo&lems: 

TJie;  c;oncep.t  of  relsttng:  a  continuous;  funation  to.  discrete  values,  as: 
descrited.  atove,  can,  lae;  ^neralized,  and  applied  to  structures  of  widely  vary¬ 
ing:  geon^tries:.  dfo;  illustrate  the  techniipie  we  will,  consider-  briefly  three 
pro;blems:: 

(l.)  the  vibration,  of.  a  vuiifomt  beam, 

(a.)  the;  vibration,  of  a  uniform.  s,iJ3®ly-supported  pla.-te,  and 
(3)  the;  vibration  of  a  uniform  thin.  ring. 

The  numerical  solution  to  these  problems  is;  con^ared  with  the  exact  solutions 
for-  the  continuous;  case  which  is  governed  by  a  partial  differential  equation. 


S.3*3«l-  The  Vibration  of  a  Uniform  Beam; 

The  spe;cific  Internal  (strain)  energy  for  a  par-tide  of  a  beam  is 


(2-398) 


^  ia  the  lateral  disp-lacement  of  the  neu-bral  axis  of  the  beam,  the 

s,tracin  is  given  by 


fe  =  -  i 


(2-399) 


FIGURE  U  UNIFORM  B.EAM 
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The  total  strain  energy  (Equation  2-56)  is 


ij 


u  i\ 
e  ( £ 


I 


±uAi 


iLji 


1“""  '  dx' 


'  dx 


J, 


(2-400 ) 


The  total  kinetic  -.nc-rgy  (Equation  1-42)  is 


--i) 


( 2-401) 


<V- 


* '  iy 

tt 


In  these  expressions,  El(x)  is  the  team  "bending  rigiditj'"  and  m(x)  is  the  mass 
per  unit  of  length. 

We  want  the  elastic  displacement  of  the  continuous  beam  to  be  approximated 
by  displacements  at  a  finite  number  of  discrete  points.  The  procedure  makes 
use  of  the  diparabolic  interpolation  formula  developed  in  Paragraph  2.3*2.  For 
convenience,  we  will  consider  the  points  to  be  spaced  at  IT  equal  intervals. 

The  length  of  these  intervals  is 


(2-402) 


If  we  denote  the-  displaceinents  at  the  points,  x  =  Xj_,  hy  p^,  then 


(2-403) 


and  from.  Equations  2-389^  2,-396^  and  2-397  we  have 


(2-404) 


where 


for  ?c^-i  X 

f  =  f  Cx-xi-,) 


^  \-cA  fori=l 


>  -i. 

4  -t  4 


fo  I  0  0 
0  o 

.'i  h-%  '1 

O'  o 
-i  0  ^ 

^7  % 

.  ‘t  ^  i 


for  i  =  2,3* 


(2-405) 


for  i  =  IT 


We  can  use  Equation  2-4o4  to  express  the  kinetic  energy  and  strain  energy  in 
terms  of  the  discrete  displacements,  Pt_.  let  us  first  write  Equations  2-4oi 
and  2-400  as 


2 _ _ 


(2-406) 


=1 
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u  = 


and  then,  make  the  following.'  change  of  -c^airiahle-of'-integratton 

X  =  Xi-i  if 


for  which 


dx  ~  idf 


and 


=  1 
5^ 


On  suhstltuting;  these  into  Equations£-Uo6  and.  2-U0.T„  we  find 


T  = 


'*1  f 

d't 


r  E 


EI 


11' 

'  li 


From.  Eqjjation  we  ha.-we 


■%  = 


0  =  {o  O  i  ^  K3-TJbj-^  for  x^.,  •;  x  ^ 

'Jo- 


(a-^OTl 


(2-4q8:); 


iz-kOBj} 


([a-ino) 


(2-to) 


(2-412): 


(2-413): 


(2-4i4) 
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By  taransposing:  Equations  2-413  and  2-4l4  and!  nmitiplying  tfiem  By  t&emselyes,, 
we  ofetaiffi 


f  I  £  JT- 


C2“415)' 


(2-4-16) 


Substitution  oi  Equations  2-4l5  and.  2-4l6  into  Equations  2-411  and  2-4l2  gives 


T  = 


if  f-J! 


t=i 


I  f 


I" 


J*'  5^ 

ji'  r*'-  J* 


(2-417) 


and 


u  =  < 


1=1  1 


o  C  o 

(7  0  0 


o  o 
o  a 


4  IZF 
a?  i6S- 


(2-4i8) 


3if  we  define 


[Ali= 


£  f"-  l-ndf  [i-]^ 

5  J-'  I*- 

S4p  f*  i-s 
5*5^  £5 


(2-419) 
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'  '  ->a 


^  0  a 

c  0  o  0  I 

o  o  f  laf  1 

0  O  uf 


["], 


(2-420) 


theHi  s.  latiocions  atmerleal  caleai-latLoa  gEras 


[Al(^=  f  f.a/ 

I  GP-C 


iSgiC  -t44- 

55144  -isa' 


rcr  1  =  1. 


(2-421) 


-'4f  -2S& 

L 

5£ 

i 

i 

1  _ 

\  r>  0  r 

'  tTJa 

it.  -lee 

“<5Q 

li. 

1 

! 

-|68  ZJZC 

izza 

-13^ 

1 

i 

•'ia  '22B 

irzc 

“iss 

i 

] 

[  .1  "i.- 

-■ss 

\6r 

1 

; 

i  Wic 

~  Ji  -ZS&. 

-i**4  ' 

i 

-i=e  iii.f 

'ZZ4~ 

j 

-iai  112+ 

L 

'sec 

for  i-  =  2,3 


for  i  =  It 


!  'i  'Z  -t 

!  i  -4'  5 


for  i 


.  .  4  -^3  S  -J 

i  -  C  •«  -J4-  ? 

I  ?  -Jb  ^  -IC- 


for  i  =  2,3 .....H-l 


(2-422) 


Z  -b  I 


for  i  =  It 
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Fc3r  a  naaimif'Oirsa  ceaiffi  [Aij_  aai  [kJ-;  Eiist.  ce  cslcalated.  ttsing  a  ntiEasricai 
integrataioia  {t&Eis  is  aisciissaa.  in  BaEagrajii  2.3-3»^}-  53^  ercher  csse^  Eouatioas 

2-417  arai  2-41B  csa  te  ■jrri'fetea  as 

t=> 

(2-423) 

>«k 

(2-424) 

IT  -we  define 

ipi  =  rfe  ' 

•  i 

i  •  1 

(2-425) 

tcea  we  can  introdiise  transforjEation  ustrices  tbat.  are 

(isfinea,  oy  the  relations 

(2-426] 
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Xt  is  f sxr-Xy  e^rldieni,  tiiis  transfoisnsfeioH  &a’s  tiiie;  fallowing  form 


GO  '  O  G  o  0  a  1 

i  G  o  a  i  Q  a  o  a  1 

Q  Q  — *  O  O  10  —  O  O  I 

I  o  a  a  o  Q  1  0  a  j 

i^^  coinmn 


iZ-hsn} 


T£  we  strOstitmte  Eignafiom  Z-hs£  into  Egoafions  2-t23i  anOL  Z-h-Zky,  we  obfein 


C2-te&) 


C2-te9) 


wiieite 


iZ-k3.CS} 


sni 

(2-43X1 

Eor  H  =  10.,.  we  obiain  t&e  following  resolt.  by  using  Equafiocs 2-421  andl  2-422.. 


W  =  mX, 

6T,2Q0. 


l8g6. 

1036 

-284 

12 

1036 

5990 

T52 

-24a 

12 

-284 
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5488, 
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-zka. 

12 

12 

-24g 

752 

5472 
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-24a 

12 

12 

-240 
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752 

-24a 

12 

12 

-240 

752 
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752 

-24a 

12 

12 

-zka 
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-240 

12 

12 

-24a 

752 

5472 

752 

-24a 

12 

12 

-24a 

752 

5488 

752 

•284 

12 

-24a 

752 

599G 

1038 

12 

-284 

1038 

1898 
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It  =  10001  EE 


4e. 


Using  EqjiaMans 


^  I 

-16 

11 

-2 
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44 

-42 

16 

-2 

'  11 

-42 
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-2 

16 
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-2 
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16 

-46 

64 

-46 

16 

-2 
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16 
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-2 
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16 

-46 

64 
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16 

-2 
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16 

-46- 

64 
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-2 

-2 

16 

-46 
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-42 

11 

-2 

16 

-42 

44 

-16 

[ _ 

-2 

11 

-16 

1 

2-428-  and 

I 

1 

in  Iagrange''s 

sguations. 

we  obtain; 

(2-4-33.) 


=  iol 


(2-434) 


which,  are  the  egpatiOHS  caHsidiecea.  in  Earagrsph  2.2.3-I-  (Equation.  2-145).  For 
the  unrestrained  heam,  there  are  zero-flrequency  solutions  to  the  ei^nralne 
prohiem: 


-U1-[A:]  —  -rOf 


(2-43,5) 


Shis  is  evidenced  hy  the  fact  that  the  stiffness  matrix  (Equation  2-433)  fs 
singular.  The  prohleiiL  recraires  the  special  consideration  gL,ven  in  Paragraph, 
2.,2..3.4.,  There  are  two  zero— firequeney  modes  and  they  may  he  chosen  as 


t =  r '  ^ 


-  V 


(2-43fc) 


The  first  mode  represents  an  equal  translation  of  every  point  on  the  teamj, 

Pq  =  F7  =  ~  ~  4*.  The  second  mode  r^resents  a  rigLd-oody  rotation, 

ahout,  the  mid-point,  of  the  team;,  x  =  1^2..  It.  is  easily  verified  that,  these 
are  zero-frequency  modes  by  premultiplyxng  them  hy  the  stiffhess  matrix 
(Equation  2-433,1  and  noting  that 


.  Vh  r. 
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(2-437) 


E'er'  the  purpose  oC  calculating'  an.  influence  coefficient  matrlscj,  we  assume 
the  following:  constraints 


Pl(L,t)=  0 


Ca-i^3a). 


C  A 


C2-43.9); 


which,  are  just  sufficient  to:  prevent  rlgii-bodjr  motion...  These  constraints, 
"eantile'ver"'  the-  beam  at  x  ==  E.,  Using  Eijuation  Z-hakr,.  Equations  2-if-3S.  and. 
a-h39'  lead  to 


or 


Pgl  =  I  I 


a  I  a 


'i  0 


I 

I  Ph-, 
L  bN, 


0 


(2-440); 


=  j{q  I  a.}}'  0 


0  J  Pht-i 

\'i  0  ^5.  I'  Pn-, 

!  .  =  I:  H 

*  %  ^  . 

I  +  ^  *  2 


=  0 


(2-441). 


Ck-j,  ■  =  ’  0 


-i  ^  ;  Pn-,  i  Jj 

,  t’N  i 


(2-442) 
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which,  we^  may  solwe  to  find  that 


(2-443) 


Pn-i  Pn-z 


(2-444) 


We  may  also  write-  these  cons,traints  in  the  form  of  the  [sj-ma.trix;  discussed 
in  Earagraph  2.2.3 -4  (Equation  2-225 )  •■ 


>o 

o 

o 

o 

Ffc 

p, 

o 

o 

o 

P: 

0  0  !  „.  0  j 

I 

Pz 

p».-i 

Pn-, 

0  0  0...  1  i 

0  .0  G  ..  I 

.  Pn-i, 

0  oj 

(2-445) 


IE  we  let  the  coefficient  matrix  in  the  above  equation  be  [sj  y  then 


[El=[SH5KH:][3]Hbl' 


C2-44£) 


is  an  influence  matrix  for  the  beam,  cantilevered  at  x  =  E.  The  fPl-inatrix 
defined  in  Eq.uation  2-255^  ia  this,  particular  case,  is 


'1=  ’-li 


'A] 


(2-^7) 


Solution  of  the  equation. 


(2-446) 
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■by  Ltersbiori  gawe  the  f Qllassing  TTElues  for  the  nQu-dinieiisionsX  fre'gueacy 
paraiiieter';^  mEt 
EX 

T&BLE  T  FR!ECi.EliEH:Cl:ES  OF  aWIIFORM  B.EAM',  COXlQCA'TIOMi  M  ETH.OP 


i  =  1 

i  =  a 

i  =  3 

1 

1 

er 

517-hh 

4ai4^..7T 

17*319.1 

The  exact  soXctdon  of  the  partisl  dif fearentieX  eqaetion^c 


er 

5t^ 


C2-^9); 


for-  the  case  of  free-free  boands'ry  conditions  gi.ves;-'- 

TA.ELE  2  FREaiiliEN:Ci:ES  OF  ONfFORM;  BEAM;  EX:A.CFSQLU.TI.ONi 


X. 

i  =  1 

i  =  a 

i  =  3 

£t 

JOG. 4-2 

1 

3303-19 

l4,,blD.3 

MsOj.  for  comparison.;^  the  first,  two  vibration  modes  are  givEn  in  liable  3 


TAB:LE  3:  .WQDES,- OF  UNliFORM  BEAM' 


EIBSX  MODE 

Exact  Solution 


SBDOHD;  MODE 

Exact  Solution 


"i.ooo" 

1.0000  = 

1.000 

l.QQQQ 

0-531 

0.5372 

0.212 

0.2274 

0..093 

0.0977 

-0-393 

-0-3973 

-O.aTl 

-0.2720 

-0.639 

-0.6620 

-0.514 

-0.5203 

-0.462 

-0.4630 

-0.599 

-Q.6QT8 

0.000 

0.00,00 

-0.514 

-0.5203 

0.462 

0.4830, 

-0.271 

-0.2720 

0.639 

0.6620 

0.093 

0:..0977 

0.393 

0.3973 

0.531 

0.5372 

-0.212 

-0.2274 

l.OQQ 

1,0.000 

-1.000 

-l«Q0,0.a 

-kchese  -ralues  are  taken  from.  Scanlan  and  Eosenhaum^r  An  IntrodtictiQn  to  the 
Study  of  Aircraft  ■yib.ration  and  Elattery  Efecmillan,  1951;^  p.,  l46.. 

The  exa.ct  modes  were  obtained  from  Tables  of  Characteristic  Eunctions  Hepre- 
senting  Eormal  Sfodes  of  ■'Tibratlon  of  a  Beam^  Dhiyersity  of  Ifexas  Publication 
Eo.,  4913;f  July  1,,  19^1^  by  Dana  Young  and  Robert  P.  Felgarj,  Jr,. 
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TThp-  cQir^erlfiQii^  for'  this  esse-  of  IQ  irutecvails^  sh:cn«a  the-  dlgeEsholic 
m&thod.  to:  give  fssrarahle:  Eesialts..  'The'  egreemsnt.  can.  he-  exBe:cte<i  to  he  mach. 
hettei;'  when,  more;  intervals  are*  usei.,  IShese;  results  siiouli  also;  he-  oomEsrel 
with,  the'  "eomB'lementarjr  strain,  ener^'  method  disoussed  in,  Seation.  ^..L.,L«2« 

(it.  numerical,  GenroariEon,  is  considered  in.  SectiorL  5-2..1  of  this  reiort.,) 

In,  concluEiQn,;^  we  note  that,  the  interpolstion  scheme  can.  he  viewed  as  a. 
Saylei^rBitr,  method.,  Equation.  in.  the  case  of  a.  heem;,,  is 

Ki.'hi 

t  I 

(2-45Q) 

ComEErison  of  this  with,  Equation  w:ill.  shen^r  that,  tie  "essnmB.d  modes:;i," 

have  the'  form  indicated  in  Eigure  12., 


^t+z. 


FIGURE  T2  THE  •‘^assumed:  MODES"  CORRESPONDIN  G  to; 

TH  E  D1 PARABQUC  INTERPOLATION  METHOD: 


The  function  in  Figure  12  is  defined  hy 


0 

when 

z< 

-  0.5 1  *  0~5  ’■ 

X, 

M-l  *  ^v' 

a.5  *•  Z  1.5  ■’ 

*1.-1  *  *  ’'L 

1.0  -1.5  -  I.c 

c  X  S, 

-0.5  •<- /  a.s 

0 

9h 


Etor  CQfflBaEison.,;  Figure  13,  shows,  the  "assunfid  modes"  corresponding  to.  the; 
trapezoidal,  interpolation,  assumption.. 


F1GU.R:E  T3  THE  “ASSUMED  MODES”’  COR.RESPOHDING  TO 
THE  TRAPEZOIDAL,  INTERPOLATION  METHOD 


a  .3.  «3  .2L  The  Tihration  of  a  ITniform.  Singly-Supported  Elate 

The  s.pe.ciflc  internal  energy  for  a  particle  of  a  plate  is 


U.  K, 


ij.E.t)  =  ^ 


;  -  yJ. 


'  -Vjt 


TT7) 


(2.-J4-5a) 


IE  E’zCx^y.jt)  is  the  lateral  displacement,  of  the  neutral  surface  of  the  plate, 
the  components  of  strain  are  given  by 


{2“^53) 


=  -E 


(2-L5i^) 


='1  - 


j.  jij 
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FIGURE  U  UNIFORM  PLATE 


The  total  strain,  energy  is 


U 


w,  dV 


-a 


in*  ' 


OU  ■  n-'  '  3^f  "  ai|’ 


(a-it5fo) 
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■where 


(£-457) 


is  the  pla-te  ''bending  rigidity."  For  a  plate  of  uniform  thickness 7" ,,  'we 
ha-ve 


tt=  - 

li 


(2-4.58) 


The  total  kinetic  energy  of  the  plate  is 


■where  ni(xjy)  is  the  mass  per  ■unit  of  area  which.,  for  a  uniform  plate,  is 

■>H/x.i|,>  =  -m.  =  SZ  (2-4fa0) 

In  analogy  to  the  procedures  in  Paragraph  2.3  *3 will  divide  the  pla-te  into 
a  number  of  equal  regions  as  shown  in  Figure  I5. 

r 

Z->T 

T 

X 

FIGURE  15  COLLOCATION  PQIMTS  ON  THE  PLATE 


9.7 


IT  we  Is-fc  K  te  the  nmafaer  of  equal  intervals  in  the  y-direction  and  M  te  the 
nusiEer  of  intervals  in  the  x-direction^  the  length,  of  these  intervals  will,  he 

tsT  =  — 

(2-lt6l} 


M 


(2-462) 


We  then  introduce  the  following  "local*'  coordinates 


1=  (2-463) 

^  =  ’%-^ri  (2-464) 

xir 

where  yj_)  are  the  coordinates  of  the  unper  left  corner  (in  Figure  io)  of 
the  region. 

For  the  regton  it  is  gossibie  to  constru,ct  an  intergolstion  fonmila, 
which  is  a  two-diirensional  ^neraiization  of  Equation  2-4o4. 


where 


(2-46,5) 


(x^y)  in  the  region 


■IT}]-  = 


(2-466) 


2- 

S' 

’T 

ns~ 

’t' 

TfS^ 


I 
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Bie  Sisi'laceEen.t-  at  any  point  in  tlie  region  is  given  in  terms  of  the  discrete 
displacements  at  i6  neightoring  points  as  siiown  in  Figure  l6.  Tea-  resnlting 
matrix:  of  interpo'lation  coefficients  is  l6  by  l6. 

*1  “a  *3: 


i3 


'^g - 

■?  ^ 

& 

•- 

t  ^ 

131 

12 

*  • 

« 

* 

15 

16 

FIGURE  16  HUMBERIHG  OF  POIHTS  IN  THE  REGIOK 


Hie  interpolation  coefficients  for  eo^  regions  are  derived  by  -eliminating  tlie 
virtual  points  ■vith.  tbe  arbitaraTry  conditions. 


and 


a-5 


O 


(2-46T) 


— =  n 


(2-468) 


evBlna.ted  at  the  two  discrete  points  in  tbe  region  wfaicfi  fall  on  the  ed^  . 
Tbls  leads  to 


J 

0 

z 

a 

a 

a 

a-6- 

O 

o 

a 

Q 

o 

a 

a 

o- 

o 

a 

o 

a 

o 

1 

o 

a 

o 

a 

o 

Q 

o 

o 

0 

o 

0) 

0 

Q 

o 

a 

a 

z 

o 

z 

us 

Of 

z 

o 

o 

Q 

o 

0 

O' 

a 

a 

L 

a 

a 

z 

Q 

a 

S 

a 

o 

a 

o 

O' 

(2-469) 


for  ed^s  on  tbe  top  (x  =  -b,  in  this  case).  In  this  relation,  is  the  two- 
dimensional  egjisl  interval  interpolation  matrix  for  interior  regions  which  is 
tabtilated  in  Appendix  Iff.  Equation  2-469  can  be  used  to  eliminate  po-ints  1,, 

2,.  3  and  4,-  and  arrive  at.  an  interpolation  matrix  which  is  l6  by  12.  A  shmElar- 
procedure  can  be  used  to  obtain  interpolation  coefficients  for  the  boittom, 
left-hand,  and  right-hand  ed^s..  Ttia  edge  interpolation  coefficients  are  also 
tshulated  in  Appendix  Iff. 


-4lhe  comnents  made  previously  abotxt  Equation  2-393  apply  here  31301.  The  motive 
for-  choosing  Equations  2~46t  and  2-468  stems  from  the  Kirchoff  conditions  for 
a  piste  (see  Section  on  cage  &3  Timoshenla  and  Woinowsly-Krie^r, 
Theory  of  Plates  and  Shells,  kcGra-w-Hili,,  1959)- 


OQ. 


FroH  EquatiOii  wa  have 

(2-^TO) 

and  frcTO  this. 

(2-tTi) 

let  us  write  Bouation  2-^59  2S 

K-  M 

(2-^72) 

and  maVe  the  following  cfaan^  of  varisbls -of -integration 

-,  =  £  r  ^  v; 

(2-^73) 

-•  *  >.-5f  - 
f  t- 

(2-^.7-) 

for  which 

;•.  ji ,  i=  v.'i  "iJ 

(e-tTji) 

>  * 

Eouation  2 --72  i-a:_res 

(2--T'- ) 

Substi pairing  Sq.-*n:L;:-.  ^ — ".i,  «a  sat 

S  M 

-  r'-*  -  ]  c} 

(2-277  J 

'  '0 

where 


li  =  lJ"!;  '  \  [j'lt 

^  '-o-'o 


-niaurix. 


'_r;]  =  ,  \ 


is  taDulatea  In  Appendix  i.'f  ot  this  report.  We  can  also  writ-e 
ensr^  in  a  simliar  Esnaer.  From-  Bjjation  2:-h'yS,  wa  write 


C.I  w-j. 


» -vV 


From.  Equanlon  2“4q5^  bare 


iff 

:x^ 


vrl 


«e  then  define 


vrl 


I'.-r. 
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(2-418) 


(2-419) 


the  strain 


(2-480) 


(2-48i) 


(2-482) 


(2-483) 


(2-484) 

.t 


where 


(2-4d5) 


(2-48^ 


tf-I-SX  Angj'  ]  iHit 


[^*1  -  iia 

(Gaese  matrices  are  also  tahtilatei  iit  Asgeiiiiix  H?.) 

Equation  2-t80  can  then  he  written  as 

R-W 

L=' 

As  in  Paragrapn  a.S-S*!?  we  intraduce  trsnsformsnion  matrices  defined  by 

ipli  =  (2-430] 


For  the  case  of  IS  =  4  and.  M  =  4,  there  are  25  points  (see  Figure  15)»  For 
the  case  of  simple  supports  on  all  e':^ps,  it  can  he  shown  that  the  interpolation 
formoia  (Equation  2-4o5)  'dictates  that  p£  =  0  for  all  paints  on  the  ed^a.  If 
the  remaining  paints  are  numfcered  as  shown  in  Figure  IT,  then 


=  (2-431] 

Pi  I 

I 

.  '-•*1 
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andl  tBe  tEartsforiEatlon  icatrlces'.  art  Equatian.  2-490  have  zeros  in,  the'  appropriate 
rows  correspondling  to;  the  hoTandiary  points;* 


X 

FEGURE  Til  COLLOCA^TtOK.  POIMTS  FOR  STMiPLY- SUP  PORTED  P  LATE 


Equations  and  2-489  then  hecoire 

T  = 

and 


where 


and 


L^1 

1*1 


(2-492) 


(2-493) 


(2-494) 


(2-495) 


1Q3 


For  this  problem,  the  inertia,  and  stiffness  matrices  are  9  by  9.,  The  Influence 
coefficients  are  given  by 


[E]  =  [K|' 


(2-496) 


These  matrices  are  listed  in  Tfebles  6  and  J  for  a  steel  plate-  {  v  =  O-.S’)  with 
l/b:  =■  3‘  fhe  following  tables  conrpare  the  frequencies  calculated  from  the- 
equation, 

[ElAliif  1  =  (2-497) 

with  the  "exact"’  solutions^. 


TABLE  4  FREQUEKC[ES  OF  SIMPLY  -  SUPPORTED  PLATE,  L/6  =  3, 
V  =0.3,  DEPARABOLtC  COLLOCATION 


Z  4 

i  =  1 

(M 

II 

i  =  3 

i  =  4 

i  =■  5 

er 

1,098 

4,378 

11,,827 

16,316 

19,600 

TABLE  5 

FREQUENCIES  OF  SIMPLY  -  SUPPORTED  PLATE,  L  t  =  3, 
EXACT  SOLUTION 

^  4 

W  L 

i  =  1 

i  =  2 

i  =3 

i  =  4 

i  =  5 

~ 

1,029 

3,805 

9,740 

12,328 

15,585 

■Sbe  exact  solutions  are  obtained  from.  Timoshenko  and  Woinowsky-Erieger; 
'Hieor3i'  of  FIa,tes  and  Shells,  McGraw-KLLL,.  1959^  Section  26,  by  using,  equation 
ZeT  on  page  335, 


TA.BLE  6  [HFLO'ENCE  MATRtX  FOR  A.  SfMPLY  -  SUPPORTED  PLATE 


C.SC*», 

0.364- 

1.355 

IJBO. 

0.407 

0-740 

0.708 

0-337 

Q.30U. 

0.904. 

lua 

1.046 

1-112 

0.708 

i-oSo 

Q-708 

a-36ii. 

1>I3 

oJ*r 

I-I09- 

1-355 

0-337 

0.708 

0-740 

X-355 

ZJ2: 

0Jt87 

a-u 

1-5T 

0^1 

1-352. 

1-12 

0-487 

r.^ 

lueufe 

IJ0g> 

2.811 

1-563 

I-1C9« 

1.846 

1.103 

1.1a 

r.355 

0.603 

1-568 

2-129' 

3-487 

1-12 

1-355 

Q-T'm 

a-7oa 

0.33T 

1.355 

I-109- 

O-UflT 

1-412 

a.sc4< 

0-364, 

o..7Qa 

0-7D& 

1-12 

1.046 

1-12 

0.904. 

i.eo6 

0-904, 

0.337 

0-740. 

oJtflT 

I-lfig. 

1.355 

0-364. 

Q-go4. 

1-412 

TABLE  7  IKERTIA  MATRIX  FOR  A  SIMPLY  -  SUPPORTED  P  LATE 


1.#‘’3 

■;.-'i 

^,or;3 

W.-tf'I’l 

-..Oil 

>0,010 

-0.079. 

O.OQ2 

a.25A 

l-OlA 

0.0}1 

0,4LJ 

0,021 

-O.CIO 

0.073 

•o.oia 

^.07?- 

C.271 

I.953 

•O.JIO 

U.I331 

3,^51 

0-302 

-0.010 

-0*2f79' 

0,251 

W.O3I 

-0,00 

i.aiL 

•3-227 

-1.072 

3.2«1 

Q.031 

-0.010 

0-3:1 

0.227 

0,0:1 

3-2—1 

Ucc 

0.22T 

O.O2I 

0.227 

O-IJl 

^.010 

0.L31 

0.251 

M3.072 

3«il7 

i.au. 

'-J.UIU 

0,031 

0.251 

-0,010 

'3.0C: 

:,2‘1 

■-0.1 

•o.cio 

i.j53 

U.25a 

-0-079- 

-o.cxo 

-:.'jio 

3.0*a 

3,227 

:,o<x 

-.251 

IJSi 

3-051 

O.CCJ 

-J.Olil 

.o.oic 

O—  i 

—•,07# 

1. 

2.3-3«3  The  Vibration  of  a.  Uniform  Thin  Bing 

Ill  the  ^neral  development  and.  also  in  the^  specific  protilenis  we  Iiave  con- 
sidered-j  it  has  been  convenient  to  use  rectangular  coordinates^,  as 

tbe  lagrangian  particle  variables.  For  a  tMn  ring,  hcRiever,  the'  geonetry 
is  better  suited  to  a  set  of  cylindrical  coordinates  for  use  as  lagrangian 
variables.  For  this  purpose,^  we  introduce  (r^  &  j  x)  such,  that 
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)f  -  V 

Ij;  =  rtcose. 
5  “  ftAw.  S- 


Tba  s®ecdlf ie  interns!,  energj^  for  a.  particle  of  s  tfiin.  ring  is  then 


tLf  IL^6‘,%,t)  = 


— - 

i-y^L  '^ee- 


radius.,.  ! 


FI'GUEE  la  UNIFORM  THIN  RfNG 


B.  position  vector  for  tfe  r-(f-x  pajrticle  is 


SL  ^~lrB.r  n.t)  =  +  jpra^fc) 


(£-498) 


C2-i^■99). 


(2-500) 


io6 


wliieiEe 


!>  =  fi.tf'e.vt)  Frt  +  j^e/evb.)  ?& 


C2-501.) 


strain,  is  relatedi  t's  the  tangential,  and  radial,  conponeBts  of  displaeemEnt. 


C2-5O2) 


The  tQ.tal  Sitraixi  energy  is 


U  =  ^,  u  dS. 

-lo  i-y-^  ■<^  to  ir^  ^')  ■<rdutihiie' 

=  U  ^  f  IL  r  /  4o 

,->'4  ‘  ^h)  ^  Tii  ^d® 

-  '  e!l-t  (  dV  db®.  ,  ^  &Li:  /  dfe.  bn:'^. 


(2-5031 


bending  energsr 


tensile  energy 


LOT 


The'  totsl  kinetic  snergjr  is 


=  ^  dLK 

t  dfe. 


(2-5Qif} 


let.  the  circmnfferentiai  length  he  divideci  into.  M;  equal,  segments  each  of  arc 
lengthj, 


;  / 


W  = 


irfi- 


(2-505) 


segment 


s.  • 


- 


FIGURE  19  COLLOCATIOH  POINTS 


i03 


’I!b&  location  of'  the  1'^  collocation  point  is  by 

Q.  =  e.;  =  5r  t 

^  V. 

(2-5Qbl 

We  then  wite  Eqaation  2-50^4-  as 

--if 

t?=i 

(2-507} 

and.  introduce  a  local  -rarisble,  TJ ,  such,  that 

•fe  -  -tei 

^  t<r 

(2-5Qa} 

TEianjo  in  EauaiiiorL  ^-507”^  we  ms&e  tbe  change  of  vsriahle 

^S'  =  •arj^  4-  lir&l 

(2-509): 

T  =  ^7V  «ri7I 

^  ^ _ 1q  it '  Ik 

i.=i 

(2-510} 

where 

>«.  =  ;cu 

(2-511} 

If  we  define 

MT.  ■  k-J  —  mT^ 

(2-512) 

and 

C^'t')  =  bg  '5^,  t'l 

(2-513.) 

1Q9 

■hhp^n  we  msy  agBroxlmEte  the  functiona  Pj,  (  6^  t)  and.  Bg,(  by  use  of  the 
disersbolic  fommle... 


(jgfart)  =  -fi  1  (2-5L5) 


fair  6t-i 


where  (see  Eijaatlon  2-328). 


[d-l=fa  I  a  o' 
i Q  ^  O 
'  'i  i  -i 


(a-£Lb) 


far  every  in-tervaX.^,  and 


vu 

?T 

-p=},  =  ’  Pa'"’ 

Pt"  ’  , 

Pg^"' 

Pr,'- 

i 

J 

(2-517) 


Snhstitutian  inta  Equation  2-51Q  gives 


(2-516.) 
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T7here 


=  rAss-i-,  =  l-J'i 


I  H  ' 
>r  i 

vj 


>1^  h 


r  >•; 


(2-51-3) 


—  ‘M'wr 
bTza 


Ife 

~ISB 

-120 

■  z. 

H^a 

zrzo 

I22S- 

H2a 

fh:G'  s-IL  i-,. 

-IS.0 

I22B- 

fill  xo. 

-laa 

IX. 

-12a 

‘teg 

Ib; 

Eoir  the  straiiL  erieingy’^  we  h£fv:e 


KJ 


\  I  et  ;  ±  5.pf 

^  '  Vl^  ^-MaA 

1=1  ' 


i_ 


EL- It 


■Mir  cl>[  ■  ‘ 


'ir 


“  5  y  \  Er  ^  -  f  +  2C  '5'^y  f  b.,  )  -.tn' 
■^4-  A.  ^'-  IF  iij  5^  d-n  ¥  I  ‘' 


(3^-520) 


wl'ftre 


•^rr 


(a-5ZL) 


and.  fiom  E^uecc-!  "ni  ^-15^ 


-6 


(2-522) 


Hci-P'B'  SjaateLcbs  2—j  •+.  anr 


2-515,  ’^e  have 


0>l 


10  I  'iJt  ^  7"?'  *.'  'l'" 


(2-523) 


LLl 


lln'  =  °  z,i  (^-^^.k) 


Suba-bi-tuMing;  tbaae  inia  the  attain,  eneaigy,  we  obtain 


N 

iYl  bn- hl^LK-ntrlt^ Mi 


t-iMutx  n©; 


i  [^6  ^  ^  i  ^ael  i'f  tb  1  i 


where 


(2-5a5) 


iKanli  =  +  b,  [3.]  (£-526) 


=  ^  ^  i  ■,  (2-527) 


‘  ^eeU=  [3-1 


If  the  definite  intagraX  in  these  expressions  is  evaluated  and  the  matrix  prod¬ 
ucts  axe  evaluated,  the,  follcwing  numerical  results  axe  obtained 


f,r,,l  =  —  .  -r+->0  3  -i  1  ■*•  'i!  T'*'  ''®® 

*1  in 3  4.  ‘  '  ' 

I -i&  is  -a  it  ,  j.rio  iia  -izu 

8  -ib  ^  j  j  ,, 


(2-529) 


3  ‘  ^ 


'ID  'i2£  2JZa  Mga- 
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Finally ;  we 


in  which  we 


[K 


ne- : 


=  EL  /  1 

-1  -3  S  -1 

„  -.4  ,] 

■W^  1  If' 

3.73 

2io  '  '))  1+3  '12. 

-3  7  -3 

i  IX  ''+C  '20  11 

-S  3  .. 

[  -1  ‘i  -'t  0  _ 

[  *^00  11 


=  ^ 
■Ul^ 


<  ■  4-  iz(4]^)l 
ua 


'4-7  z 

-j  Ili  -'31 

i  -131  ii. 


7 
I  { 


z 

-T 


i  -T  4- 


introduce  the  definitions 

[■JfeKj 

identify  (see  Figure  20 ), 

Q.,  = 


Q, 


(2-530) 


(a-53i) 


(2-532) 


(2-533) 


(2-53^^) 
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a=a 


e=6, 


•;  -  e  =  e, 


e=o. 


FIGURE  20  RELATION  BETWEEN  THE  FIRST  AND  LAST  INTERVAL 


If  we  define. 


ipy  = 


(2-535) 


then 


(a-53b) 


llh 


and 


(2-53.T): 


where 


[M-Etri 


u=l 


*"01 

"Qi  [Aeel^ 


(2-53a)i 


and 


r=i 


[M,  [KTO]i][Tl^ 


(2-539): 


It  can.  he  verified  that  the-re  are  three  zero -frequency  modes:  for'  the  un¬ 
restrained  ring  which,  represent  displacements  of  the'  ring  as  a  rigid  body,. 
These  modes  can  he  taken  asr 


II 

case-, 

■ffefj  =  f-SW'S. '  ] 

i  ° 

i  •• 

Coi.6i 

1  : 

1  ' 

1  0 

Sk, 

1 

i  j 

. 

■■im  e. 

''3X5|  j 

1  1 

1  . 

'SvuiJx 

ruj.6x,  i 

►  i 

1 

i 

L 

r 

-Jm.  6n 

C2-5to) 


The  first  represents  a  unit  rotation  while  the  last  two  represent  unit  trans¬ 
lations  in  the  y  and  z  directions 

The  solution  to  the  eigenvalue  problem. 


[k.)  t'f) 


(2-5iH) 
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LUVI.'O’ 

f'O'ilowing;  resHl*s  are'  obtainea 
[AnnI  “  [A-eeJ  = 


«■  sur^fi 


mo 
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:,2.. 

•• 
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=■  8, 

,  ( 

23T_ 
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64 
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-S40 
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2.3-3-^  ISie  Analysis  of  Structures  with  Mbntaiifbina  Proper'ties 


Irfeen;  the  inertia,  and.  stiffness  properties  of  the  strtictirsre  are  nonnsiform, 
then  integrals  like  those  in  Eipjations  2-4l9j  2-h2Q,  2-4-78' j,  2-51-9j  2-526,  2-527> 
and  2-52S  nnist  he  evalua-ted  by  some  nunerical  process.  'Ihis  may  easily  he  done 
with  the  aid  o-f  a  digital  comnnter  by  nsing,  for  example,  a  Siirosoii's  role  inte- 
gra.tion.  Another  alternative  Is  to-  nse  an  approximate  nethod  based  on  the  nean 
value  theorem,  fo-  illu's.trate,  consider  Bouationi  2-419  in  the  case  -where  m(x) 
is  not  constant. 

[A,  =  Cl  Ij,  V  ■Mi?:'); 


«  5  •£  .5^' 

f 


[Jr|- 


(2-546) 


By  the  mean  value  theorem,  for  integrals,  there  are  values  of  m(x)  in  the 
interval  x;  $  x^  such  that 


ct^  = 


(2-547) 


fi  ^  tn.  ,  n) 


(2-546) 


r' 

3a 


(2-549) 


/  C. 


(2-550) 


From  Equation  2-547  'we  note  that  m^  is  the  average  value  of  m(x)  on  the  interval, 
Xj^_^  $  X  $  Xj^.  On  the  basis  that  m(x)  is  a  "'slowly"  varying  function,  we  may 
make  the  approximation 


We  then  have 


7‘>  fz\, 

=  , 


LA]j  =  [ll-  'VK^i, 


'  *  i  7 

'‘i-  ''i  ^ 

^  b:  't 

H  ^  4-  ^ 


UT; 


(2-55i) 


(2-552) 
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wM-ch  redwcss  ■so  Smaijioa  2-421  wlxii  m  replaced  by  'IM-S  approximation  is 
not  good  when  there  are  "conceHtrated”  mass  irems,  but  tiiese  cart  be  considered 
separately^  oa  the  basis  that  they  act  life  Dirac  delta-functioas.  Say^  for 
exasplej  that 

w'x)  =  ©fx-S-fel  (2-553) 

tfet  is,  e(x)  is  constant  with  the  exception  of  a  single  concentrated  mass, 
at  X  =  Xj.-  |f-{x)  is  the  Dirac  "fnnction"  with  the  progerty 


=  r  \gi 


(2-55^) 


in  this  case  Bauation  2-5^  fcecones 


-"i 


*1  * 


^5 


(2-555) 


vfere 


(2-55t) 


Dsing  nfe  property  descricei  in  EqaatLon  2-554,  Tie  have 


(2-55T) 


as  tbe  coatrfhution.  to  [aJ  from  tlie  concentrated  nsass  a,t  x  = 

lit,  a  practical  case  tte  actual  distrllbu.tionj,  m(x),  can,  be  broken  down 
into  two  parts:  one  is  a  slowly  varying  part  which,  can  be  approxiins,tedi  as 
in  Eqnation  2-'522j'  the  second  is  a,  part  which  can  be  idealized  as  a  con¬ 
centrated  item.  ELgure  21  is  a,  typical  examp'le 


FtGURE  21  APPROXIMATEOK  TO  DISTRIBUTION  OF  STRUCTURAL  PROPERTIES 
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3.1  03®  LINEAR  ASSOEIASriC  EQUA.TIONS  GOVERNING  THE  a<lALL  LATERAL 
MOTIONS  OF  A,  SIEriD.SR  lAimCR  VaUCLB 


Most  aspects  of  launch,  vehicle  dynamics  are  adequately  described  by  a 
set  of  linear  equations.  The  linear  analyses  also  form  a  firm  conceptual 
basis  for  the  xmderstanding  of  dynamics  problems  involving  nonlinearities. 
Traditionally,  nonlinear  dynamic  analyses  ha’/e  only  been  considered  in  missile 
performance  where  the  determination  of  the  trajectory  has  assumed  the  missile 
to  be  rigid.  There  has  been  some  question,  in  the  past,  whether  the  linear 
equations,  in  terms  of  small  motions  from  an  inertial-axis,  are  equivalent  to 
a  set  of  nonlinear  body-axis  equations  which  have  been  linearized.  This 
question  is  of  fundamental  importance  in  the  discussion  of  Section  3*2.  In 
this  section,  however,  we  will  review  the  methods  of  aeroelastic  analysis  for 
small,  motions  from  an  inertial  frame-of-reference^. 

For  the  purposes  of  illustration,  we  will  confine  our  attentions  to  the 
dynamics  of  a  slender  launch  vehicle  whose  aeroelastic  properties  are  suffi¬ 
ciently  described  as  functions  of  a  single  coordinate,  x,  measured  from  the 
nose  of  the  missile  and  considered  positive  in  the  aft  direction.  We  will 
also  ass\ime  that  there  is  a  mechanism  for  control  and  guidance.  This  might  be 
a  gimbaled  engine,  jet  vane,  and/or  aerodynamic  control.  We  will  assume, 
however,  that  it  is  an  aerodynamic  control  device  for  the  purposes  of  con¬ 
centrating  on  the  method  of  analysis.  Further  we  will  assume  that  the  control 
surface  is  rigid.  Jfeny  of  the  assxmptions  made  in  this  section  are  not  es¬ 
sential  but  are  made  only  to  siciplify  the  preliminary  discussion.  It  is  an 
advantage  of  the  methods  of  Analytical  ^fechanics  that  many  of  the  derived 
relations  are  independent  of  the  geometry  of  the  particular  system  being  con¬ 
sidered. 

3.1.1  The  Kinetic  and  Potential  Energy  and  the  Virtual  Work  of  Aerodynamics 
and  Servo  Forces 

3. 1.1.1  The  Calculation  of- Basic  Data  for  a  Slender  Controlled  Vehicle 

3. 1.1. 1.1  The  Kinetic  Energy 

If  we  let  the  displacement  of  the  axis  of  the  missile  (from  an  inertial 
frame)  be  denoted  by  i’2:(x,t),  the  kinetic  energy  of  the  missile  is 


where 


(3-1) 


m(x)  =  mass/unit  of  length  along  the  vehicle 

^In  order  to  distinguish  the  linear  analyses  from  the  flexible -body  trajectoiy 
analyses  described  in  Section  3.2,  the  term  "time-slice  analysis"  is  coming 
into  common  use.  The  advanta^s  and  disadvantages  of  both  the  "time-slice"  and 
"flexible-trajectory"  analyses  ware  recently  aired  in  a  ILASA  inf oimal  conference 
on  Winds  Aloft  and  Application  to  launch.  Yehicle  Design,  held  at  langiey  Research 
Center  April  22-23,  19°^  (proceedings  not'  suitable  for  referencing) . 
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FIGURE  22  SLENDER  CONTROLLED  VEHICLE 


Using  the  interpolation  nethods  developed  in  Section  2.3# we  may  divide  the 
Djissile  into  a  number  of  intervals  or  "bays"  and  approximate  the  continuous 
displacement  curve,  ,  by  displacements  at  discrete  points.  The  result  may 
be  emressed  as  (see  Paragraph 2. 3.3«^  Equation  2-4o4). 


(3-2) 


for 


Xs  x- 


Substituting  these  e:<pressions  into  the  kinetic  energy,  we  obtain 


(3-3) 


where 


N, 


5 


(3-4) 
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Figaare  23  siiaws  a  mass  dls'feLb.ulixoii  f  or'  a  slendar  lauacii  veM.cle 


irl'G.IJ.EiSE  22  M’ASS  BISFEliEttTlOWi  FQK  A  SLEWBER  LA'UW.CH'  V  EHIGILE 


5.X-l.i.2  'Ebe  dtegln  Efaeggy 

Tbe  steaiii  eHecrg?  ia  baidlng  is 


(.3-5) 

where  ElCx)  is  the  berieLing  rlgLdi-ty  o£  the  missile^.  Tlie  iatejjpala.'fcLan,  pira- 
cedure  may  also,  be  used  ta  express  tills  in.  teanns  of  a  finite  number'  of  degiees- 
of-freedom. 


(3-t) 


The  total,  strain,  energy  is  then 


(3-7) 


where  [Kl  is  the  uin:estrainedy“ftee-freey,  stiffness.  nE.tiriX;r 


(3-6) 


^Hie  effect  of  axial  loads  is  discussed  in  Paragraph.  3,*'i«2^»5«  The  effect,  of 
shear  energy  and  rotary  inertia  is  considered  in  Paragraph.  llso,;  It 

must  be  na.ted  that  the  "complementary  energy"  techniques  giire  much  more  ac¬ 
curate  results  than  the  diparahollc  interpolation  (see  Paragraph  5«a„l)«  The 
nethod  is  only  used  here  for  its  conceptual  simplicity « 
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Eigure  shews  a  typical,  bending-  rigidity  distribution  for'  a  slender  launch 
vehicle 


FIGURE  24  B,ENDING  RIGiniTY  DISTRl  SUTIDH  FOR  A  SLENDER  LAUNCH  VEHICLE 


3»LLL,..1«3  Aerodynamic  Ebrcee 


For-  the  purposes  of  illustration  we  shall  assume  that,  the  aerodynamic  forces 
can  be  described  by  the  following  expression. 


Lr<  I 


A 


(3-9) 


where  L(:<,, t)  is  the,  lift  (positive  "up")  per  unit  of  length  along  the  missile: 
1/  w  r''b  ^  is  the  free  stream  dynamic  pressure;  and 


is  the  running  lift  coefficient  for  the  rigid  missile  at  unit,  angle -of -attack. 
The  assumption  in  Equa-tion  3-9  that  the  local  lift,  is  only  dependent  on  the 
local  angle -of -attack  is  actually  not  valid  except  at,  Ifech  numbers  nominally 
greater  than  2«5-'  There  is,  however,  soms  empirical  evidence  that  the  adverse 
effect  of  this  assumption  on  missile  loads  and  stability  is  not  great  and 
Equation  3-9  itay  even  be  used  at  subsonic  I^ch  numbers.  It  is  more  important 
that  the  lift  distribution  reflect  the  proper  total  lift  and  aerodynamic  center 
for  the  rigid  missile.. 


i£6 


'The  use  of  Equation  3-9  in  dynamic,  analyses  is  based  on  Ghe  "qua si- steady" 
aeaumption  that  Bquati.on  3.-9  is  valid  in  the.  case  of  unsteady  flow  if  a.  is 
interpreted,  as  the  ratio  of  induced  dcwnwash  to  the.  forward  velocity. 


(3 -IQ) 


The  boundary  condition  of  tangent  flow  gives:  the  following  relation  for  the. 
fluid  velocity,  or  downwash,  normal  to  the  free  stream:- 


tr  = 


(3-11.) 


me  quasx-s'ceaoy 


•  lx,: 


(3-12) 


A  more  direct  in-terpretation  is  that  the  angle-of -attack  is  composed  of  two 
parts:  one,  due  to  the  slo-pe,  ,  of  the  missile;  and,  two,  due  to  the  shift 
in  the  direction  of  the  relative  wind  caused  by  the  velocity  of  the  missile 
normal  to  the  free  stream,  -ii  .. 


FIGURE  25  LOCAL  ANGL.E-OF-ATTACK 


The  vir-cual  work  of  the  aerodynamic  forces  on  the  missile  is  than 


j  - 


.  1  "is  1 


(3-13) 
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Equation  3-13  can  be  expressed  in  terms  of  the  discrete  displacements  on  the 
aody  in  much  the  sar£  way  as  was  done  for  the  kinetic  and  potential  energies. 
Erom  the  interpolation  formula. 


Pj!v,t)=  -ii  5 

(3-li^) 

we  have 

(3-15) 

Also,  we  may  interpolate  on  the  angle -of -attack 

(3-lb) 

where {oij'is  the  matrix  of  angle -of -attack's  at  the  collocation  points, 
stitution  into  Equation  3-13  results  in 

Suh- 

'«--VasK-'  I wi-liflr, 

[.r  ]JtJ^ 

(3-17) 

It  is  convenient  to  introduce  the  matrix  of  aerodynamic  influence  coefficients. 


(o-lc) 


We  can  then  write  Equation  3-17  as 

=  -  ifloVffl  i  }'  [  A  j  t^C. } 


(3-l>> 
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ELgore  2.6  shows  a  typical,  air  load  dlstrlhution,.. 


FIGURE  26.  RUNNING  AIR  LOAD.  DISTRIBUTION,  FOR  A.  SLENDER  LAUNCH  ¥EHi:CLE 


Using  the  interpolatioa  formula.,,  we  can  cslcula,te  a  "dofferentiatian"’  matrix, 
[AJ  ,  with  the  property 


-  X  =  ■ 


(3-20) 


<K*tl 


and  the  relation 


(3-2L| 


can  be  used  to  derive 


iA  j  = 


VcD 


i!=] 


(3.-22) 
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3  .L.l.s;L=^  Cbirtro'L  Forces 


¥e  mast  elsa  inclnfe  tbe  virtual  worfc  dcme  by  t&e  momerLt.,  ^  exerted  oh. 
tbe  controi  sorfsee  by  the  serva  or-  other’  mearis:  of  ;gawer  controL. 


(3-a^l 


■where  T  is  'the  controX  rotatioH  relative  to  the  body.,  The  coH-feraX  ro-fcattOH  Is 
Hot  sn  iradepend^t  eererBXized  coordirstej,  bat  is  relEted  to  the  by: 


— 


(3-a^ 


(qh  body] 


(an  corrtral.  scnrfsce| 


or 


.r  *  t  *'  “  •  c  “ 

VTe  then,  ha^  the  virtusL  work  of  the  ss^rm  monEnt.  gl’xen  by 


(3-25] 


C3-2to} 


To  sunnpsrige  rhis  sertiori-  we  hove 


(3-27) 

(5-20 j 


(3-29) 


wTtiere 


'■  r  =  -  -  -cr  13-30} 

r 

If  'HK  su'ast:i.1iTite  Hqjis.txoii.  3-30  in-tet.  B(OT3,1ii£in.  3-2-9  siKi-  define 

r.'i:  C3-3i) 

'-:■  13-32} 


we  Qlatsin. 


13-33,1 

13-3^1 

13-35) 

l3-3fal 


3-,l«l«2  MgidL  Bo«5i.y  Ghacfc.  qix  tbe  Besie  Bate, 

A  nutneFtcal  cheirk  can.  be  inacia  an.  the  propeir  calculai3.0tt  of  the  matrl^Krs 
in  Equa^lcjus  3-33.J,  3-3^*  3-35*  snd  3-3b->  '2his  check,  is  based,  on  compaFing  the 
expressions  with  the  comesgondlns  ones  fon  a  rigm  missile  Ithe  check  can  also 
ae  gerf  ormei  for  the  data  associated  with,  the  contirol;^  hut  the  discussion  be¬ 
low  will  suffice  to  illustrate  the  procedure}.  For  the  rigid  missile  witir 
lockei  control  ive  hswe 


15-37} 


13-3*2  } 
13-391 
13-^} 
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FtGURE  27  GENERALIZED  COORDINATES  FOR  THE  RIGID  MISSILE 


We  Ejay  also  nate  tba-fc  for  the  rigid  xEissile,  -with  locked  corrarol. 


ZC‘ 


(3—1) 


FIGURE  23  COLLOCATION  POINT  DISPLACEMENTS  FOR  THE  RIGID  MISSILE 


XHXO 


3-33?  3-5-j  3-33}  3-3’:  gives 


K^—~J 


(5 


(3-yt) 


ccxiffiaring  Eaus-feLon  3-37  wlt3i  Baua-cioji  3-^j  Eusi;  corsclme  that; 


j  j  (3-^) 

also 

(3-47) 

gives 

*  m  , 

'  ^  (3-4^) 


Etauavioas  3-45j  3-4t  are  iniependent;  checks  oa  the  proper  calciila- 

oion  of  the  rass  rstrix. 

Sy  ccCTarirg  Ecuatioa  3-‘^3  vi^h  Bcuation  3-30/  ve  conclude  that 


(3-4a) 

(3-50) 


ye  also  have  Tins  follcving  relations 


(3-51) 
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(3-51) 


wiiick  is  ■terse  liecatise  of  progerteies  of  tbs  differenteistiGrt  ES’C.rix  irire 


(3-53) 


ana. 


(3-5^) 


Sgua-teicct  3-^  ■iSieH  1:0001323 


'  JL. 


(3*») 


*L 


V-  f  '  Jj-Jf  ^  ^  I 


By  coCTarisoK  -sfi-Eh.  Steua'feicrEs  3-33'  see!  3-30  -we  iras'fc  cmelsie  -fciisi 


(3-541) 


(3-5C] 


(3—53 ' 


Tj~-f  --r  are  ss'^'srsl,  inisgeEiisn.'te  aieorrs  cs.  tefce  prayer  aalauls'teics.  of  ■tfe  ssra- 
l^.Tiarrla  naterioes. 

Uiider  -T  rr.fiTTs-a3r.aes  m  waioii  tbs  sarodyrairl  a  faroes  asr  bs  expressed  aaci- 
pletely  by: 


(3-60) 

-Ix'r  =  [“»: 

(3-61) 

we  isswe 

(3-62) 

(3-63) 

-■  ^cau:v»3- 

(3-64) 

^-'s. "  -ii-n  l-'-r-'-*}- 

(3-65) 

ss  cfcecks  CH  t&e  aarcdyiLHEeic  isifioenee  ccefiicieaijs 
OH.  tile  ditferealJistiioH  rsiterix 

with  tie  following  checks 

(3-65) 

'  =  -;> 

(3-6?) 

!,Ti  ot  tfee  prsajerHies  in  BawstlQHS  3-^5  Tsisrow^  3-^  3-56  throy^  3-^ 

EEy  fee  osicHiawei.  feoc  t£e  origiHsI  expressions  tor  Uss  continuous  Esissile. 

For  exaspiej  tbe  total  irass  is 

ss  ■»»  » 

(3-68) 

tfea  total  EsDcent  of  isertia  is 

-= 

(3-69) 
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and  the  total  rigid  body  Eomsnt  coefficient  is 


(3-70) 


Trr  a  similar  Eartner  the  damping  derivatives  are 


(3-Tl) 


-1=  (3-72) 

Lastly-j 

•  t  1  , 

(3-73) 


may  he  chechei  'ey  cor^rison  with  Eauation  3-^* 

3.1.2  roe  Equations  for  Determining  "Loads"  ani  ‘Eransiant  t-fotion 


3-l»2.1  Ihe  E'3_aations  for  Calculating  !rransient  Internal  Loads 


~Ge  equations  relating  internal  stresses  no  the  generslized  coordinates, 
velocities,  ani  accelerations  are  'ierived  by  applying  lagrange's  equations  to 
the  ejroiessicns  x'or  the  kinetic  ani  potential  energ/.  Using  Equations  3-33, 
3-3*^  ati  3-35  iii  lagrange’s  equatioris  (Equation  2-c^),  we  obtain 


(3-Te) 


We  may  arrange  this  equation  as 


(3-75) 


fSisEe  sre  tfe  “loacEs’"  eoBa-feioEis  foar  tfe  missilei  t&e  lefMi-iiEiiiS,  sida  is  tfee 
"effecrfelwa"'  loadis  ■wfeleBi  eare  liireerfejy  Eeleied  to  tise  iHbernsX  sfeEesses  of  -Elie 
sfeEKCtoEe— ..  H'  Tste  iirtaroiiice  t&e  dSsftoifeiQm 


ttea  we  can  toriTe  a  nsstoix;  wfiEiffife  relates  tiie  sttears  andi  teadiiag;  momsurfes  elaag 
the  rsissile  to  the  "eftoctive'*'  loadls^^  -fS'l-  Hae  shears  ardl  hendliH’g  mcimeEtfes 
jasfc  to  the  ri^t  of  the  coOllocatioa  ^G-SiLts  are 


•«*.  Ni 


FtGURE  29  CHTERtfAL  LOADS  AT  THE  COLLOCATIOIH!  POI'.KTS 


Equations  3-77  can  he  written  as 


-7.  . 


r.  ■ 
ff 


C3-7ai' 


internal  damping  is  inciudai,  ancL  described  oy  the  Eayleigii  dissipation 
fimction;t  then  the  internal  stresses  are  relatedl  to; 
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see  slaa  Faragraph  5  .,1.1.1, _j, 
Equation  r~;^ 


02r  ss 


(3 -T9) 


K’  1»Eie  isi-ma  Msfecarles  of  tke  geneEsllzai  eHSEdiHSitea  see  kncwiijf  tiieiL  either 
side  ci'  EqjnsMQii.  3-T5  may  lae  used,  ia  EqaafeLoni  3-T9'  to  connate  the  iiicteEnEl. 
iosdis.,  WhEEt  toe  medal  g!Bgirg£<imafeij3H  is  made-;,  hGOTe'TCar;^  'fehis  ri^rij-hsrai  side 
gt^s  tetttier  Eeaalto-  Hia  is  toe  sa-called  "mQdsl-aeGelera.1iiQn"  metoad..^ 
SnhsM.toteimg  Equation.  3-T5  into  E'cinaiian  3-T9jr  we  ahtaia 


■  i.d'V<D  ;_F  ]j  —  "_r  r  - 


{3-aa)' 


In.  addition  to  toe  inertia  loads  and  aerodynamic  loada^r  there  are  generally 
embemal  loads  forcing  the  system,  ami  these  f  orces  mast  be  included  as  addi¬ 
tional  terms  in  Eqaa,tion  3-3Q-  Mditional  forces  are  considered  in  Paragraph 

3  •tl*.2«tb  m 


It  is  conceivable  that  Equation  3-7^  could  be  integrated  to  obtain  the 
tinK  histories  of  the  q_uantities  which  appear  in  Equation  3-ijO-  This  is:  not 
usually  done;j.  however^  because  it  is  expedient  to  reduce  the  number  of  degrees- 
of -freedom  of  the  problem;  by  transforming  to  "modal"  generalized  coordinates- 
This  is  the  suh.ject  of  the  next  se*ction- 

3 -1-1 .2  The  Modal  Equations  of  Motion 


The  vibration  modes  of  the  missile  are  obtained  from  Equation  3~7^  with 
no  external  forces  and  the  con  tool  surface  locked  in  che  position;,.  7  =  Q  - 


(3-31) 


The  solution  of  thB,se  equations  is  important  for  deri'rijig  a 
which  sinplifies  the  solution  of  the  differential  equations 
motion  of  the  system  (see  Paragraph  5-2-3 •!)«  If  we  assume 
solution  to  these  equations;. 


transformtion 
governing  the 
a  separated 


(3-&) 


^SeS;  for  example,.  Eisplinghoff,  Ashley,  and  Halfman  toroelasticity  pp-  faU-E- 


we  ohliEiii 


(3-83) 


Si  tiie  case  of  an.  urmestarained  missile  we  have  two  zero-freqaeaney  modes  (see 
Paragrapli  a»2«3«^)V 


ix-xt 


(3-8it) 


wbticix  Eegresent.  a,  Eigici-lady  diaplseemeirti;  and  rolaHon  atouii.  the  center  of 
inass»  Etom  Equation  3-83  jr  we  base 


■  !+(-)(]•  -  -'a? 


The  non-zero  frequency  medea  are  calculated  from 


(3-85) 

(3-8.6) 


3ta  diacussei  in  PaEa{n:3pii  2.2,3~^»  Id  the  present  case,  we  have 


(3-87) 


(3-86) 


(also,  the  influerCv.  loetficisnus  are  derived  wile  tile  control  locked,  7  =  0)., 
The  Eolutions  to  £n.;Ftian.;  3-83  are  used  to  form  the  following  transformation 
of  cocrdinctes 


4  ‘  (3-89) 
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WheieT'^yJ’are  the  values  of  the  generalized  coordinates  for  a  unit  rotation  of 
the  rigid  control,  relative  to  the  rigid  body. 


An  interpretation  of  the  significance  of  the  zero-frequenev  modal  coor¬ 
dinates.,  1^'  and.  Q.  ,  is  given  by  premultiplying  Equation  3-Q9  by-  ■  -^and 

and  maicing  use  of  the  orthogonality  conditions  for  tne  modal  column a 
(see  Equa.tion  2:-210.,  Paragraph  a.2:..3»^)- 

^  rTAKiJy  rCAVT-,};.  (3-90) 


V.  ^  (3-91) 


Making  use  of  Equations.  3-^5^  3-^,  and  3-^T  we  have 


(3 -9a) 

(3-93) 


Ixi  the  first  of  these  equations  f  can  be  interpreted  as  the  lateral  displace¬ 
ment.  of  the  instantaneous,  center  of  mass  of  the  missile..  The  analogous 
relation  for  the  "continuous"  description  of  the  missile  is 


A  corresponding  interpretation  of  Q  is  not  so  direct,  nevertheless  we  have  the 
relation. 


(3-95) 


in  analogy  to  Equation  3-93*  We  can  write  Equation  3-^9  as 


(3-9fc) 


iUo 


'whecce 


■'  Tm  , 


{1~9T) 


and 


I  (3-9a) 

fl- 


The  modg-L  tTca-nsformetdoii,  iES.triXj.  is  nat  gsnerslly  sqpece  tecHuse  ttie  Iii^ 

frequency  mcdes  a-re  amd-tted  cm  the  basis  that  they  have  little  efifecrt  cm  the 
dynanELca  of  the  ^stemi..  Gfenecally  the  ntmher  ccf  degrees-ctf— freedom  is  Equation. 
3-9fa  can.  be  reduced  in,  this  way  withsat  comgromn.stTTg  the  deaerigtioH  of  the 
liynamica  of  the  missile,.  TMs  constraint  is  net.  serious  ire  moat,  reagonse 
prablemaj  however',  due  -bo  this  aggcoximatiair,  Bqqafcian;  3"7?  can  never-  be  satis¬ 
fied  exactly,.  This  resuLta  in  the  difference  in  accuracry  between  the  "modal.- 
displacement"  and  "madal-acceletabian"'  method  af  loads  analysis. 

To  transformi  no  tm-ragT  coordinates  we  suhstLtorte  Equation  3-gb  into  Equations 
3-33 J  3-3^/  and  3-33  which,  gives 


(3-99) 

(3-100) 

yiii.i:  i  i  ]•  (  I'Zn  ]i  /  V  _  1  j  ' 

C3-iai.) 

where 


Q-'] 


>::v] 


(3-iQa) 


(3-103.) 


r'^Rj  -  r'fiX'-RjU'i 


TBs  CtrtsX.  fiDmn  of:  ESjaesHbions  2-9?^  2~10D->  aiid-  2—H)l.  is  quifs  g^escaT^  beane 
indEgsncbaxt  of'  maijy  ■  off  ths  aarngli:^!!!®  assuDiEttionK  thadr  vrescs  mads  in:  ths  dsc-— 
rssblos..  Et  1e  oftex  tmeortant:  ta  acmunt:  fbr-  flsctMIity  o£  ths  contxal. 
aarfacE,  pa3it±culiaBLy- whes  inysstssEbiiig  pr.ableiiis;  of  "mntmL  sCfsrbiyEnEss.-' 
Eb;  cair,  be  showit  that;  Equasblos  2-32  is:  ths  sams,  iir  th±s  csss, ,  aJlthou^-.  ths 
cnsf'.'fi.clEnfs:  ais  dxffscstrfe..  Alss,  steady -state  asccdynamis  intesfeasncs  bs— 
twEEix  coirtaal.  surfacE  and.  body  can:  bs  anoounted.  f:bs  "exastly''  is  ths  caas  of 
s.  flEXlblE  cDsbroi.  surfacs  by  isciudisg' s  full,  matrix,  of  aenodynamis  isEtusncs 

CESEffLciESts.. 

Ths  equations  of  mottos  ars  obtained,  by  using  relations  2-99-^  2-^00,,  and 
2-iOX  is  lB-©:sngs's  equations  (ESyqation-  2-64,  Earagra=Eh.  a..l..24d)  re^rding 
}  Q- }  y  >  std  the  q^'  a;  as  inde^suteit  generalized,  coordinates..  The  result, 
is 


I. M  r  L  ^  d  1  ^  'R  34  r  •  - 1  ]4  j,  ■ )  =  '  "  ( 2~iDb. ) 


The  solution  to  the  abo-ve  difEerential  equations  can  be  used  in.  Equation  3r^0. 
to  abtain  the  transLent.  shears  and  bending  moments^..  EE  v  ^  9>  y,  and  the 

q^'  s  have  been,  obtained  as  functions  of  time^  then  the  collocation'  p,oint. 
coordinates  are  obtained  fronn 


V  =  L'j; 


(2-107) 


Substitsting  this  into  Equation  2-00.,  we  obtain  the  final  form:  of  the  tran— 
sienc  loads  aquations 


.i»'a.<co 


(3.-1D0) 


-4a:ansiest  loads  problems:  such  as  rea^Dnse  to  gusts  and  iiig)ulsive  control, 
mo-tions  can  be  handled  effectively  by  a.  computer  program:  which  solves  a  general 
set  of  'equations  similar-  'to:  Equations  2-100.-  The  second,  part  of  Aprpendix  VI 
'Oeacrlbsa  such  a  set  of  equa.tions  and  a.  method  for-  thed.r  solution. 

ihf 


3_.  1-0  2.0  3_  The:  ‘'Qua;sj--Rigld.*'  Appr-oximaibion.  aad  Aexoelaatic  Cor.r.ecl:ions 
to:  tfag.  HlgLil-Sody  SiaMllAy  D£ri.YafcLve;s 


It-  la  soDEstlaosra  undealxobrle:  ta  haEve:  to.  solve  the:  differential.,  equations, 
3riDfci.,  in  order  to:  oirbaiti'  traralent.  loadra.  This  is.  particulariy  true  ir  view 
of  the  fast  thst.  aa  approximate  solu-tion'  of.  Equations.  3^10,6  car  be-  used,  to- 
ontain  pri^iminary  loads  for  strueturaf.  desi^  purpo:sesi 

For  the  purpose  of  obtainirigt  an.  approximate  solu-tion.  to:  Equations..  3“lDh, 
we  partition,  the  equations  inta  a  rigid,  body  part  and  an.  elastic,  part,. 

To.  simplify  the  diseusaioir  we  will.., ,  in  this  aeotion,  redefine  and 
■{qj-sn.  that,  they  are  the  eiastie  modes  and  coordinates,  only.  W.e  then  have 


-  : :  =  -  ; '  1.,  >  r  ■■  (3—109) 


for  Equation  3.“<19-*-  By  expanding  the  products  in.  Equations  3—102.,  3— 103j  3.-10^ 
and  3—10-5,  it  cart  be  shown  that 


(Ml 


Ifl'CAHil 


•\x-x}'(AXx'’'J- 

t^^rtAHx-x} 


ix-xy[Ai[(/i] 

[•-fl'lAKtfl 


u-x-yLAH-ff^} 

■•-fj'HAH'f}') 


(3-U.O) 


'iFl 


{  dit'Ot'} 
'tl'r.KHi? 


li}  IkHx-x} 
■lit-xytKK'X'X}- 
'If  1'[k1^x-x]- 


lx-x}'[Kl[tf] 


Ih.K9^} 


(3 -111) 


■l!(-xy[L|(l{l}  {f-xj-CLR^x-x}  •{x-x}'[Ls][(p]  {x-XyTL^Klf}-} 

(.(fYCuHi}  (CpytLRHx-x}  [(f]'[L.Rl[(p]  [<P]'[Lr]{(?^> 

i<fa‘y[i-RHl'5'  ifa’J-'fi-Rl-lx-x}  {(ffVLi-Rlipl  ■{q>3'}'[L-KK(f3'>  ^ 


(3“112.) 


[^i] 


|i}'[LiKi> 

Kfl'lLt'Hl} 


-{•ycLiHx-x} 
■lx-xy[Lll-{x-x} 
((f  ri>-iHx-x? 
4(pjy[i-rMx-x} 


-[x--x}'[u,lC(p] 


(3-113) 


Usins  Equations  3-l5  tlirougfa.  3-^  and  the  orthogonality  relations  (Equation 
2-lb9,  2-170  and  2-210  of  Paragraph  2.2.3 )x  can  write  these  more  simply  as 


fM]  = 


M  O  ^  O}’  o 
0  I  3o}'  o 
^c}  -ioT  '"ij  ((fj'LAKcf^} 
'  'j  •S'ia'}’[A][<i']  J 


(S-ll^i-) 


M=  -‘KAVl} 

I  =  -  X-''  t  1'  '<•  X  i' 

:  =  "  'fjj-  4*: 

iMt- 


where 


(Vfe  have  assunKd  that  the  control  mode  is  orthogonal  to  the  rigid  bodj'  modes. 
For  further  discussion  see  Paragraph  3«lo.h,-  Equations  3“:ut:  and  3~509). 


I  ^o}  :i0} 

L  3  io>  O 


(3-115) 


■X-K}tLp]C,] 
i  .  t i  ■)■)  -  tj 

■  •  ft  t'-R  11  f  ] 


HJ. 

'-m;. 

■  iU 


(3-llb) 


‘-X 

’‘U 


.+  j3-ij'’-'j  - .  J  i.'-xr  i-«; 


"•L>-LJ[d 


a  >11%] 


(3-117) 


ir  : 


-J  Jl  T  J 


1^*5 
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We  may  nov?  use  these  results  to  rewrite  Equations  3-lOh  as: 


•-■i  -  -  :-,r 


-  -  ^  It 


’ll  J 


"  j.’  *■"  *  jfc'i  I'J  --iHi  ‘  .,] 

-  ..i  '  'r  ’  T} 

-.j r  .-i 

*■  1 1  j  ."j"  ')}  ^  iV’3.  '-»J  -■*'1  I  v]  Ir 

■  'E 


iU6 


(3-lia) 


(3-119) 


(3-120) 


(3-121) 


where  we  have  used  the  fact  tha.t 


1  ■  T  ^ 


t3-122) 


C3-1S31 

C3:-12if) 


.(3-125) 


to.  this  point,  we  ha.ve  done  little  more  than  change  the  form,  of  Equa.tions. 
3-lOfa;  the  above  equations  are  still  a.  set  of  linear^  second  order^,  differen¬ 
tial  equations.,  On  the  basis  that  we  are  interested  only  in  response  to. 
’'slowly'*  varying  forces^  we  inske  the  approximation 


(3-126) 


which  we  shall  call  the  "quasi -rigid"  approxiination.  In  addition,,  we  will 
assume'  that 


(3-12T) 


Equations  3-113  throu^  3-121  can  then  be  replaced  by 


V-  -Tj.  *  ~'j“' 

Sfe'y/t  =  - 


(3 -12b) 


(3-129) 
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\.-j‘ 


=  -  [<f  I'M  lir I-©:!  -  [((!l'[L^lx-x]- 1 


When  the.-  quasi-rigid  approxiination  is  madd,  tihe  modal,  equations  are  nO'  ion^r 
differential  equations,  and.  may  "be  solved,  algebraically  for  the:  q‘s.. 

[(^rCbiHiKi-e)  (3tl32> 

■  ( ].'CL^I[(i>iy'[(f  ]'[kHic-x3r  S 

“^CD 


Equation  3-132  can  be  used  to  eliminate  the'  q*s  from  the  rigid -body  equations 
M?- V®  i ^  C3.-133) 


148 


'  T“ 

^  r 


>r’ 


u- 


^  [(fi'[upl[tfl^  r  ij)]'  f[uii ']■  4' 


j-r.'i 


'V®' 


■4  I  -v.J'-) 


(3-13,5) 


I£  we  iatroduce  tiie  notion  of  "'flexible  aerodynamic  coefficients,"  we  can 
write'  Equations  3-133  and  3-13^  as 


C3-13t) 


(3-137) 


C3-13b) 


wiiere^  tbs  flexible  coefficients  are  given  by 


ifeW 


-41 


-e  -s^Vic4  :i-6;)^  c4^. 


'“^'r 


r;  =  : 


( c4  '^-el  -  i.  ^  rZ  Y  ]  = 


p 


"i* 


I  i 


r» 


'-J 


■iK!} 


(3-13?) 


It? 


C3-lto) 

c4  =  0^  4  >  Lf.l'[|-RlL(f]'rL  ?l'[Lr}tv4 

(3-1^1} 

(3-1^2) 

C3-14-3) 

(3-144-) 

(3-145) 

C3-i4b) 

'-h'^  Qxj.  ^DfTtsILfl'i'uiT'r^M 

(3-141) 

lirternsl  Igaos  Based  on.  the  Sussl-Eiglci  Approaljigatlon. 

Me  csrr  aaw  use  t&e  soltifeions  to  tJie  quEsi-rigii  equations  to  obtsia  loeds 
consistent  witii  t&is  apnroxiiEStian.  in.  Equation.  3-*iQ9  we  ebEe  the  aussl-rigid, 
assunrution  and.  obtain 


".Fi"  “tti-i"  S- 


falift 


but  Cram  Equations  3-13b,  3-13Ti  snd.  3-132  ffS:  ba«e 


-If  ^  ' 


(3-1^) 

C3-lt9) 

C3-I5a} 


C3-15i] 


(3-152) 
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(ibe  control,  surface  rela'.tioH.  given,  in-.  Equation  3-138-  Is  of  interest  in  de¬ 
fining  tlae  dessands  on  the'  ser-vo.  to'.  produce  a.  required,  control  surface 
defleotioHj,  y.} 


where  we  ha,ve  intradiuced  the  rigid-hodjr  angle-of-attacfc 


C3-153) 


®-  i-a 


C3-15^1 


We  may  sin^lify  the  discussion  further'  hy  introducing  the  following  notations 


p."  l-i + OfJ  M(fl  j  [  f  1  1} 


C3-155)) 


(3.-156): 


(3-157) 


so  rhat 


(3-156): 


These  equations  may  now  he  suhstituted  into-  Equation  3.-60  to  obtain  the  quasi- 
rigid  approximation  to  the'  loads 


w-rwi-  c^f  ^  4-. 

*  ^’t^lLjUS-US 

^  oC  V^j 

-  %'[KlL.]rq)]AiiHH|)|  +  t|,}r ; 

+  [’^>'7  )r 


(3-159-1 
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New,  since 


r  ■  ^  f  ^  (3-160) 

we  can  write-  the  loads  In.  the-  form  o-f  "'unit,  solutions. '" 


3.1-2..5  The  Aeroelastic  Effects,  of  large:  Axial  Loads  on.  Es.tersl  Motions 

In  our  discussions  of'  heam  theory  in  Farageapt  2..3-3-1,-  'we  assured  that 
the-  specific  strain  energy  for  a.  particle  of  a  beam  is  given  by 


(3-105) 
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ini  t-Eiat  the  strain  is  related  to  the  dlsplaceceiits  by 


(3-lt6) 


Tn  the  presence  of  lar^  axial  loads,  however,  a  more  precise  description  of 
strain-  must  be  -used,  llhe  lagrangian-coordinate  strain  for  arbitrary  displace¬ 
ments  of  a  one-dinensional  beam  (whose  curvature  is  siuail)  is^ 


(3-16T) 


iTtp-  last  three  terms  are  the  contrihirtion  from  longitudinal  strain  of  the 
neutral  surface.  On  the  basis  that  the  longitudinal  strain  is  small,  we  have 

(3-168) 


SO 


ITsing  Equation  the  total  strain  energy  is 


-  I . 


lj>  ^ 


XX 


(3-169) 


(3-170) 


For  ^^nuretrlcal  cross  sections the  second  tem  is  zero  cecause 


fc  H 1*  —  — 


(3-171) 


If  we  neglect  the  fourth  order  terms,  ,  then  Equation  3-170  becomes 


Isee  Green  and  iferna  Theoretical  Elasticity,  Oxford,  1.}'^^. 


(3-171) 


She  virtual  ’sori:  of  the  iiiterBal  forces  can  he  actaiiseii  ftom 


=  -  S'J 


-P's  3*  -=^ 


'W' 


.  ■;? 
■5Sy 


/  i 


-t'C- 


Cs-iTaJ 


if  we  write  the  virtual  work  of  external  forces  as 


Sfc»  R  .  ix 


then  using  D ‘Alembert's  Principle j  the  Principle  of  Virtual  Work,  in  this  case, 
■hecoires 


P.-^r  v-'re- 


-  5vv 


aV  J*  •  ■  j-t' 


3*  J 


"(w 


lx  = 


C3-1T5J 


in  this  expression  A.^  is  the  uniform  rectilinear  acceleration  of  every  particle 
parallel  to  the  1  -axis* 
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SlHce  SEfeaKii  are  SEfei.-teE33jy';5  we  nmaii  have 


fe  _ 


=  R, 


±X^  , 


■M  A»  =  2  ~ 

iJf  T 


'it'  bf  ^ 

‘X  ' 


C3“1.77)/ 


We  GBEUCTfe  salve  t&ese  monlineair  eqpErtiLGsna  exacILTx;;  Bcw.evear,;  we  csa  use  tBe  la-sfe. 
equati'Da  1:0  solwe  fear  ^  audi  eliminafee  tliis  term,  in  the  manlinesar  Esrli  of'  Ute 
s.'teauji  eueergy  (;E(353a.tiaTi  3-1-72),' «  Tfct  s  puracedm^e  would:  fee  equmvaleDilt  feo  fehie 
first.  lteEa.tiari.  in  a  fficard  solurtioa  te.  tbe  HQulinesr  Equateona  3-1.7^  sudL  3-1-77 « 

Efcom  EejuatioH  3-1-77^.  we  have  theu. 


ts-mi 


]!£'  we  iutroduGe  the  definition^, 


-  '  P 


C3-1.7S) 


teen 


Ik  =  n  - 


7^ 


(3-130) 


SUfesreitutins  this  into  the  nonlinear  term  (.only)  in  EtBJation.  3-17S;i-  we  afetain^ 

^If  we  deno-te  the  order-of'-nisgnifeade  of  E  fey  «.  and  the  order-of -magnitude  of 
fey  €  jf  then  the  limitingr  process  is  defined  fey 


and 


=  a=  a  =  "constant 


ES.  =  ordear-of -magnitude  of  K.” 

If  we  then  let.  €  -»-0  and.  k.-<^(Xi-„  we  have  from  Equat±au3-i~’0  that 


c  =•  -h.  _ 

»€'•  'C. 


and  he.nce 


Thus  '•  '-f.  is  of  the  same  order-of -magnitude  as  1  7  '  and:-  'is  of  the  order - 

of -magnitude  of 

i-u^*  =  a  "constant," 
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(3-18.L) 


U  =  +EA(x'i  Nr^l  2^2''  c, 


wheaze,.  eonsis-lieirt.  witb:  a@eEQi{±iiia'.t±ons  already  macie,  we  have  neglecteii  terms  in 
tlie  strain  energy  o£  f  eurth:  order » 

liL  the  Gsae  q£  a,  slender  missile  the.  axial,  loads:  arise  Irom  diatrihu.ted. 
dreg,;  thrust,;-  and.  grawlty  (see  Hgure  35) 

fx  “  Ctjfxi  -T(K)roi:eix')  (3-l8a) 

where  T(.x)  is  the.  magiltude  of  the  thru'st.  per  unit,  of  length  along  the  missile 
and.  £(x;)‘:  is  'Hie'  miseligament  of  the  thrust  diatrltmtlon  from  the  body  axis.. 


1 


-xrir 

223- 


FIGURE  21  DISTRi  EUTiON  OF  A-XJAL.  COMPON  ENT  OF  THRUST 


i 


HG.URE  33  niSTRlEUTION  OF  LATERAL  COMPON  ENT  OF  THRUST 
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Subaiiitutlng  Equation  3-laE  into  EC|_aatlon  3-17P,  we  obtain 


'  j,  -D  ^l  -■T'Vi'.Oiefx'i  - 


(3~ia3) 


We  then,  na*-^  that 


Kiu  =■ 


:rW  --t-t  cc.-ea')— ■ 


!  A  X  ■*■  'YA'xA'4  ,>Wv 
'  ( 


MA. 


(3 -18^) 


where 


.’Vns'i'i  lY  -  !  M,'  ■  ‘‘  a 

r 


(3 -135) 


=  -..nv  .otal  applied  a;:ial  force 


ani 


ix 


tc-i.hi 


I’icti  LOng^i-tucina’  f  i'"' i'bi’iim 


(3-L8b) 


(3-187) 


30 


(3-188) 


We  jar  the  rcl.al'on 


(3-189) 


jQ  'i* lamina t-  two  a;',^Cj.  icce^eratj.on  U'  t  A  jUailttn  _j-ho  ar.d  ■=';cpraso  Il(x)  in 
j:-rms  o+’  ..he  drag  ana  tltctat  cni,v. 


(3-190) 


The  thircL  term-  in.  Equa^ilon  3-181.  can  then'  be  treated  in  the  same  manner  as 
the  first:  term  (the  second  term  which,  is  Involved  in  longitudinai  dynamics 
does:  no.t  concern  us:  here).  Using  the  interpolation  formula,  we-  have 


yAo  I 

«  K  4  y-i 


(3-191) 


Dstog  this  in.  Equation  3-I8I.,  we  obtain 


(3-192) 


where,  if  we  make  the  same  approximations  discussed  in  Paragraph  2.3 *3 we 
obtain 


-'31 


^  -lit  :J4  -7 
'  A  -7  + 


(3-193) 


■cerval. 


with  average  value  of  W(x)  on  the  i^^  in 


liie  appropriate  expression  for  the  contribution  of  axial  loads  that  is  valid 
in  the  first  and  last  bay  is 


'ijz 


14-4- 

-1-2. 


for  i  =  1 


(3-l9i^) 
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(3-195) 


Using 


-1^ 


-I5Z 
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'  for  1  =  N 

-IX  . 


L  6^  -IX 


we  have 


where 

I*' 


(3-195) 


(3-19T) 


(3-19?) 


3.i.2..6  Modx.^lcatioii  of  the  loads  Equations  to.  Include  Gravity,  Thrusrfc,  Drag, 
and  Air  loads  Due  to  Asynmetries 


lii  our  considerations  of  axial  loads  in  the  preceding  section,  we  included 
only  the  coniponent  of  thrust  parallel  to  the  x-axis.  If  we  were  to  include  only 
this  effect,  we  would  obtain  unrealistic  results  in  the  consideration  of  loads; 
and  stability  of  the  missile.  To  illustrate,  for  the  rigid  missile  if  we  were 
to  assume  that  the  thrust  acts  tangent  to  the  missile  axis,  then  the  moment,  of 
the  thrust,  (assumed  concentrated  at  x=l)  about  the  center  of  mass  is  given  by 
a  contribution  from,  the  axial  component, 


and  a  contribution  from,  the  lateral  component,  -  niwe  5  u-x^  loie } 


FIGURE  34  MOMENT  OF  THE  THRUST  FOR  A  RIGID  MISSILE 
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13:;  2  GGtai 


iac  01 


oum,  ci 


•wblch.  is  ideirtioall^/  zerO;  f  ict,  that  the  T;b_'ust^  ir^  this  ease, 

acta  thxo’j^  the  een'tar  of  nioos.  It  ean  ce  sac'm  that  the  moiiEiio  eontrthuted 
hy  the  aixial  can^onent  of  tinraat,  in  the  ease  of  a  fle-rihl=  missile,  la  exactly 
accounted  for  when  tte  a:,ciai  effects  are  considered  as  in  pre'/ious  aection* 
Use  moment  contributed  hy  the  lateral  congonent  is  computed  in  a  strai^rbforward 
fashion,  from;  tiie  virtual,  work  of  the  distributed  lateral  forces »  The  argmnent 
presented  here  applies  only  to  forces,  like  the  thri.iSt,  which,  act  tangent  to 
the  body»  The  drag,  for  example.  Is  asstaned  to  act  parallel  to  the  x-axis 
(i.e,,  to  the  free-stream)  independently  of  the  roDtions  of  the  body- 

3^1..a.6.1  The  Virtual  'fcrk  cf  Dlstri'outsa  Lateral  Forces 

The,  virtual  work  of  .gravity,  thrust,  and  air  loads  at  aero  angle -of -attack 
is  given  by 


v"  -  t  ■  -'A'fc  i: 

^  ^ ,  ”■  ■  '-a-. '?  .X )  A< 


(3-199) 


F'.CUSE  35  DISTRBUTED  u^^TERaL  FORCSI 
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If  t&e  thrust,  ts  assumed,  ta  he  conceaibrated.^  thea 


-Ps 


■.  -  t<Vi^  ir.'O 

-  jll 


Is  reuIacedL  by 


-  gj.  4-  'i^TCQ£€')^ 

-TS  ^  '  /  j 


FIGURE  36  DISrmiUTED  TMRUST  FORCE  QM  TKE  FLEXI  BLE  MISSILE 


I 


FIGURE  37  COHCEHTRATEDT  THRUST  FORCE  MISALIGMEB  AT  AM  AMGLE,  C 


In  order-  tct  comaute  the  ^xieralized  forces.,  we  may  use  the  interpolation, 
e<raation',  (Equation.  3-2.);  tOi  express  Equation  3-199'  in.  terms,  of  the  ^nerallzed: 
coorainates,  pj^. 


(3-200): 


for  X{-,  ^  X  ^  X£ 


wMcIi  we  may  write  as 


(3-201) 


where 


-[h£(x3l  =  {i  f  5'^ 

for  6  X  s. 


(see  also.  Equation  2-14-51  and.  EEgure  12.) 
we  then  can  write 


(3.-202) 


£w  =  -45(5}  ^,ihih'M'x)yos-&)  u 

;  “r  <•  I  .  -v  _ 

-  p  4  J  «  "v  ^  ■  ■-  '  '  /  i 

-  •:  ipl  i  J  TiVi  -yS.e  K:  {(5]- 

~  £i3aj^<G  *  sbj'  )  Jr  ^ 


(3-203) 


®3w,  when 


M  “-[i]- 


(3-202^) 


we  have 


—  I  for  all  X., 
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(3-205) 


30  oHS'b 


(3-206) 


and  the  virtual  -work  of  gravity  forces  can  be  written  as 

-  iSjnl  J.  li  ]-  q  :c4ii 


but 


(A  T  -  '.t  .is  =  the  inertia  matrix 


(3-207) 


SO'  that  the  gravity  forces  are 


ivV  =  - 


-j.-™ 


(3-208) 


If'  -we  introduce 


and 


(3-209) 


(3-210) 


and 


-  X  .tX 


(3-211) 


the  virtual  work  of  the  distributed  lateral  forces  in  Equation  3-199  'becomes 


■:a  =  -  - 


(3-212) 
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3.i»2.,6»2:  Tbs  Loadls  E'quauxons  lliclndtog  Axial,  and  lateral  Forces 


The  fcinet-le  energy,  from  Eqnaifelon.  3-33^ 


(3-213) 


The  sfersin  energy,,  including  axial  load  effects,  is 


(3_2Lk) 


and.  the  ■«drtual  worfe;  of  all  external  forces  is 


^•ci  ~  oisr '  -{spV'-:' 

-  I'f -r  -i5trf4,r-r4.-of'' 


(3-215) 


The  control  deflection  is  related  to  the  generalized  coordinates  of  the  ^stem 


(3-216) 


We  inay  also:  generalize  the  previous  results  hy  accounting  for  energy  dissipa¬ 
tion  in  the'  structure  throu^  Sayiei^'s  dissipation  function  (see  Paragraph 
2.2.2) 


C3-21T) 


Ehp-loying  lagrange's  equations  in  conjunction  with  the  above  system  of  equatians^ 
we  obtain 


(3-218) 


Ibk 


EE'  -we  asstinE  thsst  t&e  sfeetictetBi  loads  are  given  fey 


Xfi  = 

■fefien  tiie  loads  eOTaiions  aret 


(3-219) 


t  ll  c-i- J  r  -  >:-■  b?  -  t  -af 


E&e  internal  loads,  nKinber  loads,  and  stresses  are  related  ta  tiiese  loads  by  a 
single  transEoms.'&ion*  EBe  modal  eanaiions  oi  motiOD!  tBai  are  coiiiBa.t.ible  witBi 
t&e  above  eqtiations  are  given  'E^ 


^  [pE  LU]i 

“  -'f  it-0^  r 

-  L r.*’ 


(3-221) 


wbere 


(3-222) 


and 


%  j  ~  .'4^  I  -Ji  J .  'f  ] 


(3-223) 


Lq5 


3.1. 3-  Aeroelastlc  Stability 


3. 1.3.1  “’Static”  Stability  ot  a  Free  Missile  with  Locked  Corttrols 

Our-  prelinlnary  discussioa  will  exclude  the  effect  of  axial  loads  even 
though  these  effects  are  a  source  of  destabilizing:  mcKEents  on  the  unrestrained, 
missile.  We  will  assuiie  the  system  to  he  completely  descrihedj  for  stahdlity 
purposes,  hy  its  kinetic  energy,  strain  energy,  and  the  virtual  work  d!one  hy 
aerodynamic  forces.  In  this  section  the  control  surface  is  assumed  to  he 
constrained  at  the  y  =  0-  position. 


FIGURE  38  THE  UHCOHTROLLED  MISSILE 


The  equations  governing  the  motion  of  the  system  in  this  case  are  obtained  from 
Equations  3-21,  3-28,  and  3-29'  8y  setting  y  =  0 


U  = 


ipil 


K  ‘c 


(3-22ii-) 

(3-225) 

(3-226) 


w!iere 


—  •'C' 
*1  '  “ 


(3-227) 


The  fact  that  the  hody  is  unrestrained  is  evidenced  hy  (Equations  3-65  and  3-8g) 


(3-226) 


.66 


(3-229) 


Because  of  the  subtle  nature  of  the  stabiiii^  of  an  lanrestrained  body^  it 
is  best  to  introduce  the  subject  by  briefly  discussing  the  complete  dynamic 
stabilllgr  whieb  shoxild  cover  static  stability  as  a  special  case. 


lagrange’s  equations  (Bquatidn  2-64)  may  be  applied  to  Equations  3-224^ 
3-225,  snd  3-226  to  obtain  the  following  equations  of  motion 


-5-  [fcRfjl  +  [-f'ji|?k  =t-y 


(3-230) 


To  investigate  the  stabiliiy  of  tte  system  described  by  these  linear  differen¬ 
tial  equations,  we  shall  use  the  conventional  laplace  transform  techniques. 
Application  of  the  laplace  transform. 


"pill:  —  '•  ibl'ira 


-VC 


(3-231) 


to  Equation  3-230  yields 


-r:=-.)  (3-232) 


Ihe  stability  of  the  system  is  governed  by  the  equauion 

:  -  :->^vxa:  =  ,  (3-233) 


m  the  conventional  sense  the  suatic  s’cabiliuy  would  be  governed  by  the  special 
case. 


(3-234) 


which  yields 
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(3-235) 


Ths  associated  ei^iwalue  problem  is  given  by  setting  s  =  O  in  Equation  3-232 


'M  -  ipi  -  ici 


(3,-236) 


It  is  quickly  shown  that  this  problem  has  an  infinity  of  eigenvalues.  ®o 
illustrate,  for  any  value  of  the  dynamic  pressure,.  ,  we  have 


[Al[nl'iil  =  4cl- 


(3-237) 


This  is  true  hecause 


[k-Hi?  =ial 


from  Equation  3-228,  and 


rilt'r  =  t:r 


(3-238) 


(3-239) 


from  Equation  3-6T.  As  a  consequence,  all  the  coefficients  in  the  polynominai 
A(  0,%5=v»)are  zero.  It  is  more  convenient,  perhaps,  to  say  that  the  problem 
has  no  eigenvalues. 

The  physical  significance  of  these  conclusions  is  that  the  system  go^vemed 
by  Equation  3-230  is,  in  the  strictest  sense,  incipiently  unstable  at  any  air¬ 
speed  or  altitude.  Uie  system,  however,  acts  passively  and  the  only  result  of 
the  "instability”  is  the  fact  that  the  missile  can'  translate  laterally  in  a. 
quasi-static  fashion  without  producing  forces  which  would  restore  it  to  its 
initial  position. 

The  straightforwardness  of  this  problem  is  alsoi  obscured  in  the  dynamic 
case.  He  will  find,  that  Equation  5-233  has  a  repeated  zero  root  in  s  (for 
any  fixed  value  of  the  dynamic  pressure).  The  result  of  our  discussion  in 
this  section  will  show  that  the  logical  criterion  for  “static"  stability  is 
that 

,  7 
%-vie 

(3-240) 


The  lowest  value  of  dynamic  pressure  which  satisfies  this  equation  will  be 
called  the  ‘’d3n£amic  pressure  of  divergence.” 
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Divergence  for  the  Vehicle  In  Rectilinear  Flight 


In  spite  of  the  fact  that  the  missile  is  inherently  unstable  in  the  static 
case^  it  is  instructive  to  look  at  the  problem  from  a  physical  standpoint  and 
imagine  an  artificial  set  of  forces  which  constantly  maintain  lateral  equilib¬ 
rium.  lO’  insure  that  the  problem  is  uniquely  defined,  we  vrill  require  that  the 
true  center  of  mass  of  the  missile  move  with  constant  velocity,  Voo  ,  along  a 
straight  path.  Ihe  instantaneous  displacement  of  the  center  of  mass  is  given 
by  (see  the  comnants  regarding,  Equation  3-92) 

M 

Bie  requirement  of  rectilinear  flight  is  then  equivalent  to  4"  =  O'  which  leads 
to  the  following  constraint  on  the  generalized  coordinates,  pq. 


=  0. 


(3-242) 


Bi  the  static  case, 


tc  ;  =  - 


(3-2it3) 


and  the  governing  equations  are  given  by  Equations  3'-225  and  3,-22b 


(3-2^^) 

(3-245} 


subject  to  the  constraint. 


(3-246) 


3.1.3-1-1-1  Collocation  tfethod 

Using  Ia©:ange's  equations  for  a  redundant  set  of  coordinates  (Equation 
2-79  of  Paragraph  2. 1.2. 2),  we  have,  in  this  case. 


:7 


(3-24T) 

(3-246). 
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where  k  is  lagrange's  undetermined  multiplier  corresponding  to  the  constraint, 
4"  =  0.  Using,  Equations  3--2hk  and  3-2^5  in  Equation  3-247,  we  obtain 


(3-249) 


For  the  purpose  of  arriving  at  an  eigenvalue  problem  governing  the  effective 
loads  instead  of  displacements,  we  introduce 


if}  =  [kM(>} 


(3-250) 


We  can  then  write.  Equation  3-249  as 

iPl-  =  VCAltt]-  -  sevi' [Afalib]- 


(3-251) 


Even  though-  [k]  is  singular  it  is  possible  to  rewri-fce  Equation  3-250  as 


tp?  =■  1  •  -I  X  -'}■«  -  lU]  u2]i,r  j- 


(3-252) 


provided 


(3-253) 


and 


(3-254) 


This  is  a  special  application  of  the  result  we  ob-tained  in  Equation  2-256  of 
Paragraph  2. 2. 3*4.  Equations  3-253  and  3-254,  in  this  case,  correspond  to 
Equation  2-258  of  the  same  paragraph. 

Using  Equation  3-251;  Equations  3-253  and  3-254  lead  to 


-i'r Hi]" 


■[A][hp.|:'i 


(3-255) 


(3-256) 
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We  can  use  ■fcne  first,  equation  to  eliminate  X  from  Equation  3~251 


rA][aKf=:t 


Substituting  this  into  Equation  3-251,  we  obtain 


"i-i  -  -h  r/^K iH' 


where  we  have  used  Equation  3-^5, 


Using  Equation  3-^+7, 


'  r  Itir  — ' 


in  Equation  3~256  along  with  Equation  3-252,  we  obtain 

'i  X-  -  X  t'CA-ICb]  i  I L-  f  i  X  -  X  f  +  [r I  [E li  F  fj  =  f 

Further,  if  we  make  use  of  (Equations  3-66i  and  3-bT) 

[ivjili  =  -i  al¬ 
and 

rtl-i-xi  =  --1‘i 

then  from.  Equation  3-2cL,  we  obtain 


(3-257) 


(3-258) 


(3-259) 


(3-2bO) 


(3-201) 


(3-2b2) 


(3-263) 


(3.-2fci^) 
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■where  ■we  may  lecogailze  (f 


Stea^Ealoa  3-^3}  ths^fe 


Since  s  =  Oy  we  fiswe 


{ipi-  =  +  [rl  CeltFf 


BBsi.  using  Bhnia.^bioa  3-252 


[4£&.HiBr=  -[ARi}-?  -  'el¬ 

and  Snoini  Effliia'feiosi  3-26iifj, 

Sahsti'&arfeiHS  this  into  Slgjia^feiaa  3-25^,  ws  obtain. 


r 


L.  .  «  . 


•“i. 


i3-s£<5} 


((3-266]) 


C3-26TJ 


C3-2to&I 


C3-269i 


■where 


C3-aTQ] 


IMs  equation  can  be  solved  by  Iteration  in  nmob  the  same  way  as  the  equation 
gO^veming  tbe  vibration  macSes  (Equations  2-220  or  2-275  of  Faragr^b  2..2.3  -^I  - 
3!he  result  consents  to  the  lowest  value  of  dynaniic  pressure  and  the  corres¬ 
ponding  distribution  of  effec^tive  loads^.  Figure  39  shows  the  results  of  the 
application  of  this  nstbod  to;  data  for  the  MSa.  Scout  soT.id-propellant  launch, 
■vehicle. 


■hjhe  inethod,  presented  here^p  of  introducing  the  loads  as  eigenvectoirs  instead 
of  the  displacements  is  due  to  Vernon  1.  Alley Jr,  of  the  IKSA  langley 
Itesearcli  Center.  We  will  mafe  use  of  it  again  in  the  nest  section. 


FKGIiliRE  as  Bi!STn?J«inti;QI>!i  aF  L®A'DS  lIWi  TlHiiE  EIWERiGEhtCE 
WSEBE  -  e»SE  SF  R!EOI)lll)!liE#Je  FlUSGHHr 


3-l.-3«a.«l--2  Madal.  Efe-tsfeacI: 

to  al,tteirtia-cm.ve  ta  -tiiie  alrave  ^graacii  is  ta  use  a.  modai  a^nrojcunatiefiai^  If' 
we  use  EqxiaiioiL  3"iS9«  ^  csa  worfite  (fcnr  T—  Q)- 


(3-271) 


SUlstltuliiiig-  this  inta  Equaticans  5-22^,.  3-22p,-  and.  ^-22b,  we  abtais 


(3-272) 


(3-273.) 
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j  1 5^.  ^  U  .  J'  '• 

-iw  ^r('--.'L-?)  - 


\ 

I'Ci  J 


^  Min 

“  y^V/r  -■-  '  Z,.,y^  -1 

"kW  ^^J-fi(-/H,A]/L!f'lt^I  jf' 

-  aWiff^VC^l  [A]  4'f  -^-G  t 


35i  -Jite  sfefetc:  egfse,,  we  liEare  ^  =  Q,,  §•■  ~  G.,,  aTadi  elsG.^.GQnstsrfcecctr.  wx-tii 

thue  sssnmB.liiDHs  made.-  im  tlie  filorat:  inetliQd,.  we  constraiirt;  the  eerLtetr-Qf-msss 
toi'  mows  irt  a.  atrai^t.  line  hy  taking' 

(3-aT5) 

ITsing  ETquatiQrL  S:-iL79  of  FaragnapE  a~a~3~2, 

'■f]'[kl;|j  =  "'v.  (3-276) 

we  obtain 

(3-2TT) 

(3-276) 

^  -v  =  -  k  W®  5e  -1  ?  < )  7- 17  j'’  t  i  ■  - 
“  i;av&  -t  5.:j  V  [,y ]  [A  jfiil-  V 


17I1- 


The,  Gions'tiEain.t.,,  f  ~  0;  i-s  salsisfied  expliaxtly  in  temns:  of  modal  generalized 
aooEdinates  so.  thai  'we  may  use  lagrange '  s:  equations  for  a  set,  of  independent 
geneatallzed.  co.ordlnatea  (Equation  2:“64  of  Paragrtapn  2.,1».2.1.)  to  o.btain 


(3-279) 


(3-280) 


using 


(3 -281) 


we  can  eliminate  0  from  Equation  3.-2T9  and  substitute  it  into.  Equation  3-280 
with,  the  result  that 


(3-282) 


which  we  can  also,  write  as 


(3-203) 


This  equaLion  can  also  be  solved  by  the  nethod  of  iteration,  and  the  eigen¬ 
values  will  approach  the  eigenvalues  of  Equation  3-269  as  the  nvunber  of  modes 
considered  approaches  the  number  of  degrses-of -freedom  used  in  Equation  3-269'' 
Eigure  40  illustrates  this  for  the  case  where  25  collocation  points,  are  used  in 
Equation  3-269-  In  the  modal  case,  the  number  of  degrees-of -freedom,  is  equal 
to  2  plus  the  number  of  elastic  modes- 
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(Bquation  3-283) 


modal  method 
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FIGURE  40  DYNAMIC  PRESSURE  OF  DIVERGENCE  AS  A  FUNCTION 
OF  THE  NUMBER  OF  MODES  CONSIDERED  -  CASE  OF  RECTILINEAR  FLIGHT 


As  a  matter  of  practical  computation.  Equation  3-283  can  be  expressed  as. 


■  g 


(3-284) 


where  the 


s  are  elements  from  the  matrix 


(3-2&5) 


176 


Alao^,  from  Squation  3  “2.8^  we-  may  derive  Ihe  following'  approximate  fommla. 
based,  on  using  only  one  mode: 


i 


-R 

-■66- 


- 


'Cm 


Ca-aBfa) 


Ebr  preliminary  design  purposes,  these  terms  can  be  calculated  from. 


-'o 


(3-abT) 


(3-2fc&) 


.R 


(3-269) 


(3-290) 


_ _  (3-291) 

I  «  “  , 
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■with  0  (,x)i  nonnailzed.  so;  that 


(.3-2.92) 


These  fbnnLilas  are  fairly  useful,  ewen.  when,  the  shape  of’  the'  first  mode,,  4»(x.},, 
is;  as'sumedi..  If  an.  assumedL  mode  is.  used,.  It.  should  satisfy  the  "rigid-body"' 
orthogpnall-ty  conditions;: 


rnd.f  =  j  C3-29'3) 


£3.-29ii-); 


The  approxima.-te'  formula;,  Equa.tion.  3-286,  should  be  used  with,  caution,  since 
Figure  bO  shows  the  one-mode  formula,  (three  degrees', -of -freedom)  ta  give  results 
on  the  unconser-vative  side..  For  example,  the  one -mode  formula-,  gives 


=  it+z.s  (3,-29'5) 

whereas  the  "exact"  collocation  me-thod  gives 

^:xvx  =  i  iifc.  (3-29ti) 


The  actual  shape  of  the  missile  in  the  divergence  mode  may  be  calcula,te4 
from,  the'  eigenvector'  in  Equation  3-28ii-  by  using  Equation  3-271  with 


(3.-297) 


and 


(3-298) 


(See  Equation  3-260:); 


so  that 
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Using  this  relation-,  along  -with,  -fche  eigenveietor  obtained,  by  iteration  of  Equa¬ 
tion.  the  result  shown  by  Eigure  4-1  was  obtained. 


FIGURE  41  SH4.PE  OF  THE  MISSILE  IH  THE  DIVERGENCE  MODE  -  RECTlLtHEAR  FLIGHT  CASE 


3.1.3.d-2  Divergence,  for  the  Vehicle  in  Steady  Eli^t  in  a  Circular  Path^ 

We  have  no-ted  that  it  is  in^osslble  for  an  uncontrolled  vehicle  to  be  com¬ 
pletely  stable,,  in  the  s-trictest  sense,  when  perturbed  from  a  strai^t  line  path 
It  is  possible,  however,  that  the  missile  can  achieve  a.  configuration  of  s-table 
equilibrium  when  the  center  of  mass  follows  a,  trajectory  which  is.  a,  circle  of 
radius,  say,  R. 


■^Ihe  collocation  nethod  of  analysis  in  this  section  is  due  principally  to 
Vernon  L.  Alley,  Ir.,  of  the  NASA  langley  Research  Center. 


Golloca'&lon  Methoa. 


lEhe  coEnOiete  ajaeuBJZ  eqjiaiiiaiis  a£  morioa  are  giYeni  'Ey  Eattatloa  3-230*  Ef 
we  introduce  the  defindtlouj 

tP  r  =  H  P  r  (3-300) 


tben.  we  can,  write  ■  Eqtia  t-ion  3“S30  as 


I'-r 


(3-301.) 


H 


(3-302) 


and 


(3-303) 


then,  we  can  write  Equation  3-300  as 


(3-30^) 


(This  follows  the  same  line  of  reasoning  as  the  procedure  in  Paragraph  3*l*3*i-l*l-) 

We  can  satisfy  hoth  Equations  3-302  and  3-3.03  uy  assuming  that  the  traqec- 
;oryof  the  center  of  mass  is  a  circle  of  radius^  R;  and  that  the  motion  is  other¬ 
wise  steady;  and^  in  particular,  g  =  0,  These  assusiptions.  imply 


(3-303) 


(3-30e) 


iSo 


if  we  iategrate  these  eanatioas,.  we  obtaim 


^ti  =  IS. 


.*■ , 


rid  t 


iCa) 


ESartiier,  we  note  tha.t.  the  "rxgM.-6)Qcly"  angle -o.f-attaofc,,  is  given  by 


V® 

“  ^  'Ol  -  ^  C3-3®9) 

K-  R.-  R.  ■  ■ ' 


COZlSi33£^u> 

with  no  essential  loss  in  g^erality,  we  assuns 


'Ji  =  i-'c''  =  a 


(3-310} 


so  that 


(3-311) 


FIGURE  42  THE  MESStLE  £K  STEADY  CERCULAR  FLtGKT 

'  l6i  ■ 


She:  trajectoxy  of  the-  co-ilocat-ioii  points  is  given  tir 


QT 

.  *  -I “i  j|t’'  +  i 

where 

--Lx-xf  »  -I-  [rlT^HF!- 


Under  these  assnmptionsj  we  have 


-fscp  = 

=  L^lLrl'CtHFl  -  iii  !|  t  -  x') 


or 


litp  —  ■?i’p6t+  ^■  [6-L^I  [Ell  Fr 


Substitution  of  Equations  3-3i5  aad,  3-317  into  Equation  S-SUl,  we 


-  !? 


"  i-Vlo 


r  [Alt' la  - 


-'■  t;-;  .ti 
2-V> 


'x^<£*ai'  7  lAj[r]  ,tj 


(3-312) 


(3-313) 


(3-314) 


(3-315) 


(3-316) 


(3-317) 

obtain 

t-1  (3-31&) 


iSa 


or 


1^1  ~ 


[Al[&][rl'[eHP?  (3-319) 


Ih  this  expression,  for  a  given  value  of  Pco  (i.e.,  at  a  given  altitude),  the 
fli^t  curvature  and  angle  of  attack  can  he  chosen  so  that  Equations  3-302  and 
3-303  are  satisfied.  Premultiplying  hy  {^Ij- and  £  x-xj-^  we  obtain 


tl'iFf  =  -  ^Ja-Vn; 


R, 


ill  [AlLlr]  =0 


(3-320) 


•J-'-iFi-  =  -  .-T 


iteVi 


(3-321) 


rf  we  solve  these  equations  for  1/r  and  ,  we  obtain 


(3-322) 


Substitution  back  into  Equation  3-319  gives 


where 


{£  j[Al[A]Lr’r[e]4Fl 


[/■Hi, 


(3-323) 


(3-32^) 


183 


Equation  3-323  can  bs  solved  by  the  same  procedure  used  for  Equation  3-269  in 
the  case  of  level  fli^t.  Curiously  enough^  the  results  for  the  two  cases  are 
not  significantly  different.  This  bears  out  the  fact  that  the  approximation  of 
artificially  constraining  the  true  center  of  mass  of  the  missile  does  not  intro¬ 
duce  serious  error.  A^in^  for  data  corresponding  to  the  NASA  Scout,  Equation 

3-323  gives 


i&V®  =  l3AS(i  . 


(3-325) 


for  the  curved  flight  casej  whereas.  Equation  3-269,  for  the  rectilinear  flight 
case,  gave 


=  '3-  ssfc 


(3-326) 


The  curved  flight  case  was  calculated  at  an  altitude  corresponding  to: 


r®=  I  (3-327) 


There  is  sobe  danger  in  ^neralizing  the  conclusions  drawn  here  for  the  Scout 
vehicle,  since  they  are  based  solely  on  the  evidence  of  numerical  results. 

Also,  the  ciurved  flight  effects  are  relatively  easy  to  incorporate,  particularly 
when  a  modal  method  is  used  as  explained  in  the  next  paragraph. 

3.I.3.I.2.2  I.fc>dal  I-fethod 

Bie  complete  modal  equations  of  motion  can  be  obtained  by  applying 
lagrangs's  equations  to  Equations  3-2T2,  3-273^  aud  3-27^  with  the  rssxilt  that 


_  i..  -  ^  '  c  -  ^ 

“  T.  -  '  ''»-e  V 


(3-328) 


•M,  ~ 

A  fc  ^ 


;»=V 


(3-329) 


l8h 


ni  -  _ev 

(3-330) 


The  circular  fii^t  condi-fcions  are 


,  a  constant 

(3-331) 

,  a  constant 

(3-332) 

»  a  constant 

(3-333) 

which  injplies,  as  heforej 

2  _  A  =  i»  j  a  constant  (3-33^) 

'»x 


(3-335) 


(3-336) 


introducing  these  equations  into  Equations  3-32i>,  3-329j  and  3-330,  we  obtain 


-  ;  -C-IvHlb, 


(3-33T) 


(3-336) 


'-+•  *  k-  n 


(3-339) 
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IT  we’  solve  t&e  lift  and  monertt  equations  for  a  and  l/R  and  sufestittrfce 
elastic  eonationsj  we  obtain. 


As  a  znatter'  of  practical  computation^  Eignation  3-3A0>  cart  be  written  as 


M'cd,]  - 


r 


St-’- 


n' J 


where  the  C®'s  and  C^'s  are  elements  from:  the  matrices 


'f F  r+l]  =  . 

■tn-y-  I 

fb-  \ 


li-^r 

L  LVJ' 


[Al[4-.l  Lfpjl 


-x. 


•  -  <  * 
-,1 
■-t 


L  [c|,I  J 


into  the 


{3-3^0} 


C3-3tl) 


(3-3^2) 


(3-343) 
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Pynaaic  Preseure,  Itop/l; 


Ste  resiixts-  of  the  solsifeion  of  Bgaafioa  asd  comgsrlsoni  with  sototiou  of 

Hjaa'fe’ion,  3"323  are  siaowni  by  Figti're  4-3  • 
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FIGURE  43  DYNAMIC  PRESSURE  OF  DIVERGENCE  AS  A  FUNCTION 
OF  THE  NUMBER  OF  MODES  CONSIDERED  -  CIRCULAR  FLIGHT  CASE 


To  simmarize  the  results  of  Paragraph  3. 1.3.1,  the  following  table  is  given 


TABLES'. 

DYNAMIC  PRESSURE  OF  DIVERGENCE 


1 - 

(VEHICLE  COMSTEAHIED;  TO; 

VEHICLE,'  m  eiHCUIAS 

BECTILIHEAB  FLIGEE' 

FLIGHT 

Clbjr/iii2j 

Clby/ln.2) 

MODAL  MEIEHOD. 

one  elastic  mode 

;  17.322977 

L7..I28OQQ 

twO’  elastic  modes 

1  15..T4L6a3 

15.857967 

five  elastic  modes 

1  iL. 568614 

11.673300 

six  elastic  modes 

11.157779 

11.259390. 

COLLOCATION  MjSTHOD 

1  13.886316 

13.986051 
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3<'1.3*2  Dgnamiic  Stabili.'igr  vlthi.  Eoefeeii.  Cbnifcsols 


Ih  t&e  dlyEsanH-G  cs'sej.  we  are  inferesfcedl  in  soiwin'g;  t6e  eqjistrion  (see 
E®iai:iOH>.  3“23'2), 


5,  +  [tcj  y  Mb  =  {ar  (3-3'^'*) 

£■  JL  I 


We  wan*  to  prove,  first,  t&at  this  egaation  tas  a  repea.teoL  zero  root..  'Kn  dio 
tMs,  let  us  transfonai  to  a,  complete  set  of  nonisi  coordinates  ty  introducting 
t&e  square  Bodai  icstrix;. 

ip  {fL...  C3-3'^5) 


iPt  =  [((ritit  C3-3te)j 


(■Ite  notation  here  departs  sligMly  from  Fsragraphs.  3.1.1,  and  3.1.2  in  tliatf^l 
includes  the  rigici-bodSy  modes.. )  Ei  Egustion  3-3^6,  [(jil  is  an  M:  x  Ff  matrix  of 
all  the  eigenvectors  of  the  equation 


^-"[A]+[Kiy.p  =  4o^ 


If  we  substitute  Equation  3.-34fc  into  Equation  3-344  and  premultiply  by  [<^1^  we 
obtain 


i-M'j  .-e^^rcr]  '■Pi  -t-  i|  1  =  C3-34S}: 

where 


=  "i^'j  (3-3.49} 


[ipriKlQfl  =  ^Fj.  (3.-350'l 
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43-35LJ 


ffprCAltalCcji]  =  [CrT 


[v.T'[aIL<(2I  =  [CnI 

It.  can  lae  sfcowH  tlist  tJje  roo-ts  ta  Eqpsfcji.OH  3-233  ara  iHSiairiaiirtL  imdier 
f’onnatiQH.j,  so  that 


■W/iieirei,  ftoim  reatrlts,  -we  6a.ve 


''M’i 


kf  C  t=f 

’'Ij 


■■pj  =  rc  0  {oi  ~ 

\  ^  0.  i.a} 
l-'Clxop  ’ 


ii 

'ki 


J  — 


L-Cj  = 


-i^  "-rtif  i 
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C3-352I 

tfeis  tESHS- 


13-3531 


(5-3551 


(3-3561 


(3-3571 


MeffeEence  ta  E'qtiaMon's  3-11-T  will,  inllcaie  thai 


■(3-358! 


a,  fact;,  we  will  wanli  •fca  redler  to;  pEeseatly.,  Eigtiation,  3-353  tben  has  the  form. 


Ms:,  T&yJ'J  = 

s/Ly^Cc-  -e.yln 
— — —  -=* 

z  z 

z  *• 

z  z. 

(3-3591 


Inspection  will  show  that,  s  appears  as  a  common,  factor  in  thS'  first  column  of' 
this  datenninant...  If  we  factor  s/Vo,;0,ut.  of  the  determinant  andi  then  add  the' 
first  column  to  the'  second,  column  and  male  note  of  Equation  3-35^*  ohta'in 


= -X. 

i 

K.  5  M' 

1  = 

s  rf' 

^  ’ 

z 

\ 

Ts' 

~  ® 

(3-360) 

1 

i¥ia 

Inspection  now  shows  that  s  is  a  common  factor  in  the,  second  column.  Pa.ctoring 
out  S^Vqj  again,,  we  fiimtlljr  obtain 
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VL>S  /Ly^,  Cc 

Z. 

liL  td  ■ 

J,  » 

C^  . 

z.  *• 

—  "«■ 

«{c;} 

(3-361) 


Hiie:  remaining;  determlnanl  is:  slill  a.  polynomial  in.  s:,.  now  of  order  2H-2.  We 
ba'iTO;  tj&en  shown'  that,  there  is,,  in  general,,  a  repeated,  zero,  root,  toi  the  dynamic 
stahility  de’terminant..  The  remaining;  pol^omial  governs;  the  short  period  and 
elastic  roots:..  Ei  the  case  of’  the  rigid  missile,  we-  have 


i%]’' 


M-VoP 

2.  ^ 


MV»  +  ^  ■ 


•^Vcp.j  + 


0 


(3-3,6a): 


whlcii  is.  notMn^  more:  than  the  conventional  '^short-period  quadratic^" 


rWg I  , 

2M'  i  “ 


1®^  ''l  _  / 

it  '  "Tz  ' 


=  0 


(3-363) 


In  the  case  of  the  rigid  missile,  "static"  stability  (i.e.,  s  =  O)  is,  given  by 


iM 


C3-36i^), 
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Tte  second  term,  is  usually  small  and  the  criterion  for  static  stability  of  a 
rigid  body  is  taken,  as 


<.  0 


(3-365) 


For  the  case  of  an.  elastic  body,  the  natural  ^neralization  for  the  criteria  of 
static  stability  is  to  take 


rtf 


(3-366) 


as  an  equation,  governing  the  dynamic  pressure  of  marginal  static  stability. 
From  Equation  3-361,  this  is  the  condition 


1<L  ^ 

1 

=  a 

j 

'-"wk. 

(3-36T) 

Xi  *■  [“ti^ 

itie  lowest  dynamic  pressure  for  which,  this  determinant  is  zero  is,  exactly  the 
sane  as  the  dynamic  pressure  of  divergence  in  the  curved  flight  case  considered 
in  Paragraph  3.1-3-1-S-  This  is  easily  shown  by  observing  that  Equation  3-36'7 
is  the  determinant  of  the  matrix  of  coefficients  in  Eaua.tions  3-33^7,  3-338,  and 

3-339. 


Using  the  above  results,  we  may  draw  some  general  conclusions  about  the 
complete  dynamic  stability  determinant. 


t-.  'irc'ii)  =  i  [7.]  t  [k]  +r‘^®[Aj[A]|  =0 


(3-368) 


1.  His  is  a  order  polynomial  in  s  with  real  coefficients  having,  a 

repeated  zero  root  for  any  dynamic  pressure. 
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2.  The  remainder  of  the  roots  vary  with  dynaraio  pressure  in  such  a  way 
that  at  least  one  root  passes  into  the  unstahle  part  of  the  '  root- 
plane'*  at  the  dynamic  presstcre  of  circular -flight  diver^nce. 


It  could  he  provedj  althou^  it  seems  fairly  evident^  that  tlie  root  which 
passes  into  the  unstable  part  of  the  plane  is  the  "short-period  root"  for  the 
flexible  missile. 


The  results  of  solving  the  stability  determinant  for  a  parasEtric  varia¬ 
tion  of  the  dynamic  pressure  is  shown  by  Figure  kh.  These  results  were  obtained 
using  the  modal  approximation  and  solving  Equation  3-35^  (instead  of  Equation 
3-368)  expressed  in  terms  of  only  six  elastic  modes.  (This  equation  was  first 
expanded  into  a  polynomial  and  then  solved  by  appropriate  numerical  techniques.) 


FIGURE  44  LOCUS  OF  MISSILE  STABILITY  ROOTS  FOR  VARYING  DYNAMIC  PRESSURE 


The  critical  value  of  dynamic  pressure  is  indicated  better  if  the  real 
and  imaginary  parts  of  the  short  period  root  are  platted  -.-ersus  the  dynamic 
pressure  as  shown  by  Figure  4-5. 
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FIGURE  45  DAMPING  AND  FREQUENCY  OF  THE  SHORT  PERIOD  MODE 


Sis  estiEated  poial;  -^bsre  <7  =  O  in  Figure  45  should  agree  with  the  six -elastic 
EK3de  approxisetion  for  the  circular-fli ght  case.  Reference  to  ‘feble  8  gives 

=  14.26  lb  /in^  (3-369) 

while  frcga  Figure  45,  we  have 

iii-w  =  i4.4  lb  /ia^  (3-370) 

She  difference  results  frco  the  error  produced  by  expanding  the  deteminant  in 
Equation  3-353* 

The  stability  roots  nsy  be  cetermned  more  accurately  by  a  Eethod  which 
does  non  require  the  expansica  of  a  detenainant.  Also,  in  some  applications, 
the  ei^nvectors,  as  well  as  the  ei^nvalues,  are  required. 

Because  the  locked-control  ei^nvectors  can  be  used  in  the  analysis  of  a 
Ejissile  with  active  control,  we  want  to  consider,  in  the  next  paragraph,  a 
rethod  of  solving  the  ei^nv-alue  problem  associated  with  Equation  3-353 .  ¥e 
will  consider  then 

.-k'  ■  (3-371) 
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This  problem  is  similar  to  that  considered  in  Paragraph  2.2. 3* 5*  particular^ 
Eouation  3-371  should  be  compared  with  Equation  2-319*  Sis  only  essential 
difference  is  that  in  Equation  3-372-  tbe  Bstrices  are  not  all  syEacetric.  We 
have  already  shown  that  there  is  a  repeated  zero  root  to  this  problem;  it  will 
he  important  to  show  that  there  is  only  one  independent  ei^nvector  correspond¬ 
ing  to  this  zero  root. 


3.1.3. 3  Solution  of  the  Ei^nvalue  Problem  for  the  Aercelastic  System 

As  in  Paragraph  2.2.3»53  we  will  transform  Equation  3-371  to  a  set  of 
first-order  equations.  Consi&r  the  differential  eqtiations 


ji ->1  -  1  is 


(3-372) 


Let  us  introduce 


1 i 


(3-373) 


Then  we  can  write  Equation  3-372  as 


or 


where 


(3-37t) 


=  4  ^  i-J 


(3-375) 


tf  ;  ^  -xl 
'-4  L'-  i 


r-  i 
i 


(3-376) 


and 


I 


(3-377) 
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‘Eoe  Laplace  transform  of  the  homogeneous  equations  is 


(  ■s[vl-i-  [wj 


(3-378) 


Tb&  stahility  determinant^  A  =  O  >  in  Equation  3”353  can  also  he  written  as 


=  1  -S  [v]  f-  [w]  1  =  o 


(3-379) 


whicli  has  2N  roots ^  two  of  which  are  zero.  We  will  suppose  that  they  are 
arranged  in  the  following  order 


5=0,0.Jj.5,,  ...S^  (3-380) 

where  s^^  i  =  2,3* are  conrolex  roots  with  the  conjugate  denoted  qy  5he 

eigenvectors  corresponding  to  these  roots  are  defined  hy 

(^t  tvl ^  ^  Pi  (3-381) 


(3-382) 

i  =  2,3... N 

Corresponding  to  the  zero  root,  we  have 

[vvMfs-^=iol  (3-383) 

=i^r  (3-384) 


It  can  he  shown  that  LwJ  is  only  simply  degenerate-^  provided  ^  the 

divergence  dynamic  pressure.  Thus,  there  is  only  one  independent  ei^nvector 
corresponding  to  the  repea-fced  zero  root.  We  can,  however,  introduce  a  pseudo 
zero-root  eigenvector  defined  by 

^^e  Frazer,  Duncan,  and  Collar,  Elementary  ^tetrices,  Cambridge  Uhiv.  Press, 
1950j  for  a  definition  of  simple  de^neracy. 
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(3-385) 


=  if  Ig 


®ie  foUcwing  oirthogoimlity  conditions  can  be  derived  from  Equations 
3-382,  3-383,  3-384,  3-385,  and  3-386. 

if  =  0 


for  i  ~  3  i  =  2,3. ..K 
3  =  2,3... H 

=  0 


=  0 

We  shall  also  shov,  below,  that,  in  this  problem 


The  eigenvectors  of  the  original  second-order  system  are 

(  4  [M  ]  t  -i  '^»p[cx]  ^ 

“■  i.  ^  / 


(3-386) 

-381, 

(3-387) 

(3-388) 

(3-389) 

(3-390) 

(3-391) 

(3-392) 

(3-393) 

(3-394) 

(3-395) 
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([c]f  =  \o} 


(3-396) 


=  \o}  (3-397) 

Ccmparison  of  these  equations  with  Equations  3“361j  3-382^  3-383/  3-3^^> 

using  Equations  3-376  and  3-377/  will  give  the  following  relation  between  the 
eigenvectors  of  the  two  systems  of  equations. 


*^1  = 


Hi#.- 


(3-398) 


I 

i 

1  *■ 


for  i  =  2/3*  •  .If 


(3-399) 


(3-400) 
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and 


(3-hol) 


if  ve  introduce  pseudo  ei^nvectors  for  ths  original  system,  defined  by 


[Fj-  = 


(3_It02) 


-vr 


->  1  /t 


(3-403) 


then  we  can  relate  these  to  the  pseudo  ei^nvectors  defined  in  Bouations 
3-385  and  3-386. 


(3-404) 


(3-405) 


¥e  are  then  in  a  position  to  slicw  "bliS'b  S-<5«2S't#5.023.  3 “393  •  Fironi 

3“4oo,  3-^1^  and  3-376,  ve  have 


Ofiio} 


=  JeVi 


but  from  Equation  3-*t02, 


^  {--flo  =  i%\  >1  r  l:u  ){ fj, 

=  0 


because  of  Equation  3-397 ♦ 

let  us  consider  the  nonhomo^neous  equations. 


+[wl 


and  irake  the  following  transformation  of  coordinates 


Equations 


(3-4o6) 


(3-to7) 


(3-408) 


(3-409) 
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where 


{3-i^lo) 


and  then  preinultiply  the  equations  by 


tfi  -  [in  ht  h’i»- i’ltin-.t*) 

V7e  then  obtain 


'{Q}' 

{0} 


(3-411) 


(3-412) 


Prom  the  orthogonality  conditions^  we  have 


.-.•n-t  -3 


(3-413) 


"U- 


LVK, 


:>K 

.  ii  -  ■ 


(3-414) 
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and  from  Equation  3-381 


T  =  o  i3-hl5) 


i  =  2,3..,H 

Now  It  is  possible  to  choose  ,  such  that  Equation  3-386  is  satisfied  and 

at  the  sane  time  * 

if  =  o  (3-416) 


This  is  true  hecause 


(3-417) 


satisfies  Equation  3-386  for  any  value  of  fi  ,  and  n  can  he  chosen  so  that 


Then 


i-  . 


j 


(3-418) 

(3-419) 


satisfies  both  Equation  3-386  and  Equation  3-4l6.  We  note  also  that  from 
Equations  3-3T6  and  3-400 


Hf  f;  =iT'ic, 


(3-420) 


and  hence,  from  Equation  3-385 


if  = 


'  i  J '  t  'U 


'I  h 


(3-421) 


We  then  have 


(3-422) 
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(3-423) 


liET  -we  noEiES 


Eslise  -fete  eiESBsectors  so  tfiffit. 


t-;  I'.v- 


itf f^L'^ltcii  -r; 


i  =  2,3- 


tvTn.i?i  Tiise  Sotia-fcioa  3-415j  "64©® 


■  ^Xi  ] 


(3-te6) 


fe  tfea  hs.vs^  frani  Houatiora  3  432, 


(3-421) 


SOTl:sfea.tmdi;i(DrE  mtet  EtoatioH.  gives 


Efe  can  ■ga'EidLti.QHi  tiiese  e(5as,-fciLQitS;„  'ctsiag  tfce  TDafetomi  &alf'  gk£’  10^ |  andl  tEie  tog' 
ftaUE'  oiE'  ta  ©Sfeinn 


1 


C3-^£9) 


w6es:e;,j  ftom  EqEta’.-teioHs  3-39S*  3-399»  3-^Qi>  3-^03-*  3-^^  an^.  3“^Q5,  we  have 


C3“^3a] 


>  •  ,  -  i  .  .-5  '  *i  •  *1  ira  •  -i  •  1  (  -*ru  ^ 


(I3-'4^3I-1 


B5r  eacgaiKiirtg  tlie  iadiGatei.  grcKiii.c'fcS;^  we  have  the  following  identity 


*u 


(3-^32)' 


SQU 


Se  "feM s  ex^EesslGEL  we  Bawe 


Mi  / 

t=i2  ■^  ~  ■^'U 


A  (’5-£i)-£<(!lt,-£’fc]4 

I—  (a-SiXs- 

lr=z 


fa-ap 


M"  we  leii 


>1. 


tBen. 


^3 


Ccmigairliig-  this  with  ETatiatioii  3-373-?  we  mxist,  coEtriude  that 


C3-it33:l 

(L3-^3>)5 

C3-V35I' 

iZr^Zm 

■  C3-^3J} 

(3-^381 

(3-4-39): 
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(,3-y^) 


V 


I  f  ®  [F I  I 


E 


'-t''It,  C’t'oiT'i 


1-Z,  = 


!Ehe;  matrices  in.  tbe  atro'se  eqaation  are  rTT  real,  matrices,..  We  shail.  Iiawe 
occasioa  to:  nse  Eguation  ia  the  closedl-loop  stability  anaiysls  in  the 

next,  seetiojx.,  ITumerical.  nethoda  for  ettaining-  the  eigenvectors  are  given  in 
Appendix  HI  of  this  report... 


3.1-3-^  General  "Point''  Stahility  -with.  Closed  Control  Loop 

In  the'  case  where  the  control  surface  is  active^  the'  stahility  prohlem,  is 
far  more  involved  than  that  considered  in  the  previons  section..  When  the-  control 
position  is  go.verned  hy  information  gained  from  sensors  of  the  vehicle ''s  attitude, 
the  whole  question  of  stability  depends  on  the  characteristics  of  the  sensing 
elements  and  the  power  source  for  positioning  the  control  mechanism.  The  equa¬ 
tions  governing  the  airframe,  in  this  case,  are  given  hy  Equation  3-IO6, 


;{of 

i  rr 


(,3-4hl) 


where  use  has  been  made  of  Equations  3~122  through  3-12.5- 

Ihe  derivation  of  these  equations  in  Paragraph  3-1-2  was  based  on  the  use  of  an 
aerodynamic  surface  control..  Ihe  general  form  of  these  equations,  however,  is 
valid  for  most  other  important  cases..  The  particular  aspects  of  gimhaled 
engine  control  are  considered  in  Paragraph  3  -1-3  «5  • 

The-  control  moment,  is  derived  from 


= 


(3-442) 
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which:  is  the  virtual  work  of  the  forces  exerted  on  the  control  hy  the  control 
serwa-mechenisin:* 

The  replace  tranafomr  of  Eanatian  3-M4-1  is 


[1x1 


'  he 

I'l' 

Lf  J 


if  we  partition  Eqnstion  3-443  into  airframe  equations  and  the  single  control 
equation,  we  hawe 


I  Cwii  (4)j  "jR-i-  Firi  — 


C3-441} 


where 


(3-44-5), 


and  the  coefficients  are 


(3-446) 


‘  i  -Kf 


(3-447) 


i»C  — 


(3-44b) 


3.07 


’u,  r 


r  1  • 


:Lia^vaj 


-ly  ; 


(3-i^5Q). 


Here  eacBlxci-tlyjp  Eqns.txori  3.-^+^  can.  "be  ■wrxtteii  ss 


^  ‘i'  =  iof 


(3.-^5i-): 


C2-4-5C) 


rt  in^  be  nated  t&efc  Efjuatlcm  3-4-5X.  is  expressed,  in  tenns  c£  'tiie  lacfedL-conteol 
cae-fflc.xent-s  cansideced.  in  Ears@:^b.  3.I..3-3«  Is  fscrfe^p  ve  nss-sr  use  the  resEcrLii  of 
Equsiian  J-Mid  ta  write 


(3-4-53) 


wnere  uhe  L^I'  s  are  obtained  fronr  solying  the  lacked  control  ex^n^alue  problem 
as  described  in  Earagrapb.  3»l--3-3-  Ibis  fornnxlatdan  of  tte  prablem  mates  it 
feasible  to  solvre  Ecroatian  3 -*+-51  for  the  airframe  coordinatesj^ 


C3-i^5^) 


aubstxtirtins  this  into  the  control  e'guation^j,  we  obtain 


(3-'^53) 
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If  we  introduce  the  "aera-inertla  iiiipe.aaSce:"  of  the  control.^,. 


h'oj  —  N2z,(f>  “iNji 'Sjj* [i^ii 


C3-i^5b) 


then,  we  can,  write  Equation  3, -^55  sa 


M(i)  'i.'z)  =  r  ■  Ca-itSTl 


The  moTTient.  from:  the  corcbrol.  aeorra  ia  usually  gowerned  hy  a.  mechanical,  or  elec- 
■crlcal.  aigaal.  wh±ch,  dictates  a  given  control  deflection;,  say,,  6  Because  of 
the  ingendance  the  control  mechanism:  faces;,  the  sigial.  deflection;,  €  ^  is:  nevrer 
equal  to,  the  actual  control  deflection;,  7- &.  fairly  general  exgression  for  the: 
control,  moment,  developed  la  given  hy 


-  -l(s)  f  il  —  •q-(s') 


C3-it58) 


where  l(a)  and  G:(,a),  can  he -given  "enipiirical”  definitions  which  may  he  used  to 
measure  them  experimentally «  The  "power  control  impedance"  can  he  defined  hy 


(.3-Ji59) 


This  is  obtained  e:{perimentally  by  applying  an  oscillatory  load  on  the  control 
and  nKasuring  the  response  of  the  control  with  zero  signal  input  to  the  servo « 
The  'servo  no-load  impedance"  can  he  defined  hy 


—  !  — —  . 

'  r.=)=0 


C3-J^0) 


which  can  he  obtained  from  measurements  of  the  response  of  the  unloaded  surface 
to  oscillatory  signals  to  the  servo-  In  most  cases ^  the  control  mechanism  must 
be  dismantled  because  its  own  inertia  will  load  the  servo,  at  high  frequencies. 
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Iri  many  instoncea,,  tbaoretical  expreasions  for  Q{s)  and  l(s)  my  te 
obtained  from  analysis  of  the  sersro^^  A  useful,  approximation  for  prei  imins-ry 
analysis  is  the  assumption 


(3-461) 


Also:;,  the  power  control  impedance  can  usually  be  approximated  by  the  impedance 
of  an  equivalent:  spring-damper  system;  with  undented  ffequencyj.SA,,.  and  critical 
damping;  factor, 


C3-46a) 


(J  is:  the  control  hin^—line  monent  of  inertia). 

The  complete  control,  loop  is  closed  when  the  signal  no  the  3<=rvo,e  ,  is 
described  in,  terms,  of  the  vehicle's  attitude  as  seen  by  the  gyros,  and  other 
sensing  elements  like  angle -of -attack,  vanes  and  accelerometers..  The  sensing 
elements'  estimate,  of  the  missile  attitude  can  generally  be  expressed  as 


(3-463) 


For  example,  a  single  displacement  gyro  at  a  point  x  =  Xjj  on  the  missile  would 
sense  an  attitude,  6^  ,  given  by 


■-  - ) 


Using  the  interpolation  formula  (see  Equation  3-2),  this  can  be  expressed  in 
terms  of  collocation  point  displacements 


d 


i:'- ^ 


(3-46i^) 


where  $  Xd  ^  X(, 

^Expressions  for  G(s)  and  l(s)  for  an  electrically  energized  hydraulic  servo 
are  given  in  Aeroelastic  Analyses  of  I4ulti-Stage  Rocket  Systems,  AGABD 
Report  390  July,  1961,  equations  A-b5  and  A-66. 
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Stcbstiiarteing 


we  abtsin 


= 


=  {o,  H.  J.| 


e* 


S-Qte)  =  -[Tfell 


(2-465] 


(2-4661 


(2-46t1 


&lsOj.  QtrtExxus  frani  sewersl  dlsglacanieirti.  and/ or  rate  ^ras  migEru  be  filtered, 
airi  combined  to  arriro  at  an  estimste  of  the  webicle  stditnde  so  that,,  in 
^nersl.^  HCs)  in  Eguation  3-467  will  depend  upon  the  characteristics  of  ell 
of  the  sensing  elements  and  the  shaping  and  filtering  networks. 

if^^c  t)  is  the  required  progrem  of  the  vehicle's  attitnde,  then,  the  replace 
transform;  of  the  instantaneous  attitude  error  is 


This  error  is  monitored  and  used  to  command  a  control  deflection,^;,  according 
to  some  control  law  which.,  in  a  fairly  general  form,  can  he  expressed  as 


(3-466): 


where  K(s)  is  a  gain  function  witii  the  units  of  radians  of  control  deflection 
per  unit  radian  of  attitude  error.  An  example,  representative  of  a  rigid 
missile  with  a  perfect  gyro  is. 


(3.-409) 


where  is  a  constant. 
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Kgjis^fekim  3-^5^  gsil  be  used,  ta  wxits  tBis  sssHsedi  afefeitude  as 


ir'i']r  sij:  =  -  ITifi]- i'  T  J*  i\  = 


:i  r  ;■> 


C3-^q; 


T6e  f  tocfeiflei, 


is  uauslly  tennebi  tbe  "’sirfrssne  ■feEamsfear  funcfeioni.''  It,  g&tes  tbe  sensed  stti- 
tnde  Qf  t&e  mssile  in  tems  af  crontretL  dteElectien^  Bs*  'ws^r  ef  smimnEiEy,  we  base 
tbe  fodlowing  e(OTS'.ti!Dns 


C3-tT2i 

C3-4-T3,1 


The  only  fuffirtions  that,  depend  oa  she  aecoelH'stic  peEameters  af  the  missile  are 
h:(s]  and  E(,sljj,  and  these  are  hath,  independent  of  the  more  important,  paremeteira 
in:scal:<red  in.  the  design  ofT  the  controi  system.  S(sji  and  E^s|  may  he  calcrulated 
in  terms  of  polynomials  in  s  by  using  Equation  3,-^53» 


C3.-i^T5): 
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P': 


1  r, : ,  i- 


L. 

L=' 


^  ^  t  '-r, .  r 


\ 


H'  -we  eMminastie  7  asd  1"  ia  EgHaSioHs  ana  3-4-TSj,  we  fimi 


(3-4-771 


Skfe&ijiirtiMrig  tMa  iatea  EqjiauLoa  3-474  gives 


(2-478) 


or 


(2-4791 


His  stsfaility  of  fete  sysfeem.  is  governed,  uy  fete  equafeioa 


^  H  ~  ^  -  (3-480] 


Tte  tiiree  funcfexoiiSj,  E(s]jp  G(s}j,  aod.  i(s];f  assaciafeed  with,  fete  coaferol  system; 
can  usuaily  he  •written  as  rationai  funetions  of  s  (i..e..;(,  as  'tte  ratio  of  ■two 
polynomials  in  s|»  it  is  also  clear  from  Equations  3-475  and.  3.-478  that,  tte 
two.  functions;,,  E(s]  and  EC&I;^  associated,  trith;  the  aeroelastic  sys-fcem  can  he 
■wrtfcten  as  rational  functions  of  s-  it  is  'then  possible;,,  by  multiplying  and 
adding  polynomials  coefficients,  to  ejEpress  Equation  3-48Q  as  a  sin^e  polynomial 
equation  wfctich  my  he  solired  for  tte  stability  roots  of  tte  'whole  system.  The 
principal  ad'van'fea^  of  this  -technique  is  that  a  charac-teristic  polynomial  may  be 
developed  which,  has  important,  con-ferol  system  gains  appearing  explicitly  so  that, 
they  may  be  varied  -withLOUt,  having  to  reconsider  tte  whole  aeroelastic  system., 
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K  is  c&araeteristxc  of  nfi'ss-baiaacect,  aerodynamically -'balanced  coatrol. 
snEfaces  thaf 


I(■s^ 


—  o 


(3-^1.) 


so  tba.t.  SqaatlorL  3-^Oj  ini  this  case^,  reduces  the  the  equation. 


I- t  i  - 


C3-ifS2) 


This  is  far  front  the  actual  fact,  in;  the  case  of  a  gimbaled  engine,,  but  for  the 
aerodgnami  eally  contro'lled  HftSflL  Shout  launch  vehicle,  it  proves  to-  'be  a  valid 
approxiication..  fbe  control  equation 


"i  w'  ,-  J' 


(3-433.) 


in  this  case,  reduces  to- 


(3-484) 


In  subsequent  sections,  this  approict Tration  Is  referred  to  as  the  'perfect  servo 
assumption.," 

S.l.S.'S  Ctimbalei  Engine  Considerations  in  Closed  loop  Stability 


There  are  some  important  dj-namic  effects  of  gimbaled,,  thrusting  engines 
which  ha,ve  not  been  considered  in  the  pre-.-ious  sections.  The  most  important  of 
these  effects  is  the  loss  in  control  effectiveness  due  to,  engine  inertia  at  high 
control  frequencies.  The  particular  frequency  where  the  control  force  is  zero 
is  commonly  called  the  "dog-wags-tail"  frequency. 

m  the  discussion  below,  we  will  assume  the  vehicle  in  a  vacuum  with  no 
external  forces  other  than  the  TSirust,  and  the  control  force  from  the  actuator. 

Let  p^(x,t,}  be  the  continuous  displacement  of  the  missile 


FtGURE  46  SLENDER  LAUNCH  VEH[CLE  WITH 
GfW;BALED  ENGINE 


ihe  tQ.tal  kinetic  energy  of  the  system  is 


(3-^5) 


and  the  total  strain  energy  is 


If 


(3-4tc) 


where  the  axial  resultant,  is  given  by 


(3-461) 


!I!he  virtual  work  of  external  forces  is 


(3-466) 
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X 


Its  giniijsl  7  is  given,  "by  ilie  jtinm  in  i&e  slope  ai  tie  gimbal^ 


v  =  -  _ 

‘x^tc  ^ 


(3-439) 


Ee  will  st^pose  iSat;  tbe  system  can  be  approximated  by  one  -witEi  a  finite 
nuEifcer  of  degreeS"Of -freedom:  as  in  the  previous  sections. 


[Te  Cx.-tl  —  -[k£r^\p  } 


(3-430) 


Expressed  in  terns  of  the  ^neraiized  coordinates,  p£  ,  the  kinetic  energy  is 


-=  ■  r}-  ,  _  -  ►'.£  >•■£  V' i  ■-  p  ^ 


(3-491} 


where 


' 

6|  =  ,  -  Ir.f  x'l ^ 

•o' 


(3-432) 


Ehe  strain  energy  is 


(3-493) 


where 


(3-434) 
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I  =  .  *i: 


(3-1*95) 


Eqiuaiiion'  3-^9'  'becoines 


'f'=  4:4t^.-,^v5-XkT- 


c 


C3-%96) 


wtiere 


(3-497 


If  the  control  Eoneirt,  F,  ftom  tfie  servo  is  zero,  the  system  has  three 
zero-frequency  mofes.  One  is  a  translation  mode  defined  by 


*£  >:x ,  tl  =  i  “  {  fesCxl:  I  { I 


(3-49S) 


(in  the  case  the  ^neraiized  coordinates  are  coHocation  point  displacements,  we 
have 

&.  second  rigid-body  mode  is  defined  by 

f)  = -x  =  (3-499) 

&  third  zero-frequency  mode  is  given  by 


t=  x,t)  = 


X<Xc, 


■=  -  i!7>  k-  , 


(3-500) 


whieb  represents  a,  unit  deflection  oC  the  control. 
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An  iinportant  simplification,  has  resulted  in-,  previous  sections  because  the 
rigid-body  modes  were  mutually  orthogonal.  We  can  introduce  a  set  of  ortho¬ 
gonal  rigid-body  modes  by  taking 

(3-501) 


and 


{(^61-=  ->-c  {%}, 

such  that 

Jifalr  =  0 

This  gives 

[A  R<fK>i  >■ 
or 

r  =  - 


(3-502) 


(3-503) 


(3;-50if) 


(3-505) 


i?6.1r  =  - 


^  (RK  tAK'f'R:]', 


ifpj,.  +  Ifkh 


(3-506) 


An  orthogonal  control  mode  is  constructed  iC'  a  similar'  fashion..  Take 

=  ifnl-f  +  +  c^itpgl  (3-501) 


and  require 


(3-508) 

(3-509) 


fbis  gives 


+  C,  K  —  Q 

where 

m;  = 

1  =  -T'pfti'' 

We  then  have 

Ci  =  -  j  £?6ftAHfei-j 

Suhsti-tution  into  Equation  3-50T  gi^s 

=  3i^i?rr 

-  ^  [A  Ilfs  I;  tfe-f 

=  '  ij  - 


(3-510) 

(3-511) 

(3-512) 

(3-513) 

(3-51^) 

(3-515) 

(3-516) 
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■Bie  ■vrirtrasi  woirfc  of  exfemai  foEces  is 


SM=  - 


(3-511) 


■wMre 


C3-51S) 


150)  dferlve  tte  elasfeic  modjes^  "we  Jiagose  tlie  constrsiat.  y  =  O.,  From 
lBgnange*s  equations  vs  oittairt 

[rfel[rl[A.Kf}  =  Ucf}  (3.-519) 


where  (e|  is  an.  influence  nstrix  for  the  missile  with  loded  controls  and 


[rl  =  %  - 


(3-520) 


We  then  mate  the  following  transformation  of  coordinates 


(W  =  ifeJ  &  [f  S' 


(3-521) 


where  C<f’J  is  the  matrix  of  locked-control  elastic  modes.  By  this  transformation 
we  obtain 


T 


&  ylMI 


il 


{^1 

i 


(3-522) 
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u  =  tCjra 


s 

& 


-5" 


Sv;'  = 


-  [  £jr  fiS  -  i  6t^ 


H-  syr 


vfiere  the  axisi  loadl  part  of  the  strain  energy  has  heen  ineOinded  in  [nj. 
these  expressicns  we  have 


G 

1 


where 


M  = 


Q  0 
o  o 


0 


C3-523) 


C3-52!i) 


In 


(3-525) 


(3-526) 


(3-52T) 
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[U.l,= 


Q  o.  {0,}-'  ° 

■j'of  [(pTCNl^fl  j 

0  z^r:if-‘-.rA  j 


I  0 

'  .sgV  ['pJtHT-^Vr  [fl'C^K^T 
[  0 


(3-528) 


Kov, 


^6-i  (*■■*■  *■  F  C'^  It  ■?&■) 

^  \  '  x-x)  >  (5f  j-ix 

=  '.‘‘m.xIIx  -  rx-L.l\‘'T(xiix  -  F  (’•gc-islx 

\  0  "‘J 

=  0  (3-529) 
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Frcm  lagran^'s  equations  we  obtain 


Mr&S  {Uryi?I  -  U.J  }- 


I©  +  tUga^}  I'Jfl"  ~  >Js-?  'i  ~ 


(3-530) 

(3-531) 


-rV I  ^  ^  i a^fil  ©  -  (3-532) 


;  J5  ^  e  ^  uj,3, 3^  = 


(3-533) 


Eliminating  from,  the  control  equation  by  use  of  Equation  3-532,  we  obtain 


«■ 


f 

"f'bjHUjgi-)*  ^ 


(3-53t) 


The  "dog-wags -tail"  frequency  is  determined  from 


(3-535) 


At  this  frequency  the  shear  force  across  the  glmbal.  point  approaches  2ero,  and 
the  effective  control  moment  is  reduced.. 
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Tr;  cosCiSidlBg  tissa  ccssnsn'Es  023.  gimbsleS.  engine  eifeefcSj  ve  note  tJiat  iiie 
equations  of  motion  can  te  used  to  oibtain  the  response  to  “hard-oveir"  engine. 
la  this  case^  we  assume  that  the  signai  to  the  servo  is  a  step  input  to  command 
a  constant  giEfcal  angle,  7 


e-7' 


I _ 

fc-a 


FIGURE  47  TIME  HISTORY  OF  SIGNAL  TO  SERVO 


The  actuator  moment  is  then  given  by 


P  = 


J4re-?) 

-  Jtci.j'  vTwLS' 


(3-536) 


The  equations  of  motion  are 


b<il 


■i[Fi-[u]-rqo 

V  c 


I?  j 


1  ^ 

H>n 


in 


(3-53T) 


which  can  be  solved  by  the  routine  discussed  in  the  second  pairt  of  Appendix  VI. 
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JB  tlie  case  -Siiat;  •fete  tferast  iorces  caa  116  ignored  ia  coEEnarisoa  vith  ihs 
iserala  forces,  the  abo^  eouatioas  reduce  to  tbs  foiicr,*iag  sispls  fomss 


X  ^  —  0 


-iil  ^  =  -[aj 

■J  V  f  -  ^  -  I  51-  =  t4 


(3-538) 

(3-539) 

(3-5^) 

(3-5*^l) 


3.1*3-8  Soipe  Geaerad  Coasideratioas  of  the  lafluence  of  Fuel  SLosb  oa  iiie 
lateral  Motions  of  a  Sleader  launch  Vehicle 


We  will  only  consider  a  T.'ehicle  having  a  single,  iHasegrentedtank:  as 
shown  by  Figure  48. 


r 


FIGURE  4S  LIQUID  FUEL  TAHK  AHD  LAUKCH  VEHICLE 
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Ihe  displaeeiEent  norznal  to  the  tank  walls  is  given  by 


(3-5te) 


whereat  is  a  unit  vector  norzcal  to  the  wall. 

The  virtual  work  of  the  wall  forces  is  given  by 

Sw  =  ^  dS  (3-5^3) 


For  an  inviscid  fluid 

E=-pl  C3-5W) 


where  p  is  the  fluid  pressure. 

For  the  launch  vehicle  with  fuel  tank  we  have 

r=  ^^u)(|feYd!c  (3-545) 


u  = 


I 


(3-546) 


Ihe  influence  of  the  fuel  and  its  inertia  is  described  in  the  virtual  work 
of  the  wall  pressure  (Equation  3-543). 


b  iciiic 

I 


(3-54T) 


If  i  =  1,2. ..If  are  a  set  of  ^neralized  coordinates  for  the  launch  vehicle, 
then  the  transf onaation 


tC 


(3-5^8) 


226 


gives 


(3-5*^9) 

(3-550) 

(3-551) 

where 

[A]  =  ^  i k^hhaJ-  U  (3-552) 

>]  =  ^  Eix.  1  (3-553) 


0  =  i  ^f)}'rKKf>/ 


(3-55if) 


Since  the  pressiare  will  depend  on  the  isotion  of  the  walls^  the  fuel  nsotion  is 
coupled  in  a  coaplicated  way  with  the  launch  vehicle  motion. 

3*1*3"6.1  Dynazaics  of  the  2-£?tion  of  the  Fuel 

K  we  let  [p(x,yjZ,t)  oe  the  displacement  of  the  x-y-z  particle  of  fluids 
then  we  have  the  problem  of  determining  the  displaceieents  of  the  fluid  in  terms 
of  the  displacements  of  the  walls  of  tte  tank. 
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FIGURE  49  DISPLACEMENTS  OF  SLOSHING  FUEL 


Sts  equa-tions  gpvenmig  ths  laotion  are  (see 


Paragraph  2. 1.1. 2, 


Equation  2-3l) 


(3-555) 


jlh  tha  present  case 


-  c 


(3-556) 


and  thus 


(3-557) 
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If  if  is  asstEBEd  thaf  the  displaceirents  are  srraHj  the  Sulerian  coordinates 


i  sr  <  r  |>j,  » 

(3-558) 


are.  spproxisEatel^  equal  to  the  lagrasgiaa  coordinates;  and^  moreover 


ao 

dx 


ao3|  ^  isn&S-  ^  ^  ^ 

as  2x  '  aij  &x  "  aj-  Sx 


3x  '  "  &x'  ‘  ar  sT 


aj 


(3-559) 


when  the  displacement  gradients  are  small. 
If  the  fluid  is  inviscid,  then 


(3-5^6) 

-  f.  JL  (p  is  the  fluid  pressure) 

for  tte  Bulerian  representation.  ‘The  only  body  forces  are  those  of  gravity 
which  are  assused  to  act  parallel  to  tte  x-a:iis. 


1;'=  - 


(3-561) 


and  Equation  3-557  becomes 


(3-562) 


jif  the  fluid  is  assured  incoEatressible^  the  Jacobian  of  tfae  deforration  nnist 
be  constant - 


_  "Ei  is:  ir 
-  =  57’  55  '  51 

it  * 


(3-563) 
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for  sjnall  displaceireirts 


<7=  X'^ 

=  r  V*  |> 


4- 


JK- 


If  the  Jacobian  is  constantj  then 


V-|>=  O 


If  the  fluid  has  uniform  density  in  the  undefomed  state  ^  the  density 
stant  in  space  and  time  and  the  body  forces  have  a  potential. 


3^— 

such  that 

Tv- 


Equation  3-562  then  becoroes 


p| 


Finally,  if  the  deforrstion  is  assuzred.  to  be  irrotational. 


then  there  exists  a  displacement  potential,  6  ,  such  that 


From  Equation  3-56$  we  conclude  that  6  satisfies  laplace's  equateon. 


(3-5ft) 


(3-565) 

is  COH- 

(3-566) 


(3-567) 


(3-568) 


(3-569) 


(3-570) 


(3-571) 
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axA,  furtberj  Equation  3-568  'beccmes 


V  f  (3-572) 

or 

(3-573) 

‘Ebs  ‘bounfiary  condition  is  that  the  normal  ccoiponent  of  the  displacement  is 
specified  on  the  'boundary. 

Since  the  walls  and  free  surface  constitute  a  closed  voIueeCj,  we  can  intro¬ 
duce  a  set  of  curvilinear  coordinatesC/z,  n,  Ar)sucb  that  ^(Xjy,  z)  =  0  describes 
the  undefomed  surface  of  this  voluEe .  ■  ihe  transf omstion  from  the  cartesian 
coordinates  (x^yjz)  is 


V' 

'-r  -i  c It.  H.  \  ! 

c  ”  5*  *1"  K,  T» 


A  point  of  the  surface  is  described  by  //  and  K  in  the  sense  that 


*•=«  *,*•,£) 


(3-57*^) 


(3-575) 


are  tie  paranetric  equations  of  the  surface  bounding  the  vx>lunE  of  fluid. 
If  St  is  a  normal  to  this  surfa-ce,  then 


(3-576) 


is  the  nornal  coimonent  of  tie  displacement  at  the  boundary. 

At  those  points  of  the  boundary  constituting  the  tank  waliSj  Pj,  is  assumed 
to  be  known  in  terms  of  ^neraiizsd  coordinates  describing  'the  configuration  of 
the  rest  of  the  launch  vehicle. 

At  those  points  of  lie  boundary  which  constitute  the  free  surfa.eej 
is  not  known;  but  on  these  boundaries  the  pressure  is  zero  and,  consequently, 
from  Equation  3-573 


tr  -a 


on  the  free  surface 


(3-5TJ) 
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"but 


(3-578) 


If  1?'  is  defined  so  that  0  at  the  free  surface,  then 


~  tj.  (  ^  (3-579) 

where  x  =  is  the  eqjoation  of  the  particles  on  the  free  stvrface.  Since 

(3-580) 

on  the  free  surface,  we  have 

(3-581) 


Bius,  if  we  write. 


jb-n-’ss-n  -  Jl  (3-582) 

dY 

we  have 

fy'fc  K.tl  on  the  walls 

~  <  (3-583) 

'  i  ^ 

1  v-i  on  the  free  surface 

T 

How,  the  ^neral  solution  to  laplace’s  equation  which  is  defined  on  the  interior 
of  a  closed  voltcce  and  has  its  nonsal  derivative  specified  on  the  houn'iary  ds 


3  =  §  <J^|x.ic.y;  rx)  (3-584) 

Ibis  is  the  IfeuEann  prohlem  for  the  closed  region  hounded  by  the  walls  and  the 
■  free  surface^.  G  is  the  Green' s  function  of  the  second  tind» 

Use  of  Equation  3-583  yields 

S  ^  ICft.K.fiTrc'l  {7y/''r,r,fc'5  dirdX 

*  j  i  lr;V..'*,fVrTr)jfiXT,3,t'i±dc  (3-585) 

IS) 

~^e  Kellogg,  0.  D.,  Foundations  of  Potential  Iheory,  Doiver,  1953j  P*  246. 
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¥e  then  have  the  foUcwing  integral  equation  for  Q 


>  T.  (3-586) 

-J  i  f(r,r.o,tS  irfn 

111  ♦ 

=  j  h-iz 

>1  ■ 


At  points  of  the  interior,  the  pressure  is  given  by 


P  = 


(3-5B7) 


3.1.3*6.2  Solution  of  the  Integral  Equation 


Consider  the  homo^neous  equation 


7  £4  /< 


—  fr.t.c.  fc)  ^Tir 
7t' 


(3-588) 


and  let 


k 


V.  — > 


(3-589) 


and  assxine  a  separated  solution 


t>  =  VUi./.J  ^'fc] 


(3-590) 


Then 


,  ti  J,'t/  -  r-v/u.ir  r;;:)  i/rntJ-^riC  0' 
'  .  '  {/ 


(3-591) 


which  requires 


a  con^^tant  I  ^ay, 


(3-592) 
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tiien.  iia.ve  tiia  f ollowiasg;  SrutegraJ.  egiaafeLOii.  for 


Oi) 


(3-593) 


From  general.  BroBerf-fes:  of  tBe  Green>‘s  ©anctioEc.,,  we  Bare  tiie  foOHowiiiig  saanEStry 
condlit-iori!  for  tne  kernel  fnnc-fcioni,,  K,. 

TCCpiLiCvCFrl  =  :KC=7x:rf^,  tel!  (3-59^) 


Equation  3“ 593  kss-  a  sequence  of  solutions 

t  =  Kf' i.  =  1,2.. .. .. 


(3-595) 


From  tl3e  symmetry  conUtion  of  KT,  one  can  <ierlve  tke  f  d-HLowing  orfekogonelity 
conditions  for'  tke  solutions 


(3-596) 


■-5  i  =  J 


&.  normalizing  condiltion  can  te  in®osedl  ty  consMering  t&e  kinetic  energy  of  tke 

fluidj^. 


for  the  homogeneous  solution 


55: 


■|  I 

L  ^  fir- 


on.  the  walls 


on  tlje  surface 


(3-59S) 


(3-599) 


^&e  Iamb,  S«,  EEyirodiyiasmicsr  Barer,  lOi^j 


,  r  -  ^6,  Equation  C^-J  . 


SGS  •feiisfe 


^  ^  Q 

i  ji  ^ 


■SitoEE, 


S’  —  'f-  4 
‘  i 


-ifl  ^ 


We  ttesi  c&oese  t&e  Honns'Ilzing  ©DHStiorL  ta  fe 


:  (j:l 

■i-iT 


Qir 


Rtnce 


we  bs.''iK 


g  tj/ ?  dMi'>Q  =  -  ^ 


^  K  iriw  -  •■'■u  f£ 

CXi 


S  tz.%^  fiLT±zduA>^. 


Cfj  yJ 


i  'k 


= 


Ttt.  summery 


Cl'  I  _i.\i  .  , 


I 'Ktr 

L-l 


C3-6QG1 

C3-&QX] 

Cs-fiaal 

C3-^iQ5l 

C3-6Gi^^I 

C3-fciQ5l 

C3-bO(3), 

(3-fcQT); 

(3-t08) 
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EetTOEnding  ta.  -^hs  nonhamogeneotis:  eqraaMonijr  we  Iiawe 


Gt(^vKi,&  ft)  1-^,  M.pv.cv.ar^\|^G!TE,0,iO’t<!a^^ 


tsS 


(w) 


Wfe  Will,  try  te  filnd  a  sslmifeioa  im  tte  form. 


6  K-,fl,-ti>  =  £2  1i 

u 

~  S  ‘^■^({''’'>'’^■^1 1%  toriT.fctofc 


IK) 


Swlatlttitiiig  tMa  Inte  E^afetoa  Z-&Sji  we  oltairii 


(a)  E 


(si  iV.) 


tat, 


%  3^.^  5 


(s) 


SCT  ttat 


I ti  -T^*| = 

i  (’//) 


Oil  imaltiBiyins  Tsy  and,  integEating-  over  (s),,.  we  obtain 


C  ^  5^) 

.-  ®  I*  I 

^K||^iriEst|<c/K 


(V*) 
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(3.-609): 


(;3.-6ia), 


(3-611). 


(3-612) 


(3-613) 


(3,-6lti-) 


(3-615) 


ITsiiig:  thH  oiTuhogonali-ty  condiljlQnsjf  we  Qb-taiu 


=-e 

is3  (t) 


(a-6ie) 


liiibeEGhHngin'g  iibe:  OEder  o£  IntegiaMoii  on  t±ie  we  aMalii 


'i)  ■w'l 

M  dU 


(3-61.T) 


Using:  this  resulir.  in,  EquafeLon  3-6l£.,_  we  finally  ohtain: 


kli  =^'H  S 

[Yt) 


(3-618) 


Egw  the  pressijre  on  the.  walls,  ia,.  from  Equation  3-58T, 


(3-619) 


in  which  we  negLect  the.  contribution  of  p^;  to  the  total  force  on  the  walls,,  so 
that 


tj  -  +  e^Cx-x.') 


(3-620) 


EoWj  from  Equation  3.-610,. 


M 


(3-621) 
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■faui  from  Equatioii  3-61.4-,. 


sa  thst: 


(w) 


TEie:  -wall.  pressm:e  is  thexL 


=  3  II  t- 

V  '■ 


3*i-3«6-3  Coupling:  of  Slashing  E^eX  ^th:  EgurLC±L  Vehicle  Ifotlog 

Tji  order  ta  express  these  results  in  tenns  of  the  launch  vehicle 
coordinates,,  we  use  Equations  3-5*+2  an(i3~5W 

and,  write  Equation  as 


tw) 


and.  Equation  3”5^T  tecomes 


5iV 

(yi) 


U  ifitK. 


r'  'T  r 


IW) 


'W) 


Wr  'l-Vs)  it,  Ic 


23fi 


(3-fa2a) 


(3-623) 


C3-62i^) 


gmeralized 

(3-fca5) 


C3-.62h} 


(3-627) 


EC  tbei  tank  has  axiaL  syTmK.tryy  idle  net.  hydroatairic  force  ir  the  lateraL 
direction,  is  zero.. 


5  it-is:')  %  =  ia} 

(K) 


(.3-62.8:1 


The  gmeralized.  forces  defined-  ia  Eqpetton.  3.-55^  then 


f  {h-jHlIit  ctpd  t 


(wl 


(,3-629); 


EC  we  uxtcodnce 


[’ll  .ifictte, 


(>3-630) 


then  we  have 


(.3-631.) 


and.  lagzan^'s  equatians  for  expreasiona  (Equations  3-5^9^.  3-550'^  and.  3~55i-) 
eCve 


>>>i  t-fK  Kfit  =  1 


(3-632) 


These  nsy  he  rearran^i  by  adhshitating  Equation,  3-63E  into  Equa.tion  3-632« 


\  La  I  \x  T\.  iLy  J'  )  -TW  ^  [fc  Dt  f 


(3-633): 


f  L^Kar 


'  }■  “  -  ft  '■■•-1'!  J'{cj 


(3-63^^) 
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oaiese  equations,  ean  be'  esamewhat.  sia^lified  if  we  introduce  the,  transformation. 


^3-63,5), 

where  the  1  =  1^,2.....])?;  are  the  "sloshing  coordinates:.,"  Equations  3-633,  and 
3-63^  become 


f[A']+[Aj+-fAs])-{p}-  +■  [tcEtJ  =-[AyH-s]-  (3-636) 


[AsKsh  -^CKsIiSi-  =  -[Ks.}?pJ-' 


C3-63T) 


where 

=  the  rigid  fuel  mass,  matrix  (3,-638) 

=  the  sloshing  fuei  mass  matrix(3-639) 

=  the'  sloshing  fuel  stiffness,  (3-6hO) 
nBtrix 

Equations  3-63,6  and  3-63,7  are  the  basis  for  a.  mechanical  analogy  in  which  the, 
motion  of  the  fuel  is  represented  by  the  motion  of  an  equivalent,  set  of  masses 
and  springs. 

3.1.3-T  Elutter  and  Divergence:  of  launch,  Vehicle  lifting  Surfaces 


larI  =  LirM[^]' 

[A5i= 

[Ksl  = 


3 •1.3. 7.1  A  General  tfethod  of  Flutter  and  Divergence  Analysis 

in,  considering  the  aeroelastic  stability  of  stabilizing,  fins  or  other 
launch  vehicle  lifting  surfaces.,  the  generalized  coordinates  chosen  to  de,scribe 
the  system,  may  include  coordinates  defining  the  motion  of  the  launch  vehicle 
itself  although  constraint  of  this  motion  usually  has  very  little  effect  on 
the  flutter  speed.  In  any  casejf  the  equations  are  of  the  same,  form  and  are 
derived  from  ragrange,'s  equations. 


i'  h  _ 


where^  for  small  motions,,. 


(3-6iH) 


2kO 


T  =  kinetic  energy  = 

XI  =  potential,  energy  =  £  •tPr  -.Klij::?- 
R  =  Rayleigh  dissipation,  function  =-  ;  .[pp  [g].! 

=!.  generalized  external  forces 
{pP  =  mtrix  of  displacements 
[ft]  =  inertial  coefficient  matrix 
[ic]'  =  stiffness  coefficient  matrix 
[b1  =  viscous  damping  coefficient  matrix 

35js  damping  may  he  assumed  to  have  the  same  distrihution  as  the  structural 
stiffness,  so  that  the  damping  coefficient  matrix  is  proportional  to  the  stiff¬ 
ness  matrix  (see.  also  Paragraph  2. 2-3.5) • 

(51  =>[•^-1  (3-642) 

The  vibration  modes  of  the  surface  may  be  derived  and  used  as  a  trans¬ 
formation  to  reduce  the  nxmober  of  degrees-of-freedomf 

=  (3-643) 


■where  -{q}-  is  the  column  of  "modal"  generalized  coordinates . 

Lagrange's  equations  in  ■terms  of  modal  generalized  coordina-tes  are: 


d  ''  iZ  '  _  'iZ  'id  4- 

A-  =><^1 


(3-644) 


Then: 


where 


.-Lp}[AKj7P 

(3-645) 

^IpP'KFpj- 

(3-646) 

;  tp}  (BF'p? 

(3-64T) 

(3-648) 

['"1  =  ‘.-1  >  r-fi 


24i 


(3-649) 

(3-650) 


ill-  =  [fl'iPi 


C3-652) 


SahEtifeuifedLoii,  of  tfcese  re2s,iitons  m&a  iBgiran^'s  eoTasiciaiss  giwes 

+-  [fH  (3-653) 

Smee  ijiie  solnrfeionL  to  Etoation.  3-653  is  extremsl^f  eomglex:  T!!i.t6i  -Q.  a 
fanotioo.  of  tinEj  in  t&e  Ootter  eapatfons  it  is  corsfeEfent  to  eaXetiLLste  foEces 
as  a.  functiOE  of  tfie  frequeEcy,  ap .  'TTH-f  s  cse  te  done  tisitig  FotEEier  transforms 
as  stowat^ow., 


IHie  Foorier'  transform  is  (Jefinei  ty 

r®  -  iuit 

yi  I  do,  (3-654) 

Haw,,  tba  Yirtuai  work  of  aerodynamic  forces  can.  te  expressedl  asr 

sw,  =  -  (3-655) 

vfcere: 

u  =  Fourier  transform  variable  (circular  frequency) 

(o  =r  air  density 
■Vffl  =  airspeed. 

Hn  =  Maclt  number 

LcC'-^,,Mer)I  =  matrix  of  ^neralized  airforces 
The  generalized  farces  associated  witli  the  q^  are 

—  tujt 

and  the  Fourier  transform  of  these  forces  is 

1  “  ~  i  '  *\a’'  *^4' 

Equation  3-655  can  be  taken  as  an  expression  defining  the  aerodynamic  matrix, 
CCI-  If  quasi-steady  airforces  are  used,  then 

s «  =  -  i(JicVQ  .-  L'l  niF,  (3-h56) 

*  ^  '*03  ** 


(3-656) 


C3-fe5T) 
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sh€.j,  for  tM-s  case,,  t&e  comHJeaE;  aearodsESiEilffl;  matris:  is 


b-( %.  =  COfl  ^  [c^l  C3-fe59l 

Sferitsfeffefe.ioiE  of  EegiaiSims  3r^5^  a®^  3-^5^'  iiife  EtoiaMoEi  3~^53  gf^s 


'*’  ip  T  ~  T  litlttL 

.iicu 


roe 
■  J 


-r 


'iW 


,-02 


'  Z.  '  r-  ,  L  ** 

^-31  “ 


GXT 


IlJfc  ^»• 


-  P  •  «  ^ ! 

j.  ■ 


1'4.  = 


wM-eSi  iB^lies 


-  *{■  - 


C3-€i52) 


Fqw^ 


csmsltiar 


By  tisins  Eojiatioris  siui  3-*351-j»  wa  bsvre 


B-toto3]l 


Then^  sibstitutinS;,  we  have 


^  ^  'r:  =  ^  --  'r* 

’  ^*-  -  ■*  'X*-  M*'  '  ■■ 

Bawritxng  Eteuatioa  3-^62^  and  saBstitatiHg  Er(3iaa.t:i.C3a  3-<36^a  Bsie: 


{3.~bh^l 


(3-666) 

(3-661) 


EEQmulfeiplS'Sug  l3!y~ 


[el  = 


amfl.  iBifrFodtetcSMt 


■ffie  cttotaiES, 


II -If-  ^^J0!(S> 
oa.'^ 


■wlDSEe 


(I  A. "  Ij,  -  [is 


=  -|ol 


[M i  ii’tfe,  fm))I  —  [GrlfliMl  - 


'■  Vm'' 


'¥!hgi  sxDiliEfeiiDa  to  BsssMjdei  3-66S  ySeMs  t&e  f'olliDwiag: 


t 1-  = 


oar 


(3-668) 


(3-6^) 


(3-610) 


£.'■>->  =  [  \ '"ii  -  [Ml  |:  =  o  (3-611) 

Bnir  otBieir  tiissi  tHsp'  tarisosl  soSinfeioa  J-  =^01^  tEie  <2sterE!!i2isii|.  inntst  tie 
eojusl  to  zero.  csm  6e  ea^eaiifeS.  far  esiz&i  ualiie  o£  ^/j'^aa  arfisr 

golpisDniisl  Ik  A  wltii.  oorngiileK  ccefifi'zients.  Several  Eetiissas  of  eagensioK  are 
svailatile;  Soar  eicsmgilsj  BamieleRfskl's  Eetfeoi..  Ttie  roots  cjf  ttte  golynorn"t al  j 
AfAJcx  are  d&fe±neci  ly  Fewtaai’s  Eet&oo.^,  i&e  lasmgingj,^  ,  fre^eK:gr,  , 
ani  sgeeij  are  tfeer  ralzMlatei  from  tfce^  roots  ay  tfee  followiEEg  relationships 

Erom  Eigciatl'aa  3-66l,  we  have 


A  =  \e  = 


ILUi^ 


(3-612) 

(3-613) 


rrea-  ra.ir.ei 


■[Sie  flutter  equations  can  oe  rs'lcei  to  the  fcm  rf  "ovk".  i  .■. 

'  ices  ti'Dt  eicisa  so  that  tli?  nethoi  is  also  a—  .-ia-e  f 

_^'stsnrs- 

-j?;  retiiodi  ecr'isc/i^-'  lirert  solution  of  th-c  eiietvslue  •■r:''Ien.  lias  Latel;'  le-cK 
used  with  sorreess  on  s;'sten3  .■e-qKl.’ir.p  a.  larje  nicirer  iif  redes  far  ti'.ei  •  its- 
cri'dioK.  See  '■T.  1.  Hodien.  e^r  al.  Flcctter  and  Tioratio.i  ;hKl^~sis  oy  a  Ticdal 
Sfe-thod.;  Irv33h.~tigal  Bevg-Iotieat  and  Oxirutational  ~r;cedure .  lircsr-aoe 
tlon.  KeTiQi-t  Fa.  IK-L.’ .  3L  Jul;r  L9'.3. 


(3-67k) 


So'  that  : 


(3-675) 


n  ^ 


(3-676) 


The.  airspeed  is  then  calculated  from  the  value  of  tJ/^which.  has  been 


selected: 


u; 


I  rr 
I'-^y 
'  Vm’ 


(.3-6TI) 


Hie  flutter  solution  is  obtained  when  the  value  of  0  calcinated  from 
Equation.  3-657  agrees  witht  experimental  or  theoretical  estimates  of 
This,  is  the  airspeed  at  whicht  neutral  stabilitjr  exists.  True  flutter  speed 
occurs  where  the  airspeed  calculated  in  Equation  3-677  coincides  with  the 
assumed  Mach  number. 

To  determine  the  asroelastie  divergence  speed,  that  is,  where  neutral 
stability  exists  as  the  frequency  approaches  zero,  refer  to  Equation  3“66l,  and 
rewrite  with  0=0-. 


iuu  (3-678) 

Let; 

(3-679) 


This  hecomes  a  simple  relationship  of  real  equations  dependent  upon  the 
dynamic  pressure  and  the  internal  restoring  forces.  If  we  assims  a  solution 
other  than  the.  trivial  solution  wl]- =7  OJl  the  following  determi^nt  can 
be  expanded  as  an  order  polynomial  with  real  coefficients  in  for  each 

value  of  Ifech  number  .  ^ 


(3-680) 


I- 1 

From  this  relationship  the  solution  xor  -zijx.®  can  be  easily  obtained.  It 
should  be  pointed  out.  that  this  is  a  special  case-  in  the  fli’tter  equations  whereby 
selection  of  the  parameter  (c^/yj  =  0  (frequency  equal  to  zero)  will  also  yield 
the  aeroeiastic  divergence  speed. 


To  correlate  the  modal,  solutions  with  test  data,  for  checking  flutter  analyses, 
consider  the  following.  The  equations  of  motion,  including  viscous  damping,  can 
be  written  in  the  following  form  (see  Equation  2-a96): 
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wiiere: 


IS" 


'*y<u 


C3-€81.) 


Jilt*  ■“  « 


^Tt,  =E  t&e  noanssl  oaoE^iiaate  Soir  iifei  mcsis  of  ■adi.featiOE 
'3«.  =  ^Heralizsii.  foEOes  ia  tlje  inodte  of  viBrstaom 
StCEE  BgjjaMoH  3-^t53 

=  tG!.!-  C3-®e} 


By  comparisoa  of  Eigpiafions  3-®!-  sai  3“®2;,  ae  incist.  Bs,-v?e 


[tM*!  -  ''ij. 

(3-663) 

!_T^1  =  '  <— JVUliuJ 

(3-634) 

r.  ^ 

i  =  1 

(3-635) 

But,  from  Eguaticin  3-663, 

reT=  ii<=l 

(3-636) 

Hence: 

-•  j-M:  JiTU  ”  t 

(3-637) 

or 

i  =  i> 

•  a: 

(3-683) 

This  iiapixss  t&st.  uhere  is  a  differenii  perceaxt  of  critical,  dampiiig  preseat 
ia  each  inode  which  varies  with  the  natural.  fteajien<^  and  mods  axnnfeer.  For  struc¬ 
tures  where  the  damping  distrihutioa  is  propartional  to  the  stiffhess  distribu.- 
tiort,  the  critical  damping  factor,  .".u  ,  is  faigier  in  the  hi^ier  freqnenqy  moiies, 
that  is: 


(3-6591 


An  example  of  determining  ^  escperimentally  is  shown  hy  Figure  50.  The 
data  have  been  obtained  frcnt  a  restrained  surface  ground  vribretlon  test..  These 
data  are  listed  in  5sble  9  snd  pictured  in  Figure  50- 

Fxgure  5d.  shows  the  graphical  representation  of  the  solntion  of  the  flutter 
determinant . 
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.^SEGu^'t  ifstTTrLCS  ERjSrggg' 


eassiL-sfes^  aesEOf^fEenELG;  fbEcea  are  ssaumsij,  t&e  egoKfexQns  of 
gEewxGm’s  secsfciLQni  ([Bkpaitaiiiini  3-^53);  ges.  Tte  wsrfLtcGen:,  es 


■Wi-ife 


(  see  EfeasfeEoni  3-65^1 


Bii  t&e  Eseserdi.  esse  we  wdL^I.  norit  sssnme  siiy  Eelsnixort  le'trKEeE  -aE  i 
snffi  gtaggrress  msitzriix  (isac^ii  es  EtaefcSiDrt  3'-<atej, 


T^-RS  fmuEGHXCKae 


IEjetl  dEie  sScCTs  eoussisss  esm  te  TOsjUlteiL  ss 


”  i«vai  -—  I'-cr'ti:''  — 

U  .fn  '- 


-  i  'r  -  •*  -“f-  r  =  -  ;  r 


'E&ese  e'eosfetanE  insj-  te  EewEi-trtecE.  as  a  singrls  netnris:  e'enstiGai 


•Sfrece 


=  ;  --'My  _-eI 


M  ;  E  ,  ~  Xi:u> 


zka 


t£ie 

C3-%ai 

(3-69iL). 

[smnir!^ 

C3-652); 

(.3-693). 

(3-6s'^) 

(3-655) 

(3-696) 


H  -w.e  take,  the  Is^lace  transform,  of  these  equations.,,  we  obtain 


(sTlj  -  [Nl] 


■fm}- 


10.J- 


(3-697) 


iJhe  stability  of  the  system  is  descrribeii  by  the:  char.aeteristi,c,  equation 


A(s.'i=  -Ml  =  0 


(3-698) 


llnlike  the  polynomial  in.  Equation  3-671,  the  above  polynomial,  has.  real. 
eoefif.ieienita  and  thus,  the'  roots  of  this,  polynomial,  oceur  in  Gonju^te.  pairs... 

Ihe  mstrix,;  is:  a  funation  of  airspeed.  Voa  l^feieh  number,,  tfo.,-  and  air 

density,,  gcc  ~  For'  the  trajectory  of  a.  launch  vehicle,  these  paraneters  can  be' 
related  to:  flight,  time...  For-  a  given  trajectory  then,,  the:  matrix,.  [fI,.  can  be: 
related  to:  a.  single  variable.-  Thus.,  the  roots  to  Equation  3,~69'8-  can  be  regarded 
as  changing'  continaously  -with  a  paranetric  variation  of  flight,  time  along;  the 
hoost  ■fcrsj;ectory~ 

3f  w.e  let.  0“  and  OJ  be  the  real,  and  imaginary  parts:  of  the  root,  to 
Equation  3-698,?  then 

■^i=  (3-699) 


which,  may  be  plotted  as:  a.  point  in  'fche,  ( cr,u)  plane 

Flutter  or  divergence  is  indica'fced  when  one  of  the  roots:  passes  into:  the 
unstable  part  of  the  root,  plane  (<r>Q)«  Figure  52  is  a.  -typical,  plot., 


FIGURE  52  LOCUS  OF  THE  FLUTTER  ROOTS:  FOR  A 

PARAMETRIC  VARIATION  OF  FLIGHT  TIME 
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Tbe  stability  of  the  system  is  more  evioent  from,  a  plot  of  the  reai  part 
of  the  roo.t  as  shown,  in  Figure  53, 


FIGURE  53  DAMPING  VERSUS  FLIGHT  TIME 


3  •  1.- ^  Response  of  the  Missile  to  Continuous  Eandom.  'EurbuJence 


If  it  is  assumed  that  the  control  system  does  not  respond  to  the  frequencies 
of  turbulence  in  the  atmosphere,  the  loads  due  to  atmospheric  turbulence  may  be 
obtained  by  assuming  the  control  locked  in  the  7=0  position.  The  appropriate 
equations  may  be  ob'tained  from  Equations  3-2.T,  3-28,,  and  3-S9  by  setting  7=0, 


(3-TQO) 

(3~T01) 

(3-702) 

In,  addition,  we  have  the  virtual  work  done  by  the  gust  forces 

(3-703) 

ilAc»tc 

(3-70i^) 
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WDEie  is  the  dasraws-sh.  of  the  turtiuleirt  stmaaphere  at  a,  paint.^  on  the 

missile..  Assuming  that  the  velocity  of  atmospheric  particles  is  stationary  in 
space^f.  have 


(3-7Q5) 

where  1(  A,  )  ia  a  function  giving  the  diatrihution  of  gnat  veloalties  as  a 
function  of  the  distance;,,  A^-  along  a  fixed,  path,  in  apace.. 


Vj-t 


FIGURE  54.  MISSI LE  EWCQUHTERING  A.  TUREULEN.!  ATMOSPH  ERE 


The  function  f(  A  )  is  asaumel  to  he  a  random  function  whose  statistical 
'characteriatics  are  described  by  von  Karman''s  well-fenaHn.  formula,  for  the  power 
spectnjm  of  fluid  velocities  in  a  locally  turbulent,  fluid—. 


.:j  = 


(3-706) 


The  power-  spectrum  is  a  "functional."  of  the  random  function,.  f(A],.  and  an 
ordinary  function  of  the  frequency  -variable,.  12...  In  this  expresELott,,Il,haa  the 
units  of  (length)"^;  and  corresponds  to  a  "wave  length."  variable  for  the  os¬ 
cillations  in  space  of  the  gust  velocities.  ills.a,cr  is  the  root,  mean  square 
value  of  f(A.)  and  L  is  the  "scale"  of  the  turbulence^. 

The  gust,  forces  can  be  wxi-tten  for  the  discre-fce  system  by  using  -fcfae  in-ter- 
pola-tion  metiiod  which,  gives  a  relation  of  the  form 

bi-.'x.t)  =  iKj'xiHt  t.r  (3-70  i ) 


%Iiia  is  discussed  in  several  sources;  in  particular,.  E.  S«  Esien,  Engineering 
Cyhernetics,  tfcGraw-Eill.,, 

-See  MSa.  Report  1272,,  A  Reevaluation  of  Eata,  on  Atmospheric  Torbalence  for 
Application  in  Spectural  Calcnla-bions,  by  Harry  Press,  Kfey  T«  ffeadows,  and 
Iv^  Ha.dlack,,  1256  - 
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■EBs!  SuncMonsi,,,  la  j''^'K^).v  diparafeoilc  formula-  are  giyeu  in.  Equalixon. 

a-^igl.  of’  Earagca^.,  a..3.,3.,l.  of  tMa  reporli..,  Equafioii,  3-TQC  can,  the;!!  E>e  -written, 


as: 


(-3-708:): 


Tfe  gust:  lawHWS'sll  at.  tB.e  1^^  eollocatlon.  point  can  te  wrlfefen  as 


Jt\''  &  —  —  ffvtiit—ici] 


C3:~-7Q9) 


and  the  inteEnQistion  formula,  can  he  need  to  write 


CS-TIO) 


We  then,  hase 


5VV  =  CATi^!!^]- 


(3-711.) 


where 


(-3-712) 


whlGh  is  the  matrix  of  aerodynamic  influence  coefficients;  introduced  in  Equation 

3-18.. 


Using  lagran^'s  equa-tions^  we  obtain 


(3-713) 


Ihe  effecti-ve  loads  are 


If]-  -  -  [aIxR  -  W® 


(3-7l^F) 


let  solwe  the  equations  of  mo.-Sion^  -we  make  the  mo.dal  transformation 


i-bHlfKi!- 


(3-715) 


2g2 


wMch.,  is  assvmEd  to;  include  rigid,  body  modes j  i.e.. 


(3-716) 


Substituting:  this  into  Equation  3-713  and.  premultiplying  by  [yij  ^  we  obtain 


(3-717) 

(3-718) 

[M]=[(])ycA]C(|)] 

(3-719) 

tn=tfy[ki[(pj 

(3-72,0) 

CCrI”  [9]  [-kl[ii][(p  ] 

(3-721) 

[di]  “  CipJ  [A][i|.' j 

(3-722) 

In  order  to  solve  Equation  3-717  and  obtain  appropriate  transfer  functions, 
we  assume  {q  (t)J- to  be  expressed  in  terms  of  its  Fourier  transform  as  follows; 


'--to 

The  corresponding  inverse  transform  isl 

■  -  ,  1  -  .  i'-^t  , 


(3-723) 


(3-72i^) 


Introducing  Equation  3-723  into  Equation  3-717^  we  obtain 

I 

-X' 


\  I  t-fp J  •-  ';^]+  j  j'’.  i”’"  (lu 


(3-725) 


By  definition  of  the  Fourier  transform,  we  have 

i  Ci.ft)  J  ^  i  iui  (3-726) 

■4!he  convention  for  the:  form  of  the  Fourier  transform  used  here  agrees  with  the 


engineering  artifice  of  assuming  "harmonic  motion"  of  the  form 


xcot 
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and  Djr  comparison  with  Equation  3-725, 


(3-727) 


Using  Equation  3-718,  we  obtain  the  inverse  transform 


'-7  1  ^  '’•“t 

"  =  Si-  \  [f  ]  CAli  cVt  -xcU  e  ctt 

f"  ito  t 


(3-728) 


re  we  change  the  variable  of  integration  from  t  to 


=  "V^t  -xq 


(3-729) 


then  we  have 


i.r 


:fr\  =  -  ..  ^ '-Vat,  ^ 

•Hb  ^  j  ^ 

"-jj 

rJO 

I  ^  V .  «  «•  J- 

\~}  '■  '  iT^  •  -'-i 

-J, 


(3-730) 


Now,  in  this  expression,  we  recognize  the  Fourier  transform  of  the 

spacial  distribution  of  fluid  velocities  based  on  the  "spacial"  frequency 


That  is 


iL  =  il 

VjO 


.  -UlX. 

A)=.-,  J-'Me  a 


(3-731) 

(3-732) 


We  then  have 


t  II 


(3-733) 


We  have  the  theorem:^  that 


any  variable  linearly  related  to  f(fl),  say 


(3-73i^) 


See  Truxal,  John  G.,  Control  System  Synthesis,  McGraw-Hill,  1955,  Chaps.  7  snd  8 
in  particular,  equation  8.3,  p.  ^1-55. 


has  a  poser  specizrusi  given  "fay 


i-ji-  i:f^;:li 


(3-T35) 


Using  Eqnations  3-727  sn'i  3-T33>  vre  obtain 


(3-73&) 


The  loads  eauations  (3-72-^)  In.  the  Ireausncy  do-rip.in  are 


iF'ujl|-=  -C*Mr 


(3-73?) 


Sbr  the  purpose  ot  feeing  specixTic  let  us  take  the  feending  morent  at  the  center 
of  mass,  X  =  X,  as  a  typical  load 


.*  a., 


(3-733) 


hfeki.ng  use  of 


t  =  r.l  r 


(3-739) 


and  Sguation  3-737/  «'e  obtain 


•t  ■-  'yT 


^  r«  \  ^  r '' 7 •, 

-i  Z  L-*  1  -  IfjB 


■which  vre  can  -write  as 


(3-7^1) 


'1^1°  power  sgectsiral.  Ssnsli^  of  ife  lieBiisg  EanEHrii:  is  gwem  Isj 


iwi!6]!;aa,|  = 


(3-T%3) 


wfcere  tise  iiss  lieeH  refe  a£  Etosiaojas  3-70^  sini  3~"05-  Be  almwe  prccednES  is 
ia’plcal  ior  fiiaSiug  ifee  trarsfisr  fteciioa  of*  say  sercelastic  rariable  fcfe=t,  is 
iigartaati  to  tiie  fiasiga  of  a  mssile  fcs-  streagt&i  arei/or  lew  cycle  iatignie 
coasMsra’feioas  - 


3.1.5  Dynamic  loads  during  Ground  transportation 


The  results  of  this  section  are  more  specialized  in  their  application  than 
the  results  of  the  previous  sections,  but  this  section  is  included  to  illustrate 
further  the  applications  of  the  general  methods  of  Section  2.0  to  a  wide  variety 
of  structural  dynamics  problems. 

She  specific  problem  considered  is  described  by  Figure  56.  The  system  is 
assumed  to  be  a  flexible  launch  vehicle  supported  on  three  shock  mounts  by  a 
rigid  trailer.  The  rigid  body  motion  of  the  trailer  is  assumed  to  be  known  as 
a  function  of  time.  Qhe  shock  mounts  are  idea3j.zed  by  a  linear  spring  and  a 
linear  dashpot  in  parallel  as  shown  by  Figure  57. 


FIGURE  56  MISSILE  TRANSPORTER  SYSTEM 


In  terms  of  a  number  of  collocation  point  displacements  on  tbs  missile, 
we  ha\TS 


{3-lhh) 

(3-7^5) 

U  =  S-pKKllf3} 

(3-7i6) 

where  [kJ  is  the  stiffness  matrix  for  the  unrestrained  launch  vehicle  and  [b] 
is  the  unrestrained  damping  matrix^. 

^In  most  cases,  danping  in  the  vehicle  structure  can  be  described  adeouatelv' 
by  [b]  =^[k].  See  Also  Paragraph  3.1.3. T*!. 
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55ie  extension  of  the  soring  is 

^ -j- 


displacement 
of  lower  end 


displaceisent 
of  mjcer  end 


FIGURE  57  IDEALIZATION  OF  SHOCK  MOUNT 


me  displsceaentj  s ,  and  rotation^  $  ,  ot  tiie  trailer  are  assiined  to  fee 
known  functions  of  tire. 


The  force ^  Hi,  that  the  i^  shock  count  exerts  on  the  rrlssile  in  the  s- 
direction  is  given  ov 


(3-T-T) 
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It’  TrTrt.a  a»y^,»»-Sy»i»?  iS«»t*Trt^  irrrr  ir»,f>n««'S''ani’fi'e  ^F5t.£»  irit'Rir«:"P  ^-SlMiTTaT  ■fi?/\1r*"Iir' 

WtjSSx.^  tfJjiJSii.  Ck.i,W'  V  rt'  t%  >  ggyA.  Aj;  ttg,  Gjit-.*.  »■  t  «,-.iy^  r,  ii-tfe,  wwisJ.-iO  •w^<— ^ 

of  tfcese  forces  is 


&M  = 


■« 


i_ 

&=« 


{3-TJsS) 


for  M  SiffereEf  shock:  EOHnfs. 


Slie  Esissile  displaceiEent  is  related,  to  tlia  ^neralized  ccordlaates  Isy  a 
reiatim  of  the  forat 


(3-749) 


Using  this  in,  Sraistions  3-7^7  a®d  3-7^ j  we  obtain 


,  ** 

d/i  =  -;  ilP!  _  t“‘£'*0J  >iT  £«s-L>i1ifpI 


jf  -Ka  use 

.  =  ills]- 

7-x  — 


and  intrcduee 


■ss  can  write  Sqaatioa  3-75^J  ss 


-  -  »  -  4  »•  — . 


(3-750) 


(3-751) 

(3-752) 

(3-753) 

(3-75t) 


(3-755) 


jtn  order  to  reduce  the  nunber  of  degrees-of-fteeioE.  it  is  e:<5edient  to 
transfona  to  Eodal  ^Esralizsi  ccoriinates.  For  this  pusrxosa^  we  introduce 

-^r  =  (3-T5S) 

where  [«53  is  a  uatris  of  urarestrsined  rxidss  for  the  launch  vehicle  (fH.cltidlng 
rigii-bc3dy  nodes).  Jabstituting  Ebuaticn  3-T5t  into  Eauations  S-T^Sj- 

3-74b,  and  3-755,  gives 


t 


^  '/-i- 1  [Ks'JVI  f  +  [tjil  lI^sH*">1& 

-[tl[8ilii}i  +  [f  iLk'sIiJ-xfa  I 


Isgran^’s  eouaiiions  (Bi!K!a-&loES^2-64)  are 

i  M  _  ‘siL  ^  M  ^  _ 


■wliere 


t 


and,  ijQ  -the  present  case,  ttese  eqsatioas  yield 


■WEsre 


.F  :-  it  -  'pVj 


--■ .  *-tyr  ti 


CMi  = 

>;=  'vKsIUi^ 

C-J=  lil’MitT . 


Ttese  equat^ioas  aay  ce  put  irt  uEie  fom 


vhere 


P'r.  ' 


I-.J,  :tr['‘:it5H 
I  t'J  ferli'  K  Lf 1 1%!' 


■ft) 


(3-T59) 

(3-T6o) 


(3-761) 

(3-762) 

(3-763) 

(3“T6^fr) 

(3-165) 

(3-166) 

(3-161) 

(3-7C&) 


(3-769) 
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These  equations  can  he  solved  by  the  general  program  isentioned  in  the  second 
part  of  Appendix  "VI. 

Sie  transient  shears  and  bending  moments  on  the  vehicle  are  determined 
from  (see  also  Paragraph  5.1.1.!,  Equation  5-54)- 


{f}  Mfj 

Vi 


The  force  in  the  i^^  shock  mount  is  given  by  Equation  2-747 


(3-770) 

(3-771) 

(3-772) 


(3-773) 


^  —  |bl) 

From  lagraa^'s  equations  for  the  coordinates,  pj^,  we  can  obtain 

=  -  ^^[ksl4i-xle 

t  [Syllli  ^  [BsKx'Xle 

if  we  introduce  a  catriic  of  all  the  internal  loads  (shears,  bending  mojaents, 
and.  shock  mormt  forces)  defined  by 


(3-774) 


R.* 


(3-775) 


then,  we  can  express  Equations  3-771j  3-772^  sni  3-773  in  the  form 


ia= 


C3-77b) 
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where j  as  before 


i  6£ti 

[i(e) 

j  erf! 


(3-7T7) 


The  -uranslent  loads j  expressed  in  the  form  of  Equation  3 -77b  can  be  calculated 
along  with  the  integration  of  Equation  3-7^3  as  discussed  in  the  second  part  of 
AppendJjs  VI. 

3.2  2HS  SDHraiSAR  ASaOSLA^C  SODASIOIS  GOTSOESS  THS  HASS  MCSIOS  CF  A 

FLSmS  MISSUS  aCBClSm  ASBISSASILr  urge  "HIOID-BCST”  displacsebts 

She  motivation,  for  including  the  nonlinearities  associated  wiiai  large 
displacements  of  a  slender  missile  steas  frm  the  need  for  calciilatlng  t3ie 
trajectory  siaultaneously  with  the  calculations  of  loads  (sizars  and  bending 
moments).  In  this  section^  only  plane  motion  is  consider^;  these  concepts 
serve  as  an  introduction  to  Section  4.0,  where  the  general  case  is  treated. 

3.2.1  laa  Kinessatlcs  of  the  Plane  Motion  of  a  Flexible  MLsaile 

She  gecesetry  of  the  system  considered  is  shown  in  Figure  58. 


I. 

_  ^  ,  L  ,t 

>i~vr  iL 

FIGURE  53  INERTIAL  AND  BODY  REFERENCE  SYSTEMS 


IThe  relation  between  the  two  reference  systems  is  given 


(3-7T8) 


k  — 


(3-779) 


frca  vMch 


(3-780) 

(3-781) 


2h«  poaitioa  vector  for  tlis  x-y-z  particle  is  givaD  by 


(3-782) 


vbare  3?  ia  the  position  vector  lor  the  center-of -res a  of  the  body. 


J't)  = 


^  X  cL^i^is 

^  1  X,-^c;  ix±tj  di. 


(3-7^) 


aod  Xf  z  are  defined  by 


(3-784) 


4(t)  asd  s(t)  are  tie  ccsxponsiita  of  ?,  (t)  resolved  in  the  grotmd  (iEEr- 
tial)  reference  ^eten.  Ha  displaceoant  of  particles  relative  to  the 
(7  »  j  »  )“body”  reference  systea  is  described  by  p  (x,  z,  t).  It  xay  be 
noted  that  (x^  o,  z)  are  the  Lagrangian  coordinates  of  the  particle  vhich.  is 
at  the  center-of-rass  of  the  undeforEed  body. 


Eje  veloci-ty  of  the  x-y-z  particle  is  given  hy 


> ' *  U. 


-If 

jU. 


it  '  it 


-  -f 


if- 

it 


(3-786) 


She  displaceaeEt  resolved  In  the  'body  re^ereace  is 


t  = 


:ui,x. 


(3»7Sr) 


so  that 


=■<■^1''.  +  t%i-7 


(3-7SS) 


If  ve  denote  the  velocl'^  of  the  ceater-of-niEss  "by  / 


it  * 


tbSE 


(3-7^) 


am 


ti  - 


f  ps  < 


(3-TS0> 


3-2.2  She  SiEatlc  feergy 

She  hlnetic  esergy  of  the  hcdy  is 


(3-791) 


Jrcss.  Sqm'^1®®  3-790 


=  Y^Z^-j 


c-£  ;»^  4- 


iVk  ■%-.(-v' 


^  t^E'=r) 


(3-7S£) 


In  02rd«r  to  aaparata  the.  "rigiii.-ljodsr"'  aafi  "’elsetic"'  aaotlon  w®  will  la^se  the 
follctwing:  constraints  on  -Oie  displaceasagt  ralativa  to  the  hcdy-sxis  ref  'esrance 
system.: 


.'  'ia  .>.£  =  : 


(3-793) 


c-i  Ir 


(3-79^^') 


■T-, 

She  first  ccsdltlea.  is  always  trua.  wbea  iS'.  is  tbe.  position  vector  to  the 
tma  center-of-sasa  for  ■&Q  dafomad,  tcdy.  Ihe  motive  for  imposing:  the 
secord  csc^tioa  is  not  basic  and  any  fmrHi’sr  discnasioa  wiii  have,  to  he 
deferred  to  Section  i!r.Q  (see  Sqnatioa  ^-L3  )..  Sguation  3-79^  ia  the.  "second- 
icnaat"  of  'r  in  the  sane  scsase  that  Sanation  3-793  is  "first-jKnent"'  of 


Yhe  scalar  eqnatioaa  cocreapczning  to  Sqnetioas  3-793  asd  3-79^  S2:e 


<  i,t  J'  « 


(3-795) 


(3-796) 


5\  c''  CtxcUjit  =  J 


(3-797) 


By  differeatiatliag  tbeae  ezpresaioas^  ve  also  have: 


1  ^ 


(3-798) 


Ifi  t ^  |)u,u,s)  = 


(3-799) 


ij  =  0  (3-800) 

Subatitxitiag  Eqmtioa  3-787  iato  Bqmtioa  3-786  uaing  Equations  3-795 
through  3-800,  w®  ohtaiii 


•  ^  -i  -  '-T'r, 

.  - 

~  ;.UXMie. 


TT .  :  :<XM.t£ 


•*J^ 


(3-801) 


We  can  resaLve 


in  tiie  aady  reCetrsice 


1 


tS-Soa) 


and  -we  recagiilz,e  tiie  tataJl  mass. 


M-  = 


C3-aQ3)' 


and  tiie  total,  "pitch."  moment  of  inertia  ehaut  the  center  qI  mass  of  the 
ttndefrarmed  hody 


Qi-Sak-) 


ilhe  Mnetic  energy  is  then 


C3-Sa5) 


3  *2..3  The  Approxima.tLon  of  a  Finite  Bninber  ctC  Degrees-gg’-Freedom: 

In  order  to  ahtaln  a  rational  solation  to  the  general  problem,  we  make  a 
finite  degree-of -freedom  approximatlan  (see  Equations  2-361,  2-363  and  also 
Z-h'y±  in  Section  2-3  }•■ 
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(3-SQfi) 


£,ii)  = 


N- 


tiE^TSvt)-  jj^r/e  (3-aaT) 


Rigid.  tEGd^r  diS;pISGeniQiiis  2relsi±re  ta  li&e  'feod^'  refetreriee  ayHixem:  aaxe  giyCT.  'h^ 


l3j,  =  1  -= 

(3-aQS) 

‘’h=  =  ^ 

(.3-805.) 

(3-aiQ) 

(3-3IJ.) 

(3-aia) 

(3-313) 

ns±iig  •these  rslattorE  ■»«;  can  eigress  ■&£  temns  in.  the  Mnetric 
of  the  generalized  caordinatesj,-  pj_- 

energy  in  -terms 

(3-811) 

jii  fe.lJ'ixiurf£  =  -pl^ 

(3-815) 

=  til  r  Si-n^K  iviV- f  b}- 

(3-316) 

^  '  pi*  *1*  ''-iVcUid:?  p  ^ 

(3-817) 
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=  j^.i-  (3-818) 

i^-nsr: ■'.i-Tw' 'j '“-r  }■  (3-819) 

^  Sj- f  ,ax.tuu  :  -  r  -  (3-82:0) 

i5  =  (3-821) 

EEtsse  eatcEfcxQiis  can  he  stn^ltflea  if  'we  Irctr-oime 

i  A  >v  ^  *  Wv^  '  /rt\ 

■  1  (3-822) 

(.3-823) 

=  S  tWx H  Wfi-.'  (3-821^) 

and  uhe  kineti-c  energy  can  he  wriuteii  as 

'  =  £_  M  4.  4- 

'  •'6-  ■*  r'  ..  ’-til  “  ^  .  z  ‘  •  r 

^ -FI  isxi  (3-825) 


2T0 


We  caa  further  introduce 


_  "  ,K  ^  <*■  A 


(3-826) 


L6]  = 


(3-827) 


and  note  that. 


[A]  =  rAj' 


(3-328) 


and 

[6]  =  -[dJ^ 


(3-829) 


so  tliat  [a]  is  symmetric  and.  [.d]  is  antl.-symmetric , 

Using  Etiuations  3-8o8  through  3-8l3>  it  can  be  shown  that 


•  (3.-830) 


1 


(3-831) 


It  is  fairly  evident  that  the  [a]  matrix,  is  the  inertia  matrix  of  small 
vibration  theory  (see  Equation  2-132.  or  Section  2.2). 

The  final  expression  for  the  kinetic  energy  is 
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-  =  ^MY;^  i-  ^MVs 

-!-  <  I  j-H  pi" :  -Zj 

^  2.  ^<j 


(3-332) 


where  we  have  introduced  Q,y  =  6  . 

3«2-if  The  Strain  Energy  and  the  Virtual  Work  of  External  Forces 
The  strain  energy  of  the  system,  is  assumed  to  be  of  the  form 


L'=  -  ilfJfLNKfrl 


(3-533) 


where  the  second  term  is  the  contribution  to  the  strain  energy  from  ’'column" 
loading  (see  Paragraph  3*l-2.5j  Equation  3-19T)*  The  strains  in  the  body  are 
assumed  to  be  independent  of  the  "rigid-body"  coordinates^  6;  so  tiiat 

the  discussion  of  the  strain  energy  in  Section  3*2-  applies  here  as  well. 

The  dampisng  in  the  structure  is  described  by  Pvcyleigh's  dissipation 
function: 


(3_35h) 


External  forces  are  introduced  in  the  virtual  worn  of  these  forces 


?w  —  i  Ef)]- fP} Z  +  5j-Z  +  15^.0 


(3-535) 


which  defines  the  generalized  forces  associated  with  the  generalized  coordi¬ 
nates  ,  and  0. 

The  generalized  coordinates,  pi,  are  subject  to  the  following 
constraints ; 
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Pi  =  0 

Fj  =  =  C 


■wM-ch.  fO'lioHr  from  Equa-tions  3-79'5i-  3-796,:  and  S-TW- 
3*2-5  The  Egnafeions  fear  granslenfc  Loads 


(3-836) 

C3-S3T) 

C3-S3a) 


The  eqaations  for-  deteraniiiiiis  uxanslen-fe  loads  are  derived  from  the 
Lagrange  equations  corresponding  to  pq,  P2**‘*Bii:*  From,  Eouation  2-79  of 
Paragraph  2.1.2-2j-wre  have 


dfffr,  Trc 

TFi 


■  ^  -U  3S 


(3-339) 


Using  Equations  3-333  through  3-332, ve  obtain 


■*"  2.  pi"  +■  4P.^Lj'l'.Fi 
“  -i-  i-u 

■  ■>■  tP} 


C3-S4Q) 
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Beca.T!is'.e  aS  tbe  relations 


=  \q\ 


and 


we  may  eliminate  tke  multipliers  and.  (see  Farsgrspli.  2. 

Equation  2.-2J1.}.  'ilien  ^ 


-  4  ^  -tP? 


where 

[rl  =  rt^  _ 

and 


The  structural  loads  (shears  and  hending  moments)  can  te  related 
exfectiwe  loads ^ 


(3-Sitl) 

(3-8te) 

(3-843) 

(3-844) 

(3-345) 

to  the 


by  a  transforiEabion,  [r]  ,  like  the  one  considered  in  Paragraph  3.1.2.!^ 
Equation  3~19-  S’  we  denote  the  shears,  bending  moments,  and  any  other 
pertinent  stress  resultants  by  Lt  ,  then 


(3-81^6) 


or 


{ts  =  -^diLGrltpi- 

L-jHp}'  1  (3-8h7) 


3.2.6  The  Bauations  for  the  Srajectorj- 

The  equations  for  determining  the  trajectory  are  derived  from  Lagrange's 
equations  corresponding  to  the  generalized  coordinates,  sj  and  6. 


(3-£^5) 


4 

it  ajc) 


(3-849) 


4  /■3t\  ^  ^ 

it  -ai>  35 


(3-250) 
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Bec*iiis«  -the  ilaarfeic  eaergy  (S^xiatioa  3"832)  is  espresse€  ia  t«ri5*  of 

Q^yi  i't  vlll  "ba  cottveaiSKt  to  r^laoo  th*  above  eqpetioas  by  a 
set  of  Lagraage  e^mtloas  for  qaasi-coordinatea  (see  Par&gra]^  2.1.2.3)* 

Fro»  the  relatioa, 

^  -‘Vxlk=  I’l  -  vJC  (3-851) 


ajai  lq,uatiOBfl  3-778  aM  3-779>  ve  dbt&iji 


—  (j0^&  ^  Siu-cr  ^ 


(3-852) 


\= 


4»v0?  ^ 


(3-853) 


Ve  cot^lete  the  traasf  oraatioa.  -with  the  trivial  definitioa 

^  (3-854) 

Equations  3-852^  3-853^  3-854  are  of  the  saae  fora  as  Equation  2-81  of 

Paragrapb  2. 1.2.3 •  iJi  the  present  case  ve  have: 


—  c 


■Xt5  =  3 


i-  « 


TbA  coefficients  defined  by  Equation  2-106  of  Paragraph  2.1.2,3  are 


-a«  =  :- 

A  =  -ilo. 


a--.= 


2Tq 


Siie  '"qtcasi-IsgEamge  agreia'ticEais"''  {BOTaisiCES  2~10f)  cciarxesKiiaaiHg  to  tlis 

(njTl^SX"*COQOniE£^]I^tOS_j,  ssro 


^  JL"\' ., 
M 


C3-S55) 


A/fSF  a  _  -j  .-jT  \  ^ 
jiYr"  '"  J 


(3-^6) 


-  V, 


4  Z^" _  #■ 


i3-m} 


wliere 


E.  =.  S  -  -1 


A  — •  ^  ”  .  UXt'S^ 


(3-S53') 


F-  = 


(3-S59) 


(3- 


Erojo  tiie  kinetic  eESi^  eicpressed  in  EqEstioa  3-232.  we  oitaliii 


(3-3.51) 
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(3-^) 


fl-fr  -Ir  ‘ 


il'l  -  %s% 


ASai-feiCBsl  c!iff!er’«ni-tisi  eqai&ioias  isMjcia  gcw«rE  tba;  -traJactsHrjr  asra 
oSstsisffia  fscm  Egoattois  3-^2j,  3-S^^  sal  3-^4. 


C3-SS%> 


=  --'W-i-Yt*  -r  jaSSi'V’l 


(3-8'^) 


i£  -'*? 


(3-€co) 


®aes:s  eqaatlsjas  denisacisis  Use  sssk:*,  sltltcaiej,  s,  sal  s.t:tits32e,  @  ,  CS'&s 

FlsET'e  5S-) 

3-2-7  523g  BeZatloa  pgiars'ea  xlie  Sstal.  Farassy  Fs;,  F^j  sal  Gy  sfjI  tfes 
Geaessllsel  Forcss 

SSsea  -Sse  geaarsUssS.  csosgias.-tss  gjj.  To  -.--Egj  la  tot  satiJK^  ifee 
casEtsslsits  CSgTstaccis  3-^Sj  3-S5?  sal  3-%S)  «sjTiliel.t3jfj|,  it;  is  rcssSsia'  to 
SsriT®  a  cossrasiest.  r«3sti<xs.  'fcetraKE  -Si*  Fj.  asd.  tre  totsl.  fcrcssj.  Fx*  aal 
!Sae'  raiisticas  ■sMca  tps  Tcaafc  to  lerira:  la  -giis  saaticE!.  sa® 


C3-£67) 


Cs-s^) 


(3-869) 


Bis  aerlTO-icioia  wroceeds  as  iOllcws-  Consider  -fciie  virtual  work  of 
estsTEal  forces  as  given,  in  raragrapfe  2.1.2.!,  Houa-tion  2.-k8. 

Sv;=  I  S*,-Piri  iK-  C  •  dS  (3-870) 

Eroa  SlgEat.iGn  3-7^,  we  fcave 


SB  =  SK  4  S©  fi- 


(3-8T1) 


anS. 


?E-f "  ]  r-  F  -  5  L  •  x; 

£-ijJ  ,  ■  T/ -  j_" 
^  ^  ~  '  •  jf  I'l 

V-  ►^1  (-»£,  • 


(3-872) 
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T\«-  v\rr  •f'Vi-l  c- 

X5y  COiu^cix  xjl^.  Oiij— .  »•  —  — - 


m  =  SR-  ?  F,.  +  s-R-  IR  E  +  se  &^  +  {  6|=  l'{  p}  (3-S73 ) 

we  concludle  that; 

E  ==  i  !■-  PiV  -  ^  f-  C  -  di  (3-ST^) 

E  =  ]  k'P^tV  +  §  ■  (3-315) 


Gij' =  ^  Y\- X +  15 ■ =1?  -  Piv 

Fj'^ji.xpAW§^r--r.  (3-816) 


7--  +  J.',. 

-C  -'•.?■  7-11  -  -'■t'-P-'H 


(3-817) 


Uow^  consider 


(3-878) 
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■wiieare  iise  lias  tesaa  meiie  of*  B^xJS.’E.jknaa  J-SOfi  smil  3,-S0!5'-  Iii  s.  simnllaE'  maasEnear 


qrl'-l,- 


i  = 


■fey  Tisiiag  SsHa-taetsis  3-S30  bsA  3,-811.« 

tfee  -tartisi  EtBmnsmfc,  -we  fecsre 


- §'lferitlx,l F-C  -  F - 1:  ••  :U 

“i  s-iiJ  +  'l-K  i  -P 

■*■  5 ’’ >■  F-Vii.  ~lZt"iS 


C3-8SQ)' 


it  can  be  sElowh  for  the  resalts  xil  BaaragEaph.  3.L-S-5  that  iai.  the  ease  of  a 
ane-<i±meiisiansi  hady: 


■  'vF+.c  j'v 


C3-3ai), 


^ere  is  scrnie  indication,  that  this  relation,  holds  for  more  genecai  coaiaidera- 
tlonH  than  that  of  a,  ane-dimenaionsl  body-  €fa  iazfeultlre  graaaads  we  speetalate 
that  in  the  preseastj,  moare  genecal  case,  we  have 


23L 


■ffteire  1[eJ  iis  fieg'iiHsdl  tot  EtgpH.'feiiGai  3^-832'  sHdl  fnom  E^oai&um  3^-58© 

t^4.lPr  = 

Ihi  sumimEE:;^;,  we  Bewe 


(i5-8SS) 

3  «E«S  PetEiled.  Eg£EGirl.piiAfflix  of  EbcfeggnsJl  Fgaiegg 

In.  eec±L  of  %!£  aee.'ti.iGiiis  'below  tiie  genenalizsd  fonees  will,  be  fetrived 
©TQia.  bbe  viir&ciai  wairb  of  scttemel  fomes  fbonr  one  of  sewoxsl.  aomrees..  'Ete 
s^areire  esniresslans  fcor  the  gsieralizei  farces  will  be  combxneti  in  Earssra.pb 

3-2-S- 

3-a-8~L  Aerodynsmlc  gcames 

As  in.  Esrsgrapb  3  we  will,  assume  trbe  aerobynemiGr  farces  ta  be 

sofficrierruly  deacribed  by  the  "qinasi-steady"  a^’jmptian«  The  rirtoal  wcErk  of 
the  seradynamic  farces  is  then 

r  ^ 

~  ^^ca'^at  \  '1.1k  -  Ipr  •  ■-■]&  .w<  CS-SSjJ 


where  (Jp  Cp  local  drag-  and  lift  caeffidents  prar  unit  of  length  along 
the  rehicle-  The  "ftee  stream"  direction  is  arbitrarily  taken  as  parallel  ta 
the  f  -aacSS;.  sa  that 

Vcc  -  C  W-^-)  -P 


Z8Z 


(3-aaa); 

(.3-883); 

Cs-ss?) 


(J~S6S) 


sW 


Is  tiie  wxrui  ■vreniroir^ 


FIGURE  59'  AERGDYNAMIC  ASSUMPTIONS 


If  sna.  IKT  SEE  unit  vectoEs  psrallel  and  normal  to  the  zero:  angie-of- 
attack  axis  at,  each  point,  alorts  the  hody^  then,  the  local  sngie-of -attack  is. 


ti'  Xrt  I 


(If-w)-fc 


(3-889) 


FIGURE  6ff  LOCAL  ANGLE-OF-ATTACK 


Ere*  Elgpre:  60  wa  can  -Hrite 


f  +  ibk 

^x. 

(3-890) 

IK:  = 

(3-^1) 

and  alBO 

W  =  7  +  Ik 


(3-892) 


SubBtltnting  tlwse  into  Eqmtion  3-8^  and  tislng  Bq^uation  3-786*  ve  obtain 


/^y-W)»ik 


+  ^ 

ax 


iE?  , 

at  -(./-x)e 
fy-F)  •  1 


(3-893) 


vbere  tbe  aasua^ion  bas  been  Bade  that  the  aagle-of -attack  is  small.  If  ve 
introduce  the  "rigid-body"  angle,-of-attack* 


then 


^  =  -  ( y-w)-  k 

f  Y-W)  •  r 


"yf, 


.1:  > 


i£s  +-1- eb 

^CDOt 


(3-891^) 


(3-805) 


!Ehe  aerodynamic  coefficients,  Cjj  ard  CL^are  assumed  to  be  a  function  only  of 
the  local  angle-of-attack.  Linearized  aerodynamics  vould  predict  these  to  be 


a.  con^tint,  independent  of  (Pi(yc,t]  (3-896) 


(3-897) 
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At-  Mgh-  SfecJa,  maabers.  M©  >  3,  tbe  iarEal,  L,  f )>  ajngisaacijjes  tie  fora. 


S'-'- 


where 


A^(x) 


la  the  Dirac  ftmetioE- 


Sgratiort  3-^T  is'  then,  replaced  hy 


C. 


For  th®  iBore  ^naral  case  we  have 


■~<ri  = 


j’i  S^s'x.t  L^x,?i  X  £.ti  ilJtx 
-  5|rj:  Cd  -ix 

-  .  U  i 


C3-9OO) 


Dslag  Equations  3-806,  3-607,  3-821,  and  3-813,  we  can  write 

ec,  =  -'ffTH-.r 


(3-901) 


(3-902) 


(3-903) 


Siihstitutisg  these  into  Equation  3-900  gives 


(3-904) 


wheire 


.-r  I  =  '  ;  -  K=r*'/ 1  Lj'  x,£'V>eiS^ i  dil!di\ 

*-’i-  =  1  ^c  '-i  ■<-  ^•CLa^*)  £ks  r ‘i>! 

aDi.  aiaoi  frcsa.  Sqpatioms:  3-888)  aisa,  3“^%  'k®  ta^ra: 

Vx  =  -  v; 

=  - 

-T». 

The  cajEjomeatS'.  of'  vird',  S2’.  the  hody  axis’,  are  calculated!,  frcsai 

ft-.  -  -.iTg.  -  .  ft( -A  vV’’^ 

■'  >■!»  ir  <Vr  *  Jii.:  s-  W’j- 

whare  is.  the  dowa-rarge  ccn^neat  of  wlrsi  rarsllal  to  the  earthi*® 
ard,  is;  the.  "vro-draft."’  ccs^rieiit.  joornal  to  the  earth*©  sirrfsce 


CS-SQ^I 

C3-9G6J 

C3-50f) 

(3-9€!S> 

(3-509) 

C3-910) 

(3-Q'll) 

s'orface- 


FtGURE  6:T  WIMBS  RESOLVED;  IN!  THE  tHERTi:^.L 
REFEREKCE  SYSTEM' 


fbi*  ■vtr&a.j,  arc.  are  aasraiaai,  tO'  "be  3n»wa. 

feactSsas  sf‘  ®JM.t-i!:^%  f  Ibe  sema.  apeeij.  Cai.  la',  also  &  fBuctica  of' 
sai3.  is;  aeeasa.  f  br  t&e-  calo'ai]!a:%iorb  of  mmiber> 

f-fe  =  ^  (3-922) 


3'.2-3.2  fea-5:i.-tT  gbrces 

S2a  sra.Ti.tgr  fleiM  adElI.  c*'  as.»amsd.  to-  rrary  vith  ailtdS'saa:  bofe  be  imif<aig3y 
parailal.  to-  tbe  irertisl.  axis-j^K  ., 


FEGURE  62  APPROXLWATtOMS  TO  tttVERSE 
SQUARE  GRAVJIT  FBELE) 


Eie  force  per  unit  of  sass  voald  be 


where  G  is  the  oriweraaX  gravitatiOEal  oocastaBt  ,  is  the  aass  of  the 
gpraTitatirg;  body,,  and  31  is  the  radial  distance  frcffi  the  center  of  the  earth 
to  the  origin,  of  the  (  C  )  coordinates. 

If  ve  introduee  the  local  acceleration  of  gravity,  g,  at  the  origin  of 
(  f »  f  )  coordinates,  then 


and  we  can  write  the  gravily  vector  as 


(3-913) 


If  ve  assirae  this  acts  nniforaly  ever  the  entire  vehicle,  we  are  neglecting 
the  "gravity  gradient  torque. "  lihe  virtual  worh  of  the  gravity  force  is  then 


-•  iF--  ffc  tlV 


>•! 


(3-9l^^) 


Using  Squations  3-8o6,  3-SOT,  3-80S  and  S-SHj  ve  have 


{  ST  f  [« 


-ktsF, 


(3-915) 


-  -:fDirA 


-p.% 


(3-916) 


Also,  from  Bjuations  3-778  and  3-779 


-K‘  ?  —  o 


(3-917) 


and 


K-k 


(3-918) 


We  them  have 


(3-935) 


3. 2. 8.3  Thrust  Forces 

To  allow  for  conrolete  generality,  ve  assvuae  that  the  distributed  thrust 
on  each  particle  of  the  system  is  given  by  a  function  of  x,  y,  z,  and  t  as 
well  as  the  generalized  coordinates,  p^,  ^^....pjj.  It  is  generally  not  a 
function  explicitly  of  ?,  or  0  . 

•=  =  1 C  x,...  H.t. ;  p  ...  f,.')  (3-920) 

The  dependency  on  the  generalized  coordinates  is  included  to  allcw  for  the 
fact  that  the  local  thrust  vector  is  redistributed  when  the  body  is  distorted. 
In  addition,  for  a  glaibaled  engine,  the  thrust  depends  on  the  generalized 
coordinates  describing  the  engine  swiveling. 

The  total  thrust  force  is 


V 

Ri 


(3-921) 


and  the  virtual  work  of  the  thrust  forces  is 

^  \  (3-922) 

On  the  basis  of  the  "grail ness”  of  the  generalized  coordinates,  we  ssay  write: 


(3-923) 
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Since 


(3-92%) 


va  can.  irrite 


-  I  -  r  T,  -i- 1  »ig  S---  ;  jiv 


(3-925) 


,,iV 


(3-926) 


"I  *'5  i  ~S 


(3-92T) 


SSie  Bl50Te  Eatrices  are  generally  Xuncticas  of  tiae  ard  -tac  aabient  ss^essiirej. 
Px  »  If  the  aabiect  densi^  arS  speed  of  souEd  are  as.si.Tged.  to  be  a  fmic- 
tioa  of  altitude  ovU^f  then 


(3-928) 


-siiere  7  is  tbe  adiabatic  constant  ana 


(3-929) 


(3-930) 


3.2-.8.4  Control  Sywbexi.  Forcea 


"W*  id.ll  sssiEne  tliat  tihere  is  only  one  oontrol  coordinate,  T,  vMcli  say 
te  ti»  rotation  of  a  siaft  sirgporting  a  Jet  Tare,  or  tie  giabal  angle  of  a 
sidveling:  engine,  or  in  a  generalized  ease  it  lai^Jat  "be  the  displacesaent  of  a 
valire  confcrolliag  the  flcnr  rate  in  a  fuel  injection  aschanisa  for  thrust 
■irectoring*  It  eight  also  he  the  rotation  at  the  hinge-lice  of  an  aero¬ 
dynamic  surface* 

In  any  ca.se,  the  control  ooardioate  can  he  related  to  the  generalised 
coordlmtes  descrihitig  the  configuration  of  the  systesii 


(3-931) 


Jor  the  case  of  tbs  fuel  injectiaa  systea,  the  necbanicai  generalized  coordi¬ 
nates,  Pi  ,  mist  include  -Oie  description  of  the  valve  position;  aid  the  vari- 
atioa  of* thrust  vith  valve  position  snist  he  included  in  Bjoation  3-925- 

fhe  control  force  frca  the  servo  is  defined  hy  the  virtual  verb  of  the 
servo  in  a  'virtual  displacenent  of  the  control  coordinate,  7. 


(3-932) 


3!he  statezent  descrihing  hov  JT  depends  on  the  outputs  of  sensors  in  the  con¬ 
trol  systen  is  called  the  “control  lav”  and  this  is  discussed  in  Paragraph 

•**  Is.  T 


lif  lEausktioxi  3-95-  Is  STibstiitated  iEto  Igmtioji  3-J32^  va 


-tt  = 


(3-933) 


1.  clear  stateaeut  of  this  definition  of  control  lav,  in  a  sufficiently  ■ 
general  fora  for  use  in  flesihle  body  analysis,  supers  to  have  first  "been 
given  In  ’!&e  Bynasdc  Besponse  of  Advanced  Yehides,  MAUD  Si  60-518,  by  B. 
bohee,  et,  ai-  ISw,  Appendix  C,  Seetiia.  2g,  p«  176, 


so  tlsat  iT]y}P  are  the  geaerslissd  forces  contributed  by  the  control 

servo. 

3*2*9  Suasary  of  Equations  of  Motion 

From  the  virtual  vork  eaggressiona  of  the  previous  section,  the  total 
generalized  forces  from  aerodynamics,  thrust,  gravity  and  control  are  given 
by 


5V“4:sj)HPl 


i3-9Sh} 


vhere 


’  '.-e  .  ^ 

*  ^  ■iT'-z  ^ -i 


(3-935) 


,  r 


If  ve  note  tlat 


(3-936) 


vhich  foUovB  frcrs 


(3-937) 


then  ve  can  rewrite  Equation  3-3^3  as 


+  L6Kt>o  +  L^Kp} 


(3-938) 


Shese  equations  Bust  "be  jjategrated  slaultaneously  vith  (see  Equations  3-86l, 
3-862,  3-863,  3-884,  3-885,  and  3-886). 


iY^ 

it 


=  - 

J 


M  --iRi'itP} 


(3-939) 


.ic 


“  j 


-CX 


(3-940) 


•IH-- 

it 


(3-941) 


vhere  is  the  y-cco^jonent  of  the  total  angular  njcoentum. 


t 

-  i  ifi' .  j  .i?}- 


(3-942) 


In  add-itlon,  ve  have  the  differential  equations 


if  = 

-tt 


rj'?  Vj  +  ims,  X 


(3-9^3) 
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(3-9iA) 


it 


{3-92^5) 


3.2.10  Control  Sys'baa  Equations 

Let  e  Le  a  sigzal  to  tlie  servo  to  ccsaKsad  a  control  displacement  >’  . 

52ii8  signal  is  assmaed  to  depend  on  tbe  sensors’  estlisate  of  tbs  vehicle’s 
attitude,  acceleration,  and/or  angle-of -attach.  It  also  depends  on  the 
configuration  of  the  vehicle  that  is  prograiaaed  hy  the  guidance  system.  ^Bie 
particular  e<iuation  relating  e  to  the  vehicle  motion  can  vary  vddely  in  fom 
depending  on  the  choice  of  type  and  nusSber  of  sensors  and  bow  -^e  .seiisad 
signals  are  mixed  and  filtered  to  achieve  a  stable  systea.  A  fairly 
representative  expression  for  an  attitude  control  system  is  a  oiarolie  rate- 
plus-displaceaent  feedback; 

e  =  (3-946) 

where  is  a  prescrihed  function  of  time  for  the  vehicle  attitude,  is  the 
sensed  attitude  at  the  environaseEt  of  a  displaceaent  gyro,  and  is  the 
sensed  attitude  at  the  enviroment  of  a  rate  gyro.  !Ehe  gains,  ^  and  %,  are 
constants.  For  "perfect"  gyros: 


(3-947) 


(3-948) 


where  xq  and  Xj^  are  x  coordinatea  of  the  displacement  and  rate  sensors, 
respectively.  Using  Equations  3-94?  and  3-948,  we  have 


**  ». 


(3-949) 


In  this  report^  an  a-ttesrot  wilX  be  n&de  to  generalize  tbe  above  expression. 
to  aagie-of attack  feedback  or  otb«r  scbaaes  of  atabillzationj  but  it  mist 
b©  st^sssd  that  sjs^  ^rt-icular  sshs^  ®ay  be  easily  expressed  and.^  in  any 
case,,  involves  only  ccaa  equation  for  the  variable,  e  .  fhis  equation  3aey  be 
an  int^ro-differential  equation  vben  the  ^naaical  cbaracteristics  of  the 
sensors  are  included. 

As  in  Panagrapb  3»1*3‘^?  ®2y  express  the  jaceaeaDt  developed  by  the 

servo  as 


f  , 

,  CTb: 
V 


(3-950) 


vhere  the  bars  denote  Laplace  transfonas  and.  l(s)  is  the  ’|pover  control 
irmedance”  and  Q{s)  is  the  "no-load  servo  imedanee^"  One  of  the  si^lest 
f«ms  of  the  above  equation  is 


(3-951) 


vhere  is  the  "zero-frequency  back-off  stiffness”  of  the  servo  actuator 

(see  Panragraph  3*1.3. Equation 

Ijf  ve  let  hj[^  he  one  of  a  nuBber  of  rigid-body  parazaeters,  then  ve  ai^t,. 
for  exaaple,  have 


hi  s  5-1?- 

h2  ■  ® 


(3-952) 


and  Equation  3-9^  can  be  geaeralized  to 


(3-953) 


vhere,  again,  tbs  bars  denote  Laplace  transforss. 

She.  general  form,  of  the  control  lav  is.  then  given  by 


r  =  '  'ps,  -  r- 


(3-954) 


vliere 


(3-955) 


I(s),  G(s),  Ki(s},  LiCs)  are  generally  rational  functioris  £ . 

3-2^11  2!b.e  Transforgiatlon  to  Modal  Cooirdlriates 

Irt  order  to  rediiee  the  ntiniber  of  degrees -of -freedon  (and  thus  the  nuiaber 
of  differential  equations  to  he  Integrated),  it  is  expedient  to  inake  a  trans¬ 
formation  to  modal  generalized  coordinates It  will  prove  convenient  in  this 
transformation  for  the  control  coord.,  7,  to  appear  explicitly.  Ihe  vibration 
modes  for  locked  control  are  governed  by  the  fO'Uowing  equations. 


.rjfgiLrj.A  =  ■‘‘-•*'7)  (3-956) 


where  [l]  is  the  influence  matrix  for  the  vehicle  with  locked  controls.  «e 
can  use  the  solutions  of  this  equation  together  with  the  control  mode  to 
form,  a  complete  transformation  to  generalized  moial  coordinates 


(3-957.' 


(3-95 3 J 


and.  f  'i*;.  J 


assumed  to  he  ortnogonal  to  the  other  rigid  body  modes  so  that 


(3-959i 


In  transfoming;  to  modal  coordinates,,  we  will  mare  one  modifioatlsn  which 
will,  greatly  simplify'  the  equations  from,  a  machine  computations  stanapoint. 

For  this,  purp.ose,  we  will  redefine  iPj"  ,  the  generalized  forces,,  so  that 
th^  include  the  axial  load  contribution  and  the  nonlinear  part  of  the  inertia 
forces.  Ihus,. 


lP]~  '  ^f.LpTi)3l'+  I-  ['-j:]i  |'^}  ^ 


-'.UirphT  HoO-LKrCj:']-  -^-2^,  [alipT-  *4  L^rlip]:  (3-966) 

4-ii]  [AJ-*,  pi"  ~'-4  L'iii  fe-} 


If  Equatioa  3-957  is  siibstituted  into  Eqmtion  3-938  and  tiait  equation  is 
prenrultiplied  by  we  obtain 


C?3'‘CAl(f]{oi  + 

^C'^KKJL^j-Top 

==  l(f7[r]{py 


(3-961) 


If  Equation  3-938  iz  premultiplied  by  i  obtain 

ifft'MAjL'f  H^l- +  =  i'fr3lr>^P}-  (3-962) 


VTe  note  tiat 


■  [rj  = 


(3-963) 


Rrd 

:,r  (3-96I4) 
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asd  solTe  for  y  in  Sqmtion,  3-9^  siabstlt-ute  it  into  S^tjatiosj  3-9^1  « 
W'^'  ottain. 


(3-965) 


vhere 


'J  V . 


'vL  A  1 

"  !■/-;  ft  '  - 


r  J 


(3-966) 


(3-96T): 


(3-9^) 


at3d 


(3-9^) 


Also,  Equation  3-9&  "be  written  as 


(3-970) 


where 

1.  ^  , 

(3-971) 


One  of  the  advantages  of  the  transformation  to  ascdsl  coordlrates.  is.  i±at 
the  approximation  of  a  perfect  serve  (see  Paragraph  3*l*3*^j  Equation,  S-ftSJv) 
can  he  handled  without  restricting  the  generality  of  the  equations.  1!hiB,  is 
inigtarfcajrt  because  the  conditions  where  the  perfect  servo  assunrotlon  is,  valid 
(Equation  3-^l)  equivalent  to  a  high  frequency  associated  with'  the 
Lagrange  equation  for  the  generalised  coordinate,  7,  (Equation  3-970) •  In 

29C' 


t&iS;  a'omeriea'l,  llatsgra^icja'.  q£  the  SifSteentfei  (sqpa.'Mons:-  of  raotiiosj,  t&a;  sfe®- 
aise  wfiOl.  d'icfeafadl  Issr  "SidEa'.  freqjsssacjf  aBdl  "eBiHl.  s‘3i£«*'  doiraii  t&ffi  Jlnt'agEa'Sioni  ta 
t&e  ffixfeeat;  of  MeMag;  th®  gECcaetsT®  imf  iasi&'lem 

Wham  ■Eh®  jaafeeE.  aasnroi  ssaEnroEioB!.  i®  aad'e^)  igsoEssdl  aiaS. 

EME.  eascatdio®.  fos‘  daEarMffiSng  T  ~b  regSacadL  03;' 


■?  •= 


iSrSH^} 


aaS.  F'f,  t&e‘  acEtasEor'  acMsmEj,  il®  edlEheE’  calcoQiaEcd!.  mix,  laEoi  front  S^jmEiom  3^95^^ 
or  3®E  Eo>  s^oi  a^sEaBwEScaOil^’.. 

■Sa®  eqmEiom  fOr  dlaEannisdlag;  IcadSi  (^SijmEfOEi  c^tEi  E®  rewriEE«m  asi 

it]-  =  [Rjrr]N:Pi-~>I|H'p  -CftKfffJ ')  C3-9®]) 

■riier®  -£  Pl-  Is,  gi^f’as-  "by  SqmEdlon'.  3“9^*>  We  rmyi  m®  IfijoaEioai  eJ’tiaEBaEe 

y  -with:  -Che;  reaajOLE,  EEiaE. 


■>  Ti. :-  ■;  'r 
'  '  ^ 


where  gfeart  by  EquaEioHi  3-9@''»' 

Eiaally,,  ‘the  coa-6ro3l  sysEsa’.  aqiasEE on®  ia  Eeras'-  of  awadal.  coordfaaEe®  ere 
aTTniaarizadl  is.  ■the  "’conErol.  la*«"' 


C3-9T^5l 


Th.^'.  cosTfoiutiaist;  •feliaoreai.  offers*  ■febe  formal,  soliitloa’  to>  isEiis;  eqjai^Qai  as: 


rt 


j- 


C3-9??:6| 
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cauii  'b)S!  a»d.’3!  the;  'bats  fas  Siasr  a\  se£eme:’  to'  IscXud'e  a.  gemsra’I.  control, 
£<sscr£stXoai  Xai  a.  coarotcber’  |^iagr!iua\  gescrXbfng;  lamcB.';  vitsMcle  dspaB>ica!.= 

For'  t&e  s-ia^le;  rsprsisentatioB'.  aS:  ata^  att^tiicd’e;  contr.o'1.  sscstsss  aaatl'oaedl 
aatrXfaE’,,  wai  M's:® 


r  =  Ja|  Kofe-T?-)  Jy],  4  -  July  .F 


A',  avmmxj/  of.’  tb.«:  a^oatisina!  diaefesiei;.  Dai  tMai  aactfoa;  Dm  ^Tt«ai  lai  ff'DguE®  63’.. 

3!.2.’..-I2:  g&a:  QuaaD.-SDgjai  A-pprmDTatfom 

T!i®  a^tmitDoaai  <£«r;D:irodl  Dai  tMa;  aectioa.  catai  'b®  grtsal;]^'  aiaroUf  tad!.  Df.'  tbe; 
qTzaaD.-rig£ffi  aastaaDtioa.  Dai  nawSai  ^aee;  E'aragrashi  31.'I.2!..3'))«  lai  tib*)  prasea-i:-. 
et^uatDanai  tMs:  apprccziMtDoa'.  Dai 


WlDthi  tMai  appccacDaatiani  tb®;  nor®'  aDgaPf-Dcaat,  BoaXPaeiir-  Da®rtDa‘,  tanaai  airai  zero.. 
W®  farc&er'  aagXac.t'.  t&®  terma! 

-fKAj-pri- 


by  corcarDsoai  wiSfc  I,,  t£e^  uad'ef.braed;  -waMcia'  lacaneat'.  of.'  DaertDa...  W®  t£en;  is.X9i 


4^ 


Ji:  we;  racogaDza!  tbafe 


rpl 

-  j 


r  I 


V-l 


C3"98d:); 


C3-981] 


of‘  notion;  beccszie; 


. ,  xvsf  •  \r 


k)  -WnP-t 


(3-9^ 
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FIGURE  63  EQUATIONS  FOR  PLANE  MOTION  OF  A  FLEXIBLE  LAUNCH  VEHICLE 


M  (§  -  e  (3-983) 

(3-984) 

"  (3-985) 

f  =  -.eY, 

The  es^reasiOEs  for  the  forces  reduce  to 

iPi-  =  -  V®  Ij  - 

iHoJ-  ^CnJ+CNj+t^coYo,  [Ln]jr[(p}^‘3^}^.j^^].j,''  (3-989) 

+  I' 


aad  the  eqwtioa  for  IstersAl  loads  reduces  to 


{L}  =  [R][rj[p^Hp} 


(3-990) 


The  simple  attitude  control  law  (Equation  3-9T1)  "becomes 

P  —  vToJ^  (  KpCd- T  kg© 

-cr4  KD{^\'xp\R(fHa^l- 


(3-991) 


When  Wy  00  ,  the  perfect  servo  assrmiption,  "becomes  valid  and  Equation 
3-985  is  replaced  hy 


3’=  KdCs-t?)  i-K^e  -  Kp{§J^fxolKq)}fi^]-  (3-992) 


ax5d  r  is  set  to  zero  in  Equation  3-991. 
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THE  DraAMICS  (F  M  UNRESTRAINED  ELASTIC  STRUCTURE 
IN  GENERAL  SIX-DEGREE-CF-FREEDCM  MOTION 


4.1  m  EQUATIONS  CF  MOTION  OF  A  SINGLE  ELASTIC  BQDY  CONSTITUTING  A  FIXED 
SET  CF  PAETICLES  AND  EXECUTING  IAi»3E  "RIGID  BODY"  MOTIONS 


The  object  of  this  section  is  to  derive  a  practical  and  general  set  of 
equations  for  an  unrestrained  elastic  body  in  general  motion.  The  theory 
presented  here  is  a  rational  generalization  of  the  work  of  Euler  on  the  motion 
of  a  rigid  body  and  of  the  work  of  Lagrange  op  the  small  motions  of  a  body 
having  any  number  of  degrees -of -freedom.  We  have  discussed  Lagrange's  theory 
in  Section  2.2  leading  to  Eiguation  2-l4o. 


[AHpl +[8K^1 -i- [Klifi]-  =  {Pl- 


(4-1) 


Ehiler's  theory  leads  to  the  following  equations 


M: 


(4-2) 


.  i.  -h 
-t1  -it' 


where 

(Vx,  Vy^  ^z)  body-fixed  components  of  the  velocity  of  one 

center  of  mass 


(^x^-^y  j  ^z)  “^46  body-fixed  components  of  the  angular  velocity 

of  the  body 


(Fx;  Fy,  Fg  )  are  the  body-fixed  components  of  the  total  force 
(Gxj  Gy-}  Gz)  are  the  body-fixed  cojnponents  of  the  total  moment  of 
forces  about  the  center  of  mass 


Our  interests  are  in  the  case  where  neither  of  these  theories  is  valid 
hut  both  are  obtained  as  special  cases  of  a  more  general  theory  to  be  devel¬ 
oped. 


The  results  of  this  section  will  he  used  in  Section  4.2  to  develop  a 
general  set  of  equations  describing  launch  vehicle  dynamics. 

Following  the  development  in  Paragraph  2,1.1  of  this  report,  we  will 
consider  that  each  of  the  continuum  of  particles  of  the  body  is  labeled  with 
coordinates  (x,  y,  s)  which,  correspond  to  the  rectangular  coordinates  of  the 
point  occupied  by  the  x-y-z  particle  at  time,  t  =  0.  The  Lagrangian  coordi¬ 
nates  of  the  particles  on  the  houudar;.'  of  the  body  satisfy  the  equation,  say. 
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(4-3) 


Stated  differently^  f(x,  y,  z)  =  0  is  the  equation  of  the  bounding  sxu’face  of 
the  body  when  it  is  in  its  position  at  t  =  0. 


at  time^ 


'Ji-o  trajectory  of  the 

x-y-z  particle 


FIGURE  64  MOTION  OF  AN  ELASTIC  BODY 


In  deriving  the  equations  of  motion  we  shall  make  use  of  the  Principle  of 
Virtual  Work  (see  Equation  2-33  of  Paragraph  2.1.1.3)* 

^  5il '  f  ~  0  (4-4) 

Preliminary  to  this,  however,  we  want  to  discuss  some  of  the  details  of  the 
kinematics  of  the  motion. 
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4.1.1  ghe  Kineaiatics  of  an  Elas-bic  Body  ikecutiag  ^jfoitrarlly  Large 
Displaceeients 

It  will  "be  converiient  to  ar’DitrariiSy  decoHKsose  tiie  positicrs  \^ector^ 

Jn.  (x,  Y,  -L,  t),  into  a  sisa  of  vectors  describing  tbe  "rigii  body"  motion  end 
the  "elastic"  motion.  There  is  no  a  priori  way  of  assessing  haw  much  of  the 
motion  of  a  given  particle  is  due  to  rigid  body  motion  and  how  much  is  due 
to  elastic  motion.  It  should  be  emphasized  that  the  proceditre  we  sisll 
describe  is  just  one  of  a  nuafiber  of  arbitrary  criteria  that  tot  ght.  be  used 
to  separate  the  motion. 

An  important  properly  of  the  gross  motion  of  the  body  is  the  path  taken 
by  the  center-of-mass  of  the  body.  The  position  vector  for  the  center-of- 
mass  is  defined  by 


K'tj  = 


^  3!'»: '■(.=5  i* 


(J^-5) 


(The  region  of  integration^  unless  otherwise  noted^  is  the  whole  fixed  set  of 
particles  inside  f(x^  y,  z)  =  O.) 


FIGURE  65  CEKTER-OF-J.tASS  FOR  AK  ELASTIC  BODY 


If  we  arrar.ge  the  x-y-z  coordinate  system  so  that  the  origin  is  at  the 
point  which  is  the  center  of  mass  at  t  »  O,  then  x  =  Qjy  =  0^  z  =  0  labels 
the  particle  which,  at  time  t  =  0,  is  on  top  of  the  center  of  mass.  «e  then 
have 
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*  =  c 


ih-6) 


1  o 


(%-7) 


(«) 


55ie  iaeartial  reference  sysiiea  (-1,'iFjK)  is,  in  scsees  vrays,  inconwenient. 
for  deseribing  -tbe  Esotion  of  a  bcdy-  us  intrcdiice  instead,  a  refereriee 

systsHij  3  j  3  lk)j  wiiich  is  neitiier  fixed  in  s®aee  nosr  fixed  in  the  ho^'. 

Me  will  assuse  it  to  be  arbitrary  for  the  present.  Eie  relation  between  this 
reference  systea  and  the  inertial  reference  systesa  can  be  specified  by  a  set 
of  Euler  angles^  <P,d  3  (see  Figure  67), 

Me  then,  introduce,  a  position  vector  that  is  fixed  in  this  frarse  of 
reference  and  whose  length  is  constantly  equal  to  the  distance  of  the  x-y-a 
particle  froa  the  origin  (x  *  Oj  y  *  O,  z  *  O)  at  tine,  t  =  O. 


L''«  Z.J^'  —  'J!  J  H  3 


(%-9) 


The  direction  of  iL  depends  on  the  oriancfcation  of  the  "body"  axis  systea, 

(  F  j  j  j  Sie  position  vector  of  a  point  fixed  in  the  (  f  ,  ra  ,  lik'i  frane  of 

reference  is  then 


k 


"P.t. 


FIGURE  65  A  POINT  FIXED  IN  "BODY**  AXIS  FRAXIE  OF  REFERENCE 
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We  define  tlie  "elas'tic”  dispiacessufe  vector  ('relax.ive"  dispiaeeHHnt  ialgiifc 
ce  a  ce'fcfcer  descariprfcion)  of  "ilie  particle  to  Ibe 


witii  tiie  resiilt  that  the  position  vector  of  the  x-y-z  pait;icle  can  he 
written  as 


=  £  Wi  ^  y  x-f,  ■i.tl 


iibis  definition  of  elastic  dispiacerent  leads  to  the  ismortaEit  relation^. 


(*5-22) 


Shis  follows  from  using  Bgiistion  ^lO  and  the  relations  defining  the  center 
of  nass  (Bqhstion  *5-5)- 


\  J’.-'  S.  -^LrAV 
El  ^  L;Ji»  - 


{*^-13) 


Ihe  first  and  last  terns  cancel  leaviEg 

i 


wMch  is  sero  hecsese  of  ^onatioiis  *5-6,  v-7,  and  4-3. 


^  I.jr«  “  j  'e*->  j  -tk.  ii»  =  ; 


(4-24) 


Ihs  elastic  dispiaceiaant  is  rot  ccErxletely  specified  tsitil  ve  say  that  the 
(y  j  j  jk.)  SrsHS  of  reference  is.  Siere  are  a  zssEsaer  of  possibilities  fcjr 
defining  (  2  j  3».)  which  wonld  teicd  to  inske  tJieic  follow  the  gross  rotational 
nation  of  the  tody.  It  can  fce  sbawa  that  the  condition, 

^  Lt.  •,.= 


(^-15) 


Along  ^rith  the  requirement  ttet  ]  ?  ] 


I J  I  =  1  k  I  =1  and 


=  k 


(4-16) 


>k=7 


(4-17) 


coiroletely  specify  the  (  7  ^  ic)  frame  of  reference  as  a  set  of  unit, 

orthogonal,  .right-harned  base  vectors. 


Equation  4-15  leads  immediately  to  the  condition 


]  3 


(4-18) 


vbich  is  true  because 


j  L*aj£lY-  ^  IqdV,'  K  =  0 


(4-19) 


firoa  Equation  4-l4  and  the  fact  that  IL  x  L  =  0. 


m  susaary,  ve  have 


i:.» .«  £  t.  -  ^  L  4  ,  ;  ^  4  j  T  t; 


(4-20) 


where 


R 


(4-21) 


and 


L  =  xit  y 


(4-22) 
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arsi  p 


satisfies  tke  following  conditions 


J 


=  0 


(4-23) 


(4-24) 


The  kineinatics  of  the  ''rigid-hcdy''''  x’eference  system  is  described,  by  the 
velocity  of  the  center  of  tcassj 


M 


(4-25) 


ard  the  angular  velocity  of  the  (  ?  jjj  ^  Hc )  axis  system^ 


-1=  .  fi-i 

*t  it  U  ctt 


(4-26) 


Shis  vector  has  the  property  that 

x,t)  =  it  X  tj  (4-2T) 


which  is  characteristic  of  a  vector  that  is  fixed  in  the  (  ^  ^  J  ,Ik)  frame  of 
reference. 


She  velocity  of  the  x-y-z  particle  is  given  hy  differentiatirEg  Kquation 
4-20  and  using  Equation  4-27 


-V. 


•  X.  A  c  t. 


=  '.f- 


■i.% 


(4-28) 
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If  we  lefe  ‘fel^-  s^uS.  y^. 

QDn^QHeEifes  <af  ^  reffeinreii.  ised  i  f  ^Jj  ji  (k.  I»  irEieii 

Z.J,  t})  denote  tlie 

(4-29)) 

aanfil 

+  (?*iIx.  S7  ii- 

Jivl 

If  'we-  mfedilEce  tlie  motefedkiiji 

C4-31)) 

t&SB 

i  =  1  vji.f 

(4-32). 

saadi  Bqjasfeiiaia  4-2S  feecames 

(4-351 

Ie  tlie  IrinciBle  of  ^lEtnal  Warfc  refearence  £s  made  fa  tie  -rfirfaial  Sis- 
g-lscemeotj.  5eL  „  of  tiie  x-y-s  gaEtide-  'EMs  cse  te  consiiierea.  ta  fee  dicie 
ta  virtual  Si^lacemeats  of  tfee  ''rigM;  fecKiy"  refereace  system  anii  due  ta  tfee 
'"elastic''  matioH  relative  te  tfeis  reference  system. 

^  'F--  = 

;  -  Ji  f'f 

C4-341 
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It:  cert  te  siiGJwimf-  tfefc  ttese  esciats  a.  •WHctenr^  d(B,^  anck  that 

V  =  ■:£■  z 
--=?£,- 

Kl,  =  .  h 


i>^35} 


We  therii  fere 


Slt=  5®.  -I-  -i-  ^ 


C^-561 


wfesre  w:e  fewe  let 


-f  -  :>trr  3  r  -p.k 


CMtI 


Ih.  the  lEiKcigle  of  MatoEl.  Wcark  the  -rdartsB]!  tiisglecesnents  must  satfe£5r 
all  the  Idigamafciieal  coEstEaiHts  off  the  ajpatem-  Is  gsEtlcnlar'  the  ulrtosl, 
dla^lacementa  mHst  as.tislj’  EgraatSona  ^-33  ami  4-:-E4t» 

5j5j:at,'^0  C^-33) 


(.M5) 

h«l,S  nerlffafeiart  of  the  Bgoatloias  of  Hatlon.  ftom  the  Erlneigle  of  ¥lgtiisl 
Work 

FEcmr  Eqpatian.  h-h  -we  hssre 


5/v=^,  F^-v- 


^  See  Synge  and  carlf£lthj«  Erlsglgles-  off  SiecfaenlGS;.  SkQcasr-ffilljj.  IhiEcL 
Mitlaa,  I-  253. ' 
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SafesiSLtafeiirg  frQm;  EaxisMcm.  if— 36  intn  Equatisn  we  obfein 


SA-  =  H-  =E^  ,lL+p)  -  Sf ';,  •■ 


sofejetrii  -fea  tlie  fallowing  canstEsinfs  an  5:[K  *  end  (5|p;  « 

and  c 

5|f  1  -tV  =5 

Fallowing  EagEange''s  meir&od  of  tandefeermined  mtiL-bipliens,^  we  let.  ^  i 
be^  as  yst;j  undefeecmined  'weetons  and  add 

k,  ^  tV  -t-  Sjf  -iV 


to  the  uirtael  worlc-  Since  this  tenm  is  zera;^  we  still  have  d;W 


y  f:!R  H  .  Lvjf i  f S|V  ■;' iP+^y-E -7 

-  tx- I  i'i=  C5 


Ihis  can  he  also  written  as 


JvV  =  ^^,F^7-I-;g  iv-  rF 

^  jL-i-lp; '  ;  F-  7-£-  j  ”  'S’© 

-  ^  7'£  -(>  if*-  '  ^  -J-  -  •  “-F  ^  =  3 
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t4-te). 

and  ^2. 

Clf-iA) 


(4-45) 


By  the  usvial  arguments,  eoncerning  the  Independency  of  the  virtual  displace¬ 
ments.  we  obtain 


(h-k6) 


(h-h-T) 


^  6jjj  •■  +  p  +  e  L  j  d-V  —  0  (4-48) 


From  these  relations  we  may  derive  all  the:  equations  governing  the  motion  of 
the  system.. 

Since,  we  are  considering  a  fixed,  set  of  particles^,,  we  can  write  Equation 
4-46  as 


pH d.V  =  ^ V- 1 )  dV  ( ) 

The  total  external  force  on  the  particles  is 

F=^IPcLV+§  (4-50) 


Using  the  divergence  theorem  we  have,  from  Equation  4-49, 


(4-51) 
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Frcuu.  the  definition  of  the  center-  of  mass  {Equstion  we  can  then  write 

Eqmtion  4-51  as 


¥ 


V^5Z} 


If  we  let 


(4-53) 


denote  the  total  mass  of  the  hody,  then 


=  F 


C4-54J 


Equation  4-4T  is  treated  in  a 


manner. 


We  f ‘-st  note  that 


'4<-|r  =  iL-E. 


(4-55} 


Then  Equation  4-47  can  he  written  as 


M 


Kx  ^  F •- V-J};  iV 


(4-56] 


We  can  reduce  the  left-hand  side  hy  tising  the  identity 


(^-5T) 


and  introducing  the  total  angular  momentum  oT  the  hody  calculated  about-  the 
mass  center^ 
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It  =  ^  fat-  lEt  !<!  ^  { «L- 112.\  giV' ,, 


We  oEEtaia 


^  ^  (BC-I^V  (t 


C%-59)| 


We  also  'issue 


j,  te-Kb 


UM 

^35.x(Pfr¥-Hii'i  -K,*F 
|nt*pA\i  +  |K»¥-II.t^  -K*iF 

^iit;(ilPdtV  -r  I V-  fuiLt  11)4^  -  K»F 


liSiere  we  Sswe  used 


U  -  |¥-(  iit«E)  AV 


C4-€l.} 


wM-ch  is  true  tecause  tlie  integirai  csn  fee  expressed  in  cac)rdiEs.te3  for  wMefe, 


r.  -’y-Z  =  ¥-  '  K  i»Z) 


C4-62J 


(rfc  can,  fee  sfeown  tfeafe  this  is  true  wfesa  the  integral,  is  transfornied  to 
EtiLerian  caordinates.] 
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Me  tliaa  Siatre 


*  =  |!Et*lFdO*'  -  £)  4^  -  E.*  IF 


ik-63) 


Bstog  -felie  liOTergeEce  tSieoreim  ot  islre  second  termf  we  olrcaiii 


=  |'E-flR:)i*  fii  ^  ■^'  inL-Kl>i:-i5 


{4-64) 


Bie  glgfe&-feimi.  side  caa  now  lie  reco^aized  as  tiie  total  momeEct  of  external, 
foarces  cslcisilatsd  afeoiat.  ttoe  Bjass  cemitear. 


(4-65) 


Me  tStsiii  Slave 

ilr  _ 

IE  '  (4-66) 


Sirning  onar  attentlcia  to  Emiati.iDa  4-4'3,  we  assuae  tSiat  [fJ  can  te  sjeci- 
£ied  tiy  K  generalized  coordinates,  s^Ct),  i  =  1,  2, , .  .IE.  FturtSier,  we  assume 
tliat  OH  tise  tasis  of  |p  ttelng  "’sEiall”  (see  also  Paragrapli  2.3»i)j  we  can 
write 


» E  i 


(^-bT] 


Sieii 

r..  s  tj  =  f.'E,  ■!-  L  tt  f\  “ 

!•=! 


(4-60) 


3£0 


We  are  ■thus  aptiroxiinating  the  continuovis  elastic  hody  "by  one  vith  If+6 
degrees-of-freedOH!.  The  six  generalized  coordinates  describing  the  "rigid 
hody"  motion  could  he  taken  as  4>,  9,  4>,  where  Tj,  and  ^  are  the 

inertial  coordinates  of  the  center  of  bh.ss^ 

'  r,=  f  ^t;J  rj-t)JR  (4-69) 


and  4>3  9,  and  ^  are  huler  angles  for  the  (  F  /J  Ik)  frame  of  reference. 


We  then  have 


(4-70) 


hut  from  Equation  4-63^  we  also  have 


(4-71) 


so  that 


(4-72) 


Introducing  this  into  Equation  4-43,  we  have 


-t". 


=0 


(4-73) 


that 


Ihe  oar.  he  iniererdentlj'  varied  and  ,  and  A.^  can  he  chosen  so 


ki'd  =  0 


1.  — 


(4-74) 
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Using  the  identity  expressed  in  Bovtation  2-h3  of  Paragraph  2.1  T»re 

have 


/_£  . 
jU 


i  ^  _  yr 

it  %  ■  '‘K 


(4-75) 


where 


jji  i  41/ 

>  Ut'ot 


(4-t6) 


Also^  from  Equation  2-55  of  paragraph  2. 1.2.1^  w’e  have 


(i-n) 


where 


(4-78) 


=  ^neraiized  forces  derived  from  the 

virtual  work  of  only  the  external  foi  >33. 


'•e  then  can  write  Equation  4-74  as 


t 


Xi 


'Thpt  ccssplete  eguaiiioias  of  nEDtiion.  are  fr&n 


di‘ 


F. 


m 

da^ 


& 


/  JV  O/t,  \ 


(4-81) 


i  oT  _  21 


(4-&) 


i  =  1,2;,.. H 


4,1.3  See  Klme'fcic  Energy  of  the  Body 


Fro:::  tqistion 


■tfce  klnet-ic  eE.e3r.3y  is 


(4-83) 


aui  froiE  equation  4-3  3  ^ve  Lave 


(4 


) 


(4-35) 


xf  ve  iritirc'i'xce  vie  d:.-adic. 


(4-36) 


tkea  ve  can  »rite 


lo  die  -isEsi'cadi  n* 


~41s3  callei  lienfacaor  anf.  "rl"  D'-'aiie:  see  .4. 
■widi  an  InEraduecxon  ae  ler.ser  dnai^rsis,  Devar, 


F* 


I'jr  .'=  J.'  X'r'''-- 


(^-8T) 


Su'bs'fci'fciitiHg  tliis  in  Equa'fcion  4-85  taen  into  Sjuation  4-83^.  we 
oliiisxo 


-ii*  3L»  j:'.  .  Ij.  -s- i-  .■  4-  1  i;it 


(4-88) 


Since  -A  and  [R  do  not  depend  on  :c,  y  or  ue  ssay  take  them  out  of  the 
tE»te,gral. 


?-  Y'^'*  \x.‘  " 

-*  E')  "  i  ' 

-  L-ft'l-  L'J  l-p 

■  j  r  ^• 


(4-^) 


Fron  JiqnatiOES  4-14  and  4-23  j  we  have 


(4-9a) 


.-JjsOf  since  (frca  z^uation  4-2- 


i«  = 


(4-91) 


we  have^  on  differentiating. 


^  y'lLx  J> )  fiV  =  ^  ilx  iL\  33)  ^  ( L'  3 IV 

=  J-  X  pN  pcW  -  ^  Lx  i>  ^,iY  ^  I^_^2 ) 

=  ^  SLx^^tV 

From  which  we  conclme  that 

\I‘t.'.  :  (4-93) 


In  a  siEiilar  inaimer 


(4-94) 


Using  Equations  4-90,  4-93j  and  4-94  we  may  simplify  the  kinetic  energy 


( 


(4-95) 


where  we  have  introduced  the  instantaneous  inertia  dyadic  for  the  deformed 
todj'. 


(4-96) 


and  the  total  mss 


(4-9?) 


32; 


It  will  le  convenient  to  express  the  kinetic  energy  explicitly  in  terms  of 
the  components  of  [h  referred  to  the  "body  axis"  reference  system, 

(  ^  Ik) 


(4-98) 


We  then  have 


and 


\ 


i  J 

-i 


(4-99) 


(4-XiO) 


The  inertia  dyadic  can  be  expressed  as 


i  =•  ^  ;H+1=^V +(2  +  1^4)" 

\  '  *  kl  ^  ('a i  ^ 


)  ' 
-)  ■ 


- ; 
JO 


s  -r  r»  ■  ,  I 


(t-101) 


.i  \  “ 
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This  expression  can  be  simplified  by  making  use  of  the  constraint  relations. 
Equations  4-23  and  4-24,  written  in  tenns  of  conqionents.  These  equations 
are : 


\hf>dv  = 


(4-102) 


(4-103) 


(4-104) 


\  [r,  -  '  j  U  = 


(4-105) 


(4-106) 


(4-107) 


For  the  sake  of  hrevity  vrite  Sqtiation  4-101  as 


- 


(4-103) 
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Then,  using  Equations  4-102  through  4-107^  in  Equation  4-101, 

we  have 

^  r  ^  \  ' -*•  ^  i  -r- ■iV' 

(4-109) 

(4-110) 

\s  ■=  -  ^ i'*  “  ^  ^ t .  *  t>i  fcj  j  tv 

(4-111) 

-  -  )  - 

(4-122) 

-*V  .A. 

(4-113) 

•■a  =  1  -  .j, 

(4-114) 

In  these  expressions  we  say  recognise  the  nonents  and  produc 
the  undefomed  fcoay. 

ts  of  inertia  of 

(4-115) 

J  ■ 

(4-116) 

32  i 

(4-117) 


=\(xS’fV. 


X* 


(4-118) 


(4-119) 


(4-120) 


As  in  Section  3>2j  ve  want  to  make  a  finite  degree-of -freedom,  approximation. 
From  Equation  4-67  ve  have 


(4-121) 


±in’ressed,  component  wise^ 


(4-122) 


and  Equation  4-221  can  ce  replaced  ty 


(4-124) 
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(5f-125) 


V=1 

Using  these  expressions  we  can  vrlte 

^  bf jiv  ;;  f.y  j  H  lul'  -  b  ^  i- 

]  ,';  XI  =  d  f  i  ]  i  ’^£  :t  kj'  5  iV  -si  i 

\  ?»  ’'4  .'■^^'  ^  \  -.f? 

1  =-FVSbv-^^}.ii  :t> 


We  can  ■\vrite  these  expressions  more  concisely  if  we  define 


:  =  S 


■^:=\ 


Jv 


(4-226) 

(4-22?) 

(4-128) 

(4-129) 

(4-130) 

(4-131) 

(4-132) 

(4-133) 
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-a:  -  \ 


Cllt-1351 


[  1^121  =  ^  ,iV 


ticiTjatioii  ir-59  casii.  tEDai  lie  wrifeteiL  as 


(4-137]) 


'  f  4  n  =  :e  r 


.«iil  -  .^jsl  'F-  f 
^iFr  >u^:'itpr  1. 


(4-135] 


aiai  Zauation  4-LGO  as 


4  t :  I  r 


(4-139] 


It  tci.II  be  canvrenlent  ta  introdtice  riirii  body  inodes^  ^  ^  wM oh. 

represent  rsloes  of  {pj-  correspo  nd.  i  ng  to  dx5pla.cemgnts  relative  to  tbe 
C  F  r  j  j  &.  ]  ree’erence  systein.  as  a  rigid  b'Ody. 

A  rigid  body  translation  parallel  to  tbe  s-asis  is  giren  by 
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3i(aar  escto  psE-fckcaie  »  UliJKire  them  exists-  Jf 


suck'  tkat- 


'1  ” 


(;;4.:-.]iiti.)i 


&  Elgidi  kotiy  EcrfeabigiiiL  akajaife  tke  x-axiSj,,  gasdltalTre  scsecBriiaiBg:  t:®  tke  irigM- 
feimi  Eiailte^t,  is.  gLvoa:  ky 


■=  i 


Skesre  exists  f<^'p  J-  such,  tfiai; 


4- 


g4^lL4.2')j 


In  general  tkere  are  siic  passible  indeyeiaieirt  rigid  bady  modes-  If  these  .ore 
taken  as 

(,l)  tr-snslation  perallel  ta  v 
(_2)  translatian  parallel  to  -H 
(.3)  translation  paraXTeT  to  iK- 
C^)  rotation  about  1 
(5)  rotation  about  J[ 

C6)  rotation  about  !&• 


®ieii  we  tere 


V,;-  A'  = 


'I'll  ~  ^ 

livj  n'mVj  -  1 


■t’-’-x'r+Vft^b  -  ''I 


'>«  r’  'ff.  n-r  =  :  "  ii'j  \'  \  ~ 

- '■'i]-  •'."5"  i:  *  t"  ^<5' 


('ij-1.4-g) 


Usins  ixheae  relafeLonsj;-  we  find  iihs-t 


i'l  liJV  = 


.  V  f*i'+ 


0-146) 


and 


4n  ii  \ 


-la 


ih 


]i  ^  fVJl 


and,,  in  geceral 


(4-147) 


M  ' 
i  M 


J 

■>  ^ 

H  _ 

1-,  -Ii>)  l.£ 


1  o. 


(4-148) 
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Where:  Ij^^]  is  the  W  x  6  matrix  of  rigid,  bedy  modes 

C!Pa]  =  C-tfs]-,  iVkl  - U  ('+-li*-9) 

The  con^onerLta  of  the  ineirtla  dyadic  can  be  written  as 


4  (A-I50) 

4-  ■‘.cV  ([Aijtj  ] -t-CAsT]  jl'pl 


'•■XU-  ~ixij  ix.] ■■ 


(iv-152) 


('+-153) 


('+-15'+) 


33'+ 


The  kinetic  energy  (Equation  4-95)  the  finite  degree -of -freedom 
system  is 


r 


-  i  Jijifij  ,  [Arf]  -  [  Arj]  i_pj 

■H  dji pF  ■  [A-<^ ; "  )if’i 


(4-156) 


.'Here  ‘^y;  components  of  the  angular  velocity  vector 

referred'  to  (  ^  ,j  ,  u^)'! 


(4-157) 
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'Jhe  Strain  Energy  of  the  Body 


The  specific  internaL  strain  energy  of  a  particle  of  a  continuous 
elastic  body  can  be  written  in  a  very  general  form  as"^ 


‘  I  T-*'  ' 


(Ij-L53} 


The  Lagrangian-coordinate  components  of  strain  can  be  written  directly  in 
terms  of  the  displacements  relative  to  the  ( ,  [}^ )  frame  of  reference^ 


(i«-l59) 

(£f-i60) 

(Jf-lOl) 

(4-162) 


^ee  Timoshenko  and  Gocdier,  Theory  of  Elasticity,  McGraw-Hill,  1951^  P-  1-43 
equation  (85). 

%his  statement  requires  proof.  It  can  be  shown  that  the  "exact"  definition 
of  strain  used  in  conjunction  with  the  assumption  of  small  displacements 
relative  to  (  fxj  /  Ik)  would  give  the  result  stated  in  Equations  4-159  through 
4-l64.  For  the  "exact"  definition  of  the  Lagrangian  strains,  reference 
should  be  made  to  Green  and  Zerna  Theoretical  Elasticity,  Oxford,  1954, 
section  2.?,  p.  ~r. 
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(%-i63) 


r 

Wsing  Equations  ^-123^  h-12h,  and  If— 125, .  these  can  he  written  in  terms  of  the 
generalized  coordinates, 


(If-l65) 


(lt-l66) 


£ 


££ 


(4-16'?) 


T,.^  -  t  VI'  J 


(4-168) 

(4-169) 

(4-170) 


Substituting  this  int"  -'r.'. .  j--."  ..  .  L  r j.' ing. 


we  obtain  the  following  expression  f^r  -f-'-.e  total  strain  energy 


(4-171) 


(4-172) 
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where 


-Vi 

,  !  >-»I  '-JV, 


■ijrf  ^' 


•  5u-  I 


OnVi'-’V'  ^ 

Zfity]  >  -{ 

-  ,-:>.i:r-^i;  *  .-b;  ;i.,,'  ;;(  :>.’ 

Of  1 '-.f  j  +  ■'>  r -;i‘ 


;i'; 


(4-175) 


In  practical  structural  analyses  Eqization  4-173  would  never  be  used  directly 
but  the  general  approach  would  be  the  same  except  the  strain-displacement 
relations  would  be  replaced  by  approxiinate  ones  appropriate  to  beams,  plates, 
shells,  etc. 

4.1.5  The  Dissipation  Function  for  the  Body 

In  a  similar  manner  we  may  derive  an  expression  for  Rayleigh's  dissipc - 
tion  function.  The  general  form  -f  H  -'z^'n  '■<■.]■  ‘■-r  a  static  stress  state  is 

'■-jij  - -is  ,  +  <J-rtxx  (4-17i|.) 

■  i ]  ~  4  '■  ^4'-175) 
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''  V  ’tx.  ^  ‘  c.  zj  i  ^  -7  “r 

1 

i:3 

ON 

'•^ 

=  G  f 

(4-177) 

(4-178) 

Ttr  =  j  C^2 

(4-179) 

where  X  is  Lame ' s  constant 

-/•  -i'G 

(4-180) 

and  G  is  the  shear  modulus 

(4-181) 

Following  Volterra^  we  may  t 

reneralr^e  thes^  relauions^ 

in  the  dynamic 

case,  to 

"  .  Z  ~  *  •  ^  r 

vfv 

(4-182) 

'  ''  *  r  '  V  j-  ^ 

•la  • 

(4-183) 

'  ■*  =..  •  -  =£r''  -  ^  5  '  5  < 

(4-184) 

‘  ‘ 

(4-185) 

’  *  ?  ”  .r  *•  -  2 

(4-186) 

(4-18?) 

where  the  bar  denotes  the  Laplace  transform  with  respect  to  tiiae. 

2, 

.  •  .  t 

•••’/»?  -  .  .1  ^ 

(4-188) 

Enrico  Volterra,  On  Elastic 

Continue  with  Hereditarj^  Characteristics. 

Journal 

of  applied  Mechanics,  September,  1951j  equation  (14-), 
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Volterra  has  shown  that  invariancy  under  a  rotation  of  axes  indicates  that  only 
two  parameters  are  pertinenet  to  the  description  of  the  strain  rate  teims.  The 
functions 

(4-189) 

and  (4-190) 

are  called  hereditary  functions.  We  suppose  that  in  the  frequency  range  of 
interest  in  structural  vibrations  ws  can  say  that 


i  f,  independent  of  s  (4-191) 

independent  of  s  (4-192) 

(This  classifies  the  internal  energy  dissipation  as  what  is  generally  called 
viscous  damping.) 

The  generalized  stress -strain,  relations  are  then  given  by 

Txx  =  ’  zxs, '  ^  r  iii)  (4-193 ) 

=  \  r  ^  ^  ^  i  r  (4-194) 


(4-195) 


J  WJ  -  -r  CJs 


■^xs 


(4-196) 

(4-197) 

(4-193) 


The  virtual  work  of  the  internal  forces  is  given  by 


34*3 


ik-199) 


Substituting  the  stresses  in  Equations  lr-193  through  h-lSQ,  we  obtain 


Z.T*  Z'-tf 


>4 


:( 


I 


*• 


(4-2CO) 


The  first  integral  is  -  t5U  and  has  already  been  accounted  for  in  deriving 
Equation  4-173-  ’-Jakiiig  use  cf  Equations  4-123,  4-124,  and  4-125,  Equation 
4-22D  becoisss 


Sti  =  -  50  --£S*pJ-[b}^^7 


{4-2D1) 


I-I  flj 


wlicx*s 


'e]  = 

s 

;  » 

,  1 
•j 

*  i.-* 

■^1 

f< 

4  /  ,  1 

■  4  4 

aiijp 

*■  Kh  * 

,  j. 

oha 

M 

V 1  .  ■ 

fj'A  ^ 

.  - \ 

-  :z 

■■■i  - 

- 

.  ;  H  lo,  , 

' "  -i  (';'H 

) 

Ip  -  , 

•*  i 

i  ♦ 

>  A 
‘t 

- 

* 

'hi 

•  f 

' 

■  - 

*"-U,  .-^L* 

/  •£  ^ 

‘ 

♦  - 

- 

•  > , 

‘  4 

' '  ■ 

• 

»*> 

y  , 

• 

‘'u' 

r-!  ■> 

* 

dV 

(ij-202) 


n  the  very  s;^cial  case  that  fi=0K  aad  R  =  pG,  we  have,  by  comparing 
quation  4-173  with  Equation  4-202, 


(4-203) 


and  the  cossents  concerning  Snuaticn  2-2?2  cf  Para,praph  2,2.3 •?  apply. 

FrcQ  Equation  4-201  and  the  syisaetry  of  [bJ,  it  can  be  shown  that  a 
dissipation  function  exists  such  that 


li-2 


(4-204) 


k.1.6  The  Complete  Set  of  Differential  Equations  Governing  the  Motion  of 
the  Body 

The  total  angular  momentum  of  the  system  (Equation  U-58)  is 


W  -  J  pdV 


(4-205) 


In  this  expression 


and 

T^U-K)  =  +  jp 

so  that 


(4-206) 


(4-207) 


]-l  = 


(4-208) 


The  first  term  can  he  written  asjvjfl  where  A  is  given  by  Equation  4-96, 
In  the  second  term  we  can  use  Equation  4-93  so  that 


W  -  A-JI- J  t.j?;  (4-209) 

which  may  be  expressed  in  terms  of  the  generalized  coordinates,  p. ,  by  using 
Equations  4--138  and  4-150  through  4-155* 


Using  the  results  of  the  previous  section  in  Equation  4-82,  we  will  have 
the  Lagrange  equations  corresponding  to  p.,  i  =  1,2...K.  From  Equation  4-156, 
we  have 


(4-210) 


3^3 


and 


-1, 


)  - 


“  o; 


Also,  from  Equation  4-172 


and  from  Equation  4.-204 


If  we  let 


and 


(4-211) 


(4-212) 


(4-213) 


(4-214) 


(4-215) 
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;hen  we  can  write  the  generalized  constraint  forces  as 


t  i,f  iXi 


:  i)  ,  ;u\ 

nj 


(4-216) 


Using  Equations  4—144^  ve  have 


r,  i-  L'  ;•:» 


(4-217) 


where 

"  -'-t- ' {4-2L8) 

Before  substituting  these  relations  iatr  Eq, nations  4-83,  let  us  express  the 
constraints  (Equations  4-102  through  4-iO^)  in  terns  of  the  Again,  using 
Equations  4-123j  4-124,  and  4-125j  and,  also,  4-l44  and  4-l45,  we  have 


- 

(4-222) 

^  itijE  -  = 

0 

(4-223) 

a 

(4-224) 

■wiiicfi.  can  Ee  'written  concisely  Equation  4-1.49) 

as 

=  ick 

(4-225) 

■wiiicfe  tears  a  renarkalDle-  similarity  to  Equation  2-261  of  FaragcapEt  2..2,3.4. 

We  also  Eawe 

1 — » 

II 

(4-226) 

SEHi 

=  toi 

C4-22ir) 

wtiick  follows  tecanse  tke  strains  (Equations  4-165  ttron^  4-lTC 

j)  are  zero  for 

-f®]-  =  #s}i 

(4-223) 

--^'+  L  *  ,  _  -* 

(4-229) 

=  : 

(4-230) 

(4-231) 

1  i  V-  =  ' 

j£.  *>  ■  *  .' 

(4-^2) 

OZMs  similsarlty  is  a,  cans'eatienee  of  tke  elialce'  of 

j.  Lx|2  fcffi  =  a 

ss  a,  eaustiraiffife  on  Jj  (see  Egastlon  Tkis  gt-ves  a,  mottoe^,  a  postertor-ijf. 

Cor*  making  t-iiis  ctolce., 
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'  ■s.jei-  +  iT^ir  '’.vtrr  =  o 

Using;  E'qtiatior:  4--2I7,  Sqjia'trior  1  z'-'  "be  wiritteti  as 


aJ:  -Pt-  ^-Fl^  "  "-'6^}  ^ 

Bremultiply  t:'  [4>‘ .Y  -'• -* 


-Pi.  -tr 


T  —  1- 


-Pt.  --t.- 

wfeicS.  is  eguiTTalent  t.a  Equations  4— 22o  and  4- 22T-  TKiein. 


/*■  -C  -C.- 


Solving  for  th.e  ^''s..  we  have 


Substituting  this  ’r^-  Eq.;?.tiO'.  j^ields 

•  -  Tc.J 

where 


(4-233)) 


(^-235) 

(4-23:6) 

C4-S3T) 

(4-233.) 


C4-23,.9-) 


Following  Huniiiton  we  car.  reduoe  the  system  to  a  set  of  first  order 

equations:  by  introducinr  the  generalised  mcmenta  as  additional  coordinates. 

If  the  reneralited  mcment-a  ore  denoted  ay  a . .  then 
-  1 


and  we  can  write  Eojoatioa  4-210  as 


(I+-240] 


3^*7 


(4-241) 


where  the  [G;]|  's  are  the  anti-symmetricaL  part  of  the  [a]  's 


ih-zh3} 

{h-2hh] 


W&  can,  also  write  Equation  4— 2ij-l  as 


(4-245) 


Using-  Equations  4-211,.  4-212,  and  4-213  in.  Equation  4-238,  we  have- 


(4-246) 


Using-  Equations  4-150,  tlxrough  4-155,  we  have 


(4-24?) 


- 

i_-1-  _  'Ta  '  '-ri- 

(4-248) 

.  -  '-*■£  ^  _ 

'-k  ■  ~  '■ 

-  'Ml'tpTi  -  LA,j]  .  !  a,j9  :-c  ; 

(4-249) 

-  2  :f/wl^-[fts]  ttF 

(4-250) 

■-■pi.  ' 

-  i'-fvlt,  ”  (  [AjiI'*’  [4j.rj  't^lr 

(4-251) 

.In  7,,  i 


lA.»  ]  "  L  •'’'  ..jl  I ".  !■  i" 


For  simplicity  w^e  ir.troduce  tae  following  symmetric  matrices 

■  4  '  ,  r  .  7 

Kx  .  —  ‘ — r - - 


(£f,_252) 


C^i-£53) 


(^^-£55) 


C‘^-2.56} 

(i^-257) 


(i^-253) 
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%— 2fe6  tbsa  beeoines 


I '  -pi" 

t-  4  [M-jiy,!  -,1^.1*  -  TH-^eI 

i^"-f  zpr 

:-•  *  - 

i  \  *•  '-C-fi  -  *•?  T-  .  1  '. 

^  ^  t)t-  £^; 


(^-259) 


llhis  equation,  is  to  be  solvoi  :■  .rr  .Itanoonsl  ■  "-'it’-.  Sq’-’'-‘'ion  4-2^5 


The  rigid  h-Ddy  eq.:ati7:is  (Sqn.aticns  4- 
taneously  with  the  at  .'Ve  ea,tiati.c’'.s. 


{4-a£.> 

tC  ati'i  t--'!'  nast  also  he  solrei  siml- 


Fi'GDi  Equation  we  U'.ve 


.’-'i 

*i 


3^0 


where 


If  we  denote  the  conrnonents  of  "V  Vy,  and  then 


(4-262) 


and 


V  -  '4  y  ^  Nl^,  J;  +  Vj 


M  i  4.  1^5  ;  +  |l 

^  It  ^  ±t  J  it  ^ 


(4-263) 


iV.  _  ,  .  .  . 

‘  It  ’"1’“  ‘ 

*  4^'-t  -  '  ■ 

•tt’  '■'' 


■-,i> 


■■  'S  ^ 


(4-2^) 

Equation  4-261  is  thei  eonivalent  to  the  following  three  scalar  equations 


*1* 


tt 


‘^3  ■=  ~  .-'tx  ”  *')t 
f3 


(4-265) 

(4-266) 

(4-267) 


where 


-  -  ^  -  “4  j  -  -j  1  (4-268) 

In  a  similar  manner^  Equation  4-81  leads  to  the  following  scalar  equations 


Jtt 


=  M. 


**£ 


.tt 


1-  Xy  Hj  -  i 


•t-ij  ,  ,,  7  .. 

If  -  -U  t 


(4-269) 

(4-270) 

(4-2fl) 
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where 


N-  ^  (2^-272) 

The  relation  between  the  total  angular  mcmentum,  IH  ,  and  the  angular  velocity 
vector,  .fV,  ,  is  obtained  from  Equation  4-209  using  Equation  4-138 


4  — -i If* I  Co'iJ ]■! p  f 

=  X;ii  ^7,  -f  \.^,  +  KiiTi,  4  b; 

where  the  X's  are  given  by  Equations  4-150  through  4-155 • 


(4-273) 

(4-274) 

(4-275) 


Finally,  we  want  to  derive  a  useful  relation  between  the  total  force  and 
moment  and  the  generalized  forces,  From  Equations  4-50,  4-65,  and  4-78, 
we  have 


IS 


F  =  \  PiV  4  SE- 

J  OJ 

G  “  j  rL4}5)x  P<iY  4  ^  (L+p]*  E'clS 

Pi  =  ^  •  PdV  +  S  •  E  •  iS 


(4-276) 

(4-277) 

(4-278) 


From  Equation  4-278,  we  have 


*  §  E-iS 

=  {rhjj4kk]-(5PdV4§>C-<is\ 


=  4-F 
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=  F 


(4-279) 


where  use  has  been  made  of  Equations  4-144  and  4-145.  From  this  we  conclude j 
by  equating  ccmponents,  nhat 


The  contribution  of  the  last  two  terms  to  the  total  monsnt  of  forces  is 
negligible  if  the  displacements  relative  to  the  (  0  j  n  ,  flc)  reference  are 
snsall.  Approximate  ly'j  then 


G  -rgLxZ-.tS 

Consider, 


(4-234) 


(^-235) 
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From  this  we  conclude  that 


<5  t  '>  TK-  • 


(1^-286) 


ih-m) 


(4-288) 


In  siEsraary,  the  ccssplete  set  of  equations  governing  tihe  motion  of  the 
body  are 


^  -  ’V-  -  r, 

„  f  -f  M  * 


(4-^9) 


This  can  also  ce  written  as  the  single  seeoai  order  equation: 


(4-290) 


— ^  ~  — ui  t- 


(4-291) 


(4-292) 


(4-293) 


*■  J£ 


(4-294) 


_y  -  jr  -  w  I  t  ■ 


(4-295) 


<  e  =  -  IT 


(4-^) 


[aK^I  ^  [8Hp}  -  I'h'Epi  =  [oEPi  -  -iKii  (4-297) 


where  we  h&ve 


-  — * 


(1^-293) 


L^l  X  - -*11:-^  j| 

(lj-299) 

3—1^  4. 


ar^a 


■smare 


-i|3Kw*4 ltP> 


(4-300) 


-.  =  r.,  ■  -.  >^4-1 


■{  ‘*^- 


r  -  -,^  .  -fs ' 

•  I  acf.- 


X£--*;  •  ^-05  -  .H! 


(4-301) 

(4-302) 

(4-303) 


(4-304) 

(4-305) 


(4-306) 


^  (-{ifRjj,  [Axjl  +  +  zip}  [^^ljl)'}^p} 

^  “lyi  +3^  fi<j'R\[Axi]Ct3]'  " t’JLHijEK  W 

“  Izz  +^f-{<PR}ttA),yT4-f(pK}^[A.jl]'){j3}  + 
and,  finally,  we  have 


(4-307) 

(4-308) 

(4-309) 


(4-310) 


=^<PJaiP} 


(4-311) 

(4-312) 


Gj  = 


'I.  = 


(4-313) 

(4-314) 

(4-315) 
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4.2  THE  CCMETETE  SIMULATION  OF  THE  DYNAMICS  OF  A  FLEXIBLE  BOOST  VEHICLE 
DURING  THE  "IN-FLIGJS?"  PHASE 

In  order  to  completely  simulate  the  motion  and  stresses  of  a  flexible 
boost  vehicle  from  launch  to  a  point  outside  of  the  earth's  atmosphere,  it  is 
necessary  to  supplement  the  equations  of  motion  developed  in  Section  4.1  with 
detailed  descriptions  of  the  forces.  In  addition,  the  trajectory  and  orie'nta- 
tion  of  the  body  are  required  as  well  as  the  relations  giving  the  internal 
"loads"  which  would  be  required,  for  example,  in  the  detailed  design  of  the 
structure . 

4.2.1  The  Differential  Equations  Governing  the  Orientation  of  the  Body  and 
the  Trajectory  of  the  Center  of  Mass 

4,2.1.!  Euler  Angles  for  the  (V^vD^IR  )  Frame  of  Reference 

It  is  convenient  to  use  what  are  commonly  called  "pitch -roll -yaw" 

Euler  angles.  These  angles  are  shown  in  Figure  67  and  defined  by  the  follow¬ 
ing  equations ; 


f  =  idj'o  cos^  I  +'S"'V  J  -  n-^Scwy  K 
+  cwt  cos  ij"  vj 

-*•  COIS  T  COJl^  ik"-' 6  SIV  y  j  ]tC 


(4-316) 

(4-317) 


=  I  tTiJ' 


-  I  ia’cf  toss  -  jwtf  Slit  9  Si«t^)3C 


(4-318) 


J 


These  equations,  in  conjunction  with  Equations  4-26  and  4-157,  lead  to 


s 

)• 

•fe¬ 

ll 

M 

(4-319) 

=  'a:t^  ccs^  &  -t-  'i-ji  If  7 

(4-320) 

=  zcsc  -ijf  -  s«i©  CCS7  e 

(*5^-321) 

Solving  these  equations  for  the  Buler-angle  rates,  we  ootain  the 
differential  equations 

following 

—  =  Si  -  CCIctaJi*.  -s-  s'mi  <B  tcKc'O  -Si 

dt  V  ,  ,  Y  I  - 

(4-322) 

I9  _  taS;;  ^ 
dt  CoS^Y  ”  "i  CoSf 

(^^-323) 

=  SwiCE  Sj  -r-  case  Si 
dt  *  s  • 

(4-324) 
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h, 2.1.2  Trajactcary  ot  the  Center  of  Ifess 

A  similar  set  of  equatiotts  laajr  be  derived  for  the  inertial  coordinates 
of  the  center  of  ssass*  Using  Equations  4-69  snd  4>'262,  we  have 


also. 


fei.  aj. 


7  =  F  -  j  ^  4  k 

Using  Equations  4-316,  4-317  3.ci  4—316,  we  obtain 


(4-325) 


(4-326) 


dt 


cose  ccsi>Vj  -t-  cossswit^Wi 

-f-  f  C£yS(C  Sit*«e  + 


(4-327) 


^  ^  -SsuecftSY'^s 

Wf-  V'  - 

^  =■  -itvecas'Y  iwr  xje  -i- 

■=■  f  CcIcf'TJS  -  iM  ^  SwS  i»v'.vV»5 

Integration  cf  these  first  order  differential  equations  along  with 
HcTuations  4-322,  4-323j  and  4-324  will  result  in  the  time  history  of 

sad  ^  ;  and  hence  define  the  configuration  of  the  "rigid 
hndy"  referenee  at  saoh  insnant  of  tiae. 

4.2»2  External  Forces 

Ihe  generalized  forces,  F.-,  arising  from  specific  "forcing  functions" 
such  as  gravity,  .aerodynamics,  “and  control  system  can  he  derived,  separately 
and  combined  in  an  expression  for  the  tonal  virtual  work  of  external  forces. 

lihe  separate  expressions  for  the  gensraiised  f carces  cay  he  derived  from 
the  virtual  work  contribution  by  di>i,  5Pa>  ♦ »  5p  -  Sie  contribution  of 
"rigid  body"  virtual  dispiacements,  5(R.  and  ,  need  not  be  considered 
since  the  rigid  body  forces,  Fx,  F^-,  P^,  C^,  G^,  and  are  related  to  Pj_  by 
Equations  4-310  thrcu^  4-315  •  Thrs  is  a  distinct  "conceptual™  advantage  (and 
a  practical  advantage  from  a  cachins  computations  standpoint)  that  results 
from  using  a  redundant  set  of  generalized  ccordinates,  ’Xe  only  have  to  con¬ 
sider,  then,  the  virtual  work  arising  from  virtual  displacer^nts,  SfP  , 
relative  to  the  "rigid  body"  frame  of  reference.  ^ 


(4-323) 

(4-329) 


h.2.2.1  Gravity  Forces 


If  we  assume  that  the  origin  is  at  the  center  of  the  earth  and  that  this 
point  is  an  inertial  pointy  then  the  virtual  work  of  gravity  forces  is  given 

"by 


SW  =  - 


1 


4-  gpprfy 


where  Mj  is  the  mass  of  the  earth. 


(4-330) 


!k 


FIGURE  68  GRAVITY  FORCES 

In  ohe  region  of*  Integration  over  the  ood/,  we  have  the  very  good 
approKinsaticn, 

=  K  Istl^  =  IRl^  =  (4-331) 


3oC 


where 


R=  IRI  = 

SO  that 

sw=  K-srppiV 

From  Equations  k—123i  and  4—125 


(*^-332) 


{^t-333) 


Sp  =  s|>^  J  +  S'p-K 

=  +'£sbHhuiJ  + 

^  ih-SZh) 


SuDstituting 


~  i  +  j Rj-Ch^}’dV  +  ]  K'lkihjI^dV]  (4-335) 


Using  Equations  4-l44  and  4-14-5,  we  can  write 


(4-336) 

j 'n-  v ^  -T's.c 

(4-337) 

(4-333) 

so  that  the  virtual  work  of  grarrLtj  forces  is  given  by 


(4-339) 


3ol 


■Hibere,  ftroim  EOTSfeimis  %-3i7j,  smS.  %-31S'>  ba-we 

'i-j  =  -  j-rw9.c®i|i' 


ih-M 


K ‘J  —  r ,'  -"S''  I  '-  'hut^  -  CffiTqr  ■'ITS  I ], 

+  "T  ffif  (|t'isnj)' 


f-ik.  “  A 'isi^rM® Xiw^csfS'x^iMiijt''); 


i.  j'  £ase-fw.|  eiw&^>wi  |y' 


C4-3f42) 


aiDBl 

C4-3fr3) 

4,2..2-2  Aercid!3nas3B£e  Forces 

If  we  cam  idealize  tbe  -wekicle  fey  twa  "Tlafe  plates™  as  ia  Figsare 
tkem  tke  distritatei  lift,  is 

dxdnj 

tlie  siole  f  e-r  ce  is 

ami  tire  drag  cam  fee  writtaa  as 
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FtGERE  m  I'DEALEEa  BlSTRlSamOH'  OF  AEROBY^livSfmCS  FQKCES 


Tikft  1iat£l.  Tirtitsi  wor'k.  of  s.=arQ(i5t3afflic:  farces  is  ttLeiL 
-ft  =  ■  ^y^a,  jj  -  c^r 

Hie  "free-str-saDi"  direction,  is  nrbitrsrii;'  taken  naralleL  to  the  f-  sxis„ 
if  ■5.*;/  is  tha  wiaii  Telacit;-,  have 


if  we  asstme  linsaTj  quasi -steady;,  aeradynamica  then  we  bane  thfi  fallowirtg- 
linear  integral  relations: 


(ii-SfcS) 


3c  3 


■w&ere  Is;  tlie  locaX  angle-of'-afetack.,;  and  ^,,t), is,  the  local 

angie-of'-s:Mesliii.>  Iff  we  in&irodiice 


|[jfee».4E,t>=  F  +  ^ 

tP  fjfiij..  ?.t}  =  J  -  F 


=  k-  It'P 


■which  is  a,  local  se4  of  iinife  vectors  in  the  deformed,  hody,.  then  ■we  can  write 


and 


„>  X 


■‘-J'trj  ^ 


jSf  X-iS|b')  = 


C^^-W)-T^ 


(M-3m 


k 


FI  GdRE  70  TH;E  LOCAL  AN  GLE-O.F- ATTACK 


FIGURE:  71  THE  LOCAL  ANGLE  OF  SIDESLIP 


Wow,,  from  Equation  4-33 


[t^p;  +  p 


and 


■  ,/c)W  . 


Ofc-  -  W}  •  K  =  -  -w, )  ^  t 


■  -"j  I  '  ! 


(4-350) 


X 


-yr  -T 


"i  t 


-ii  +-  iY^-V'ia; 

i*  '  > 


(4-351) 


•<  *■  Pw 


(4-352) 
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If  we  neglect  the  nonlinear  terms  in  the  small  displacements,  we  have, 
approximately, 

-at  S.-3 


i^-353) 


ik-35^) 


Also,  to  this  approximation  in  the  expressions  for  a  and  jS,  we  have 


■jF  -  .  •  |i  =  -  -'n 


(^-355) 


Substituting  these  experssions  into  Equations  14--348  and  4-3^9^  we  obtain 


('f-356) 


'‘J-  ‘'j.  ''X 


(4-357) 


The  "rigid  body"  angle -of -attack  and  angle -of -sideslip  are  defined  by 


A 


(4-358) 


Me  then  have 


(4-359) 


J  =*  .'C  -  111  -  <  !_•* 

‘  *^JU  '*x 


(4-360) 


'  r-  -dl 
1 '  -x 


Using  Equations  4-l44  and  4-t4",  wc  have 


(4-361) 


-z  4  +  a 

'i  '  U 


(4-362) 


-  -  vy;  c  >  -  -L  -  Hr  r*  c  - 

-  ,  -  ',j.  -  -  -  - 
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(i^-363) 


m  »!  • 


-:.*--*^-P-  Vi, tpj 


The  virtual  -work  from  Equatica.  4— 3^)-  is 


i-i'!!.  .';  '-■-  -pI  "  -C  -Px  tLj 

“  i->v/ jV 'f  ■% 

“  -  >rzV  T  ^pl  ( 1  i 

^  r^''  I 


Use  of  Equations  4-346  gives 


S-Vvi’-Pp-'  ^''■?P-i.:~-.opf:. 


:  •  -  '  f'"  -  >T 

-i-iVi  t'f--'  ^  '  ^.’' rj-.-'; I  >•-  ; 


Iflu 


ll  '  “J  -  -o  •  / 


Suhstituting  Equations  4-362  am  4-363  yields 


.-?  -  J" 


L.  n  ► 


(4-364) 


(4-365) 


(4-366) 
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where 


iu 3-  {(u)  V 

+  ^MHu}  Cy„)^__^ 

[Ls,}  = 

didi^dbccLij 
Yu,c',S,^'^JidJcUrf,? 

and  use  has  been  made  of  Equations  ll— iMj-  and  4-14-5. 

4. 2. 2. 3  Thrust  Forces 

General  consideration  of  the  distributed  thrust  forces  is  simplified 
because  it  can  be  assumed  that  they  do  not  depend  explicitly  on  the  orienta¬ 
tion  of  the  "rigid  body"  reference.  That  is,  they  do  not  depend  on  I,  Tj,  <^, 
6  or  fp.  There  is  one  exception  to  this,  in  that  the  ambient  pressure,  Pa,  , 
depends  on  altitude,  ,  and  the  thrust  forces  are  slightly  influenced 

by  the  ambient  pressure  in  the  neighborhood  of  the  rocket  exhaust.  On  the 
basis  that  the  generalized  coordinates,  P]_,  pg. .  .p;;,  are  "small,"  the  following 
general  linear  expression  can  be  assumed  for  the  thrust  forces. 

^vv=  -  4sf>}  (-.Ho'}-  ^  [ ^-1  ".r  r  (4-370) 

where  the  coefficients  and  [h]  depend  linearly  on  pjj, 

The  two  important  variations  of  thrust  distribution  with  the  generalized 
coordinates  are : 

o  Change  in  thrust  direction  with  body  bending,  and 
o  Change  in  thrust  direction  due  to  gimbaling  of  motor  nozzles  . 

4. 2. 2. 4  Control  System  Forces 

It  will  be  assumed  that  there  are  only  three  primary  control  coordinates: 
a  roll  control  coordinate,  // ;  a  pitch  control  coordinate,  7 ;  and  a  yaw  con¬ 
trol  coordinate,  A .  All  three  of  these  are  related  to  the  generalized  co¬ 
ordinates  describing  the  instantaneous  configuration  of  the  body  relative  to 
the  rigid  reference  frame. 


(4-367) 


(4-368) 


(4-369) 
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(4-371) 


(4-372) 


(4-373) 

The  servos  that  operate  the  control  mechanisms  exert  forces  on  the  structure. 
The  virtual  work  of  these  forces  is 


sw  =  Su-tVL  +  syr  -r  Sa-A 


(4-374) 


The  general  statement  of  a  "control  law"  specifies  howJ\/i,  P,  and7\  depend 
on  the  outputs  of  sensors  in  the  control  system. 

Substitution  of  Equations  4-371j  4-372,  and  4-373  into  Equation  4-374 
gives  the  following  expression  for  the  virtual  work  of  servo  forces . 


2.V  =  -r-  1 (4-375) 

4. 2. 2. 5  Summary  of  External  Generalized  Forces 

In  summarj',  the  generalized  forces  defined  in  Equation  4-78  are  obtained 
by  adding  the  virtual  work  of  the  separate  forces  (Equations  4-339>  4-366, 
4-370,  and  4-375)  to  obtain 

■  -  -  fc  >■  -  0  '► 


where 


M-»}) 


-d-Iip}  ^  A-)'' 


-  6 M  [^]f  — x ->  -g' 


"y  '  .  .  ..-.-tf  .  -S  5  .y"  S  -•  Vf,  y  .y) 


/r* V‘  (  ''V 


(4-37t) 


h.2.,3  The  Transf onaation  to  Modal  Coordinatas 

In  order  to  judiciously  reduce  the  nusnher  of  degrees -of -freedonij  we 
consider  Equations  4—297  iu  the  case  where 


(>^-377) 

Further,  in  order  to  derive  the  modes  of  free  ■vibration,  ws  consider  the 
dissipation  and  external  forces  to  he  zero. 


-  [Klip}  (t~378) 

It  -will  he  convenient  also  to  have  a  set  of  ■i.'ibration  modes  -wi-th  locked  con¬ 
trols  so  that 


{t-379) 


(4-380) 


(‘^-SSl) 


A  set  of  influence  coefficients  for  the  restrained  sys-tem  with  locked  controls 
can  he  derived  in  the  form 


(4^-382) 


where  [s]  is  a  constraint  tsatrix  that  constrains  the  rigid  body  motion  as 
well  as  the  control  motion.  Then,  frcm  relations  developed  in  Earagraph 

2.2.3A 


IH-  -[pj'[EKr][Ai-{Pi 


separating  "variables. 


leads  to  the  eigen'value  problem: 

[r’l'lElLrlLAi-rj-  =  \ 


(^-383) 


(4-384.) 


(4-385) 
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whose  solutions  aare  the  elastic  modes  and  freqmncies  with  locked  controls 


,  'Aii  =  It- 


X  = 


®ie  control  modes  are  any  values  of  the  generalized  coordinates  representing 
displacements  of  the  rigid  system  with  a  unit  displacement  in  the  control 
coordinate-  Such  a  displacement  is 


"1  T  f  'A  -  ^  U  ;-F  ^  "{.1^  p  I"-  1 

which  are  "rigid  hcdy"  modes  in  the  sense 


(4-387) 


(4-338) 


•These  modes  are  not  necessarily  orthogonal  to  the  rigid  body  modes,  but  a  set 
can  be .  constructed  which  is  orthogonal  to  the  rigid  body  modes.  ‘The  derira- 
tion  is  similar  to  that  in  Ihragranh  3•>l-3•5^  in  particular,  Equation  3-518. 


(4-389) 

(4-390) 

(^-391) 


^Te  then  consider  the  foilcwing  transformation  of  coordinates 


The  Esw  coordinates  satisfy  the  constraints^  Equation  explicitly. 

If  we  make  this  change  of  coordinates  in  Equations  ^-295  aud  4—296,  we 
obtain 

I  'll  =  -  K-jJ-  ^ 

-[cltslCvK^l  (4-39^^) 


wnere 


and 


••S'}  ?  L|][A!L::}{?j}  L-'  ] 


(4-395) 


4,2,4  Transient  Leads  and  Stresses 


(4-396) 


In  the  ai^lysis  of  the  structure  by  either  the  co-apleiDsatary  energj'  method 
or  the  direct  stiffness  method  (see  Iferagraph  5,l,l)^  fnere  are  two  important 
results.  First,  the  determination  of  the  influence  coefficients  which  are 
defined  by  the  strain  energy  in  terms  of  the  generalized  forces  associated 
with  the  generalised  coordinates  pp,  P2* • -HI* 

“  k  iPl  [E  ]i  p}  (4-397) 

(when  the  body  is  unrestrained,  arbitrary  constraints  must  be 
imposed  to  prevent  rigid  "oody  motion  and 


C6]=  :o]  Li]' 

as  discussed  in  Paragraph  2. 2. 3-4) 

Second,  the  determination  of  the  coefficients  relating  internal  stress  re¬ 
sultants  (or  "mesiber  loads")  to  the  generalized  forces,  P^. 

(4-398) 

The  stress  resultants,  L^,  may  be  s'nears,  moments,  or  torques  in  structural 
members  like  beams,  plates,  shells,  and  reds  representing  idealized  portions 
a  complex  built-up  structure.  In  the  case  of  a  simply  determinant  structure, 
[^R]  depends  only  on  the  ©semsetry  of  the  structure  (see,  for  exsrrole. 


-  L  ^  = 


■'iP} 
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Paragraph  'S-l.S.l,  Equations  3-78  and  3-79)*  For  a  redundant  structure, 
however,  [R]  depends  also  on  the  elastic  characteristics  of  the  system 

It  is  perhaps,  intuitively  clear  that  Equation  i)-r398  would  lead  to 


[R][6  •  (^-399) 

although  this  is  very  difficult  to  show  systematical^  (see  Paragraph  5 Inl¬ 
and  the  discussion  leading  to  Equation  5-5^)* 

From  Equation  4-295^  we  have 


=  [n]({P}  -tGKi^}  ^  +{i<}  -ik}) 


(Ij-lfOO) 


Substituting  this  into  Equation  4-399  using  Equations  4-296  and  4-392,  we 
obtain 


ia  =  tRT[rl(4P} -2 I-  iHlCtfllci;} 


(4-401) 


4.2.5  Final  Equations  of  Motion 

A  summary  of  the  equations  of  motion  is  given  in  Figure  72  for  the  case 
where  the  centrifugal  and  Coriolis  effects  of  elastic  deflection  are  neglected. 
In  these  equations  a  set  of  rigid  modes  which  are  mutually  orthogonal  has  been 
introduced.  The  procedure  for  constructing  such  a  set  of  modes  belongs  to  the 
theory  of  the  inertia  dyadic  for  a  rigid  body.  The  orthogonal  rigid  body 
modes  are  denoted  by: 


if, 4  iiJ.  iiJ., 


and 


(4-402) 


Using  the  orthogonality  properties  of  the  rigid  body  modes,  it  can  be 
shown  that  the  gravity  forces  only  influence  the  "translation"  equations. 

The  generalized  forces,  P^,  in  Figure  72  have  been  redefined  to  take  advantage 
of  this. 
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FIGURE  72  EQUATIONS  FOR  THE  GENERAL  MOTION  OF  A  FLEXIBLE  LAUNCH  VEHICLE 


5.0  METHODS  TO  OBTAIN  VIBRATIOT  MOIES 
FOR  LAR®  IlEDUHDANTLY  COUELSD  STRUCTURES 
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5.1  THE  ESOBIEJ'i  OF  VIBRATION  AimiXSIS  OT  ANALYTICAL  MECHANICS 


In  tha  li^t  of  the  general  principles  of  analytical  inechanics,  the 
problem  of  vibration  analysis  is  distinctly  divided  into  two  problems 
of  lesser  scope.  The  first  problem  involves  the  consideration  of  the 
strain  energy  of  the  system,  ^/diieh,  defines  the  stiffness  matrix  or  the 
matrix  of  structural  influence  coefficients.  The  second  problem  involves 
consideration  of  the  kinetic  energy  of  the  system,  which  defines  the  in¬ 
ertia  matrix.  The  problem  of  vibrations  in  these  general  terms  has  been 
considered  in  Section  2.2- 

In  Paragraph  5.1.1  below,  we  want  to  consider  the  first  of  these  prob¬ 
lems.  We  shall  use  the  term  "structural  analysis”  to  mean  the  determination 
of  structural  influence  coefficients  as  well  as  the  determination  of  the 
transformation  matrix  which  defines  the  internal  stress  resultants  or 
"member'' loads  in  terms  of  the  applied  generalized  forces. 

In  Paragraph  5.1*2,  we  turn  to  the  second  problem  in  vibrations  and 
consider  seme  techniques  for  deriving  inertia  matrices  for  specific  types 
of  structures. 


We  shall  restrict  cur  attention,  in  this  section,  to  the  linear  analysis 
tf  structures  because  the  general  theory  of  vibrations  is  predicated  on  the 
assumption  of  linear  motions  from  an  eq.uilibrium  position.  This  is  not  in¬ 
tended  to  imply,  however,  that  the  problem  of  large  deflections  is  unimpor¬ 
tant  in  strength  calciulations  for  sane  flexible  aerospace  structures . 

5.1.1  General  tethog  of  Stmctxtral  Analysis 

Tha  general  study  of  the  deformation  of  linear  structures  is  largely 
divided  into  two  basic  methods.  The  first  method  deals  with  the  strain  energy 
expressed  in  terms  of  generalized  ccordirjates  and  is  commonly  called  the 
"Direct  Stiffness"  method  (or  '7'iatrix -Displacement"  method).  The  second 
method  deals  with  the  strain  energ:;’  expressed  in  terms  of  applied  loads  and 
is  ccsstcnl^.'  called  the  "Complementary  Energy"  method  (or  'Ifetrix -Force'* 
method) - 

Both  of  these  basic  methods  can  he  applied  in  a  routine  manner  to  arbi¬ 
trary  linear  structures  ani  both  metards  have  their  advantages  and  disadvantages. 
It  can  be  safely  said  that  an:.'  problem  that  cam  be  worked  by  one  method  can  be 
worked  by  the  other  method.  The  equivalence  in  generality  of  the  two  approaches 
is  demonstrated  in  Paragraphs  5*  1.1.1  snd  5*  1.1. 2. 

Both  methods  employ  the  philosophy  of  di’.oidicg  a  complicated  structure 
into  a  number  of  small,  simple,  structural  elements  for  which  the  stiffness 
properties  are  known.  The  following  definitions  ere  appropriate  for  both 
methods; 


'  -  one-  cm  two-dimensional  structure  whose  notion  and  stress- 

state  are  well  defined  by  leads  acting  onl;,'  at  the  "ends,* 
An  element  is-  a  subdivision  of  a  member. 


‘element" 


"member"  -  a  piece  of  a  structure  with  no  redundant  load  paths.  A 
jaember  is  a  subdivision,  of  the  whole  structure.. 

The  mode  of  subdivision  is  arbitrary  and  is  lefh  somewhat^  to  engineering 
judgement. 


FIGURE  73  SUBDIVISIOHS  OF  STRUCTURE  INTO  "MEMBERS”  AND  “ELEMENTS" 


If  xt  is  the  specific  internal  energy  of  a  particle  of  the  structure, 
total  strain  energy  of  the  whole  structure  is 

U  = 


the 


(5-1) 


This  leads  to  the  important  additive  property  that  the  total  strain  energy  is 
the  sxfflj,  of  the  energy  of  the  members  which  is  in  turn  the  sum  of  the  energies 
of  the  elements.  Tnat  is,  if 


=  TuiV 

dj) 


(5-2) 
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wiisrc- 


V  'Ki'f 

(5-3) 

is  an  integration  over  the  region  occupied  by  the  i^^  element  of  the 
member  then,  since 


we  have 


idV  -II  [(  >d-V 

^  j  "  (tj) 


J  ^ 


{5-i^) 


(5-5) 


How,  if  }-ij  is  a  set  of  generalized  coordinates  which  describe  the 


configuration  of  the  i^^  element 
strain  energy  of  this  element  is  of  the  general  form: 


of  the  member- then  we  know  that  the 


'-'ij  -  (5-6) 

which  defines  the  element  stiffness  matrix,  [f]  ...  This  matrix  is,  in 
general,  singular  because  the  coordinates,  ij,  describe  a  general  motion 

of  the  element,  in  particular,  rigid  body  motion.  If  we  introduce  a  con¬ 
straint  to  prevent  rigid  body  motion,  then  ’.ve  may  derive  an  element  influence 
matrix  in  the  form: 


Klij  -  IsiaWijIslijV 

From  equilibrium  of  loads  on  the  free  element,  we  can  derive  a  transformation 
which  eliminates  some  of  the  loads.  Such  a  transformation  can  be  used  to 
obtain  an  unrestrained  stiffness  matriic  from  the  element  influence  matrix 


■h  ‘■'-’-J  ^  ‘  -ij 


Using  Lagrange's  equations. 


we  obtain,  frcsa  Equation  5-b, 


"in 


(5-8) 


(5-9) 


or,  subject  to  the  constraint  of  rigid  body  motion  (see  Paragraph  2.2.3-^), 
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(5-11) 


If  -we  introduce  the  internal  stress  resultants: 


(5-J£) 

Then  we  can  write 

(5-13) 

Substitution 

into  Equation  5-6  gives 

Uy  =  47^3^  fslijfFlij  {L}-. 

(5-l-'0 

but 

[0\-[S]y  [Sly  = 

(5-15) 

so  that 

‘-’y  “  i  {Lj-CGly  -Tti-y 

(5-16) 

which  is  the  elenent  strain  energy  in  terms  of  internal  stress  resultants. 


It  may  he  worthwhile  to  mention  that  the  above  "complementary  energy" 
expression  depends  on  the  arbitrary  constraints  imposed  on  the  element.  The 
representation  in  Equation  however,  is  unique  and,  in  a  sense,  more  basic 
than  Equation  5-l6. 

5*1«1.1  The  Direct  Stiffness  ttethod 

The  aggregate  of  all  the  coordinates  of  all  the  elenents  of  all  the  members 
represents  a  set  of  “internal"  coordinates  which  are  not  consistent  with  the 
kinematic  constraints  demanding  displacement  and  slope  continuity  between  adja¬ 
cent  elements.  For  each  member  we  can  make  a  transformation  which  introduces 
the  proper  constraints  between  elements.  If  -Iqjj  is  a  set  of  generalized  co¬ 
ordinates  for  the  nember  which  is  consistent  with  all  the  constraints  on  the 
jth  BKmber,  then  there  is  a  transformation  of  the  form 

"Vy  ^  (5-17) 

The  matrix  of  the  transformation  is  called  the  element  compatibility  matrix. 
Figure  74  illustrates  the  typical  procedure  for  deriving  the  compatibility 
matrices . 


^iH.j 

1 

I 


FIGURE  74  DiSPLACEfAENT  CONTINUITY  AT  A  JOINT  BETWEEN  ELEMENTS  OF  A  MEMBER 
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(5-16) 


If  Equation  5-1-T  is  substituted  into  Equation  5-6)  we  obtain 

Tbe  total  strain  energy  in  the  nember  is  then 

'^i  =  E  =  iil\ 

i  t 

or 


wnere 


yi;  = 


-T  ■  fi^T  r^-T 

-E;  -IjL  I 


(5-19) 

(5-20) 

(5-21) 


which  is  the  "conmosite"  stiffness  inatrlx  of  the  Eeriber.  Finally')  we  intro¬ 
duce  the  constraints  between  sembers.  If  ^q  j-  is  a  set  of  coordinates  consistent 
with  the  constraints  in  the  whole  structure,  then  there  exists  a  coagatibillty 
transformation  cf  the  form 


"  -  t' 

such  that  the  total  strain  energ;'  in  the  whole  structure  is 

or 

-  - 


(5-22) 

(5-23) 


(5-24) 


where 

^  .  .  (5-25) 

In  the  pro-cess  of  eliminating  ccor-iinates  to  insure  structural  continuity, 
the  final  composite  set  of  i^neralizei  cooidinates  is  far  more  than  the  number 
necessary  to  describe  the  'external’  configurauion  of  the  structure.  If  p^, 
i  =  1,2...K,  is  a  subset  of  the  q*s  that  are  sufficient  to  describe  the  external 
configuration  of  the  system,  then  the  number  of  'iegrees -of -freedom  may  be  reduced 
by  assiming  that  the  "internal”  applied  loads  are  zero.  If  the  coordinates  are 
arranged  so  that 

~  '  (5-26) 


and  Is  set  of  coordinates  to  be  eliminatei,  then  Equation  5-22  is 
partitioned  so  that 


3ol 


®ie  ^neralized  forces  associated  witfe -[og]- are  the  -.intemal''  applied  1( 
■ffbich.  are  assisted  to  he  zero. 

iSxi-  =  i||,r  =  [ptpEtrvl-  -  [PxiHcir  =  {of 

Subject  to  this  constraint,,  we  have 

=  -  rFjsf  E^,  Ua..> 


loads 


or 


fell ^  i  fu 

Wl  L-fefei 


Lpr 


or,,  finally. 


where 


'  i  r  = 


'lT]  = 


[  -feffe]] 


Substitutins  Scuation  3~30  into  Ewiation  5-2  f  gives 


’[R.1 

fell  [fill 


■fij 

-feflfi 


.r 


or 


(5-28) 

(5-29) 

(5-30) 


(5-31) 

(5-32) 

(5-33) 


where  the  stiffEess  Estrix  for  xbs  snrucnure  is  gi.en  by 

]  =  .P  1  -  .P;LPs:.l  .Pz«] 

5510  structural  influence  ccefficienws  of  the  systeiE  axe  given  by 

if  the  structure  is  constrained.  the  structure  is  not  constoinea,  a^set  of 
coefficients  can  ce  derii.ed  for  an  ^bitrary  coastram*.  wbi<li  xs  jusi, 
sufficieiit  to  prevent  rigid  body  motxon  (see  rarsgrapb  2.2.j. 


(5-3*f) 

(5-35) 

(5-36) 


(5-3T) 

For  staticall;^  applied  loads,  we  aay  relate  the  internal  stress  resultants 

=  Cc- 

to  the  ex-temsUcf  applied  loads,  iP},  which  are  the  pnerali^d  for^s  asso¬ 
ciated  with  tfe  ^neralised  ccordinates,  {pj-.  Phis  xs  done  in  fee 
inanner.  By  successive  substitution  of  Equations  5-lOj  5-lTj  5-22,  ana  y  Ji 
into  5-3't,wa  have 


[-1: 


-  Tf  T  . 

Ij 

=  r--»'  fj-  ] 

.y  .fiy 


nhj 


[FlyLTlyCTT^i 


(5-39) 


35ie  last  substitution,  based  on 


(5-to) 


is  valid  for  restrained  or  unrestrained  systems  because  in  the  ^neral  solution 
(see  Equation  2-2^5-5  iu  Paragraph  2. 2. 3*^)  the  rigid  body  portion  does  not  con¬ 
tribute  to  the  stress  resultants.  All  of  the  pertinent  internal  reactions  for 
computing  stresses  for  a  gi’ven  external  loading  can  be  selected  from  the  aggre¬ 
gate  of  the  •£Lfjjfor  all  the  elements  of  all  the  members.  These  can  then  be 
related  by  a  single  transforcation  by  using  Equation  5-39* 


=  (5-*^!) 

where  iLj-is  a  matrix  whose  elemenrs  have  teen  selected  from  all  of  the 
and  the  rows  of  [S]  are  the  corresponding  rows  from  the  matrices 


i3-h2) 


For  dynamicall;.'  applied  loads, we  have  from  Lagraiige's  equations  for  an 
element 


.  -1; 


{3-h3) 


and  'chs  stress  jresul'cants  are 


(5-44) 


where  the  inertia  terms  are  presumed  to  •.'anish  on  the  basis  that  the  stress  result¬ 
ants  depend  only'  on  the  strains  and  strain  rates  (see  also  Paragraph  4.1.4, 
Equations  4-193  through  4-19o).  New,  as  in  the  static  case. 


and,  by  differentiating 


Substituting  these  into  Equation  5-44  gives 


(5-45) 


(5-46) 


(5-47) 
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If  we  introduce 


'■ij  »  [k1'[k] 


in  the  first  term  and 


in  the  second  teim^  then 


■■ij=:3U8i 


:(cKpi 


How  in  the  simple  case: 

[Rly  =(i[plij 

we  have 

CR  J^^pTTCTl/CTjy  [Rlij|;T]ij[T]j[T] 

=  J  r  I  CTr[T]j[Tl'-  [F]y  [Tly  [T];  [T] 

=  f  CkI 

so  that 

-  rsi;j[P]ijlTllj(T]jCT][K]‘ 


(5-48) 


(5-49) 


(5-50) 

(5-51) 


(5-52) 


(5-53) 


If  we  suppose  this  to  he  generally  true,  then 

or,  for  the  pertinent  internal  stress  resultants,  we  have 

iLl  =  (R]([kH}>}-+  (5-54) 

where  [r]  is  the  sans  matrix  that  appears  in  Equation  5-4l.  It  is  felt  intui¬ 
tively  that  this  could  he  proved  to  he  true  without  making  the  assumption  in 
Equation  5-51* 


5. 1.1. 2  The  Complementary  Siergy  t-fethod 

The  fundamental  starting  point  for  the  coinpleiiEntary  energy  nethod  is 
Equation  5-l8 

Uij  =  ^  (5-55) 

In  this  equation  the  stress  resultants  in  an  element  can  he  related  to  the 
applied  loads  and  reactions  on  the  whole  memher  to  which  the  element  belongs. 
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(5-56) 


This  transiomfitiori  is  "based  on  consideration  of  equilibrium  of  a  free  body 
which  is  a  portion  of  the  loember  excluding  the  i^^  elenent.  The  fact  that  such 
a  free  body  exists  which  is  acted  upon  by  only  the  and  j  follows 

from  the  definition  of  a  member  as  a  portion  of  the  structure  with  no  redundant 
load  paths.  Figure  75  illustrates  the  typical  procedure  for  deriving  the  "free- 
body"  B^trices. 


I'A/ 


FIGURE  75  FREE  BODY  OF  A  PORTION  OF  THE  MEMBER  ACTED 
UPON  BY  THE  REACTIONS  IN  AN  ELEMENT 


If  Equation  5~56  is  substituted  into  Equation  5-55^  "we  obtain  the  following 
expression  for  the  total  strain  ei^rg;^  in  the  j'*'6  meiaber. 


or 


wnere 


" r  -V  ^  xh El  1  i^} 

Z  h|  ^  ('• 'M 


(5-57) 

(5-56) 

(5-59) 


In  addition  to  this  we  have  a  relation  between  the  ^  "based  on  equilibrium 
of  the  whole  Eember 


(5-60) 


The  number  of  rows  in  [lIj  will  be  no  greater  than  six  for  any  given  memterj 
corresponding  to  the  six  equilibrium  relations  for  an  arbitrary  free  bo*!;/. 

finally  introduce  a  "bookkeeping''  transformation  which  relates  the 
"bo  the  a^regate  of  aH  the  loads  on  all  the  cKmbers,  •  These  loads 
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are  composed  of  internal  loads  and  external  loads.  The  external  loads^ 
are  those  generalized  forces  associated  with  generalized  coordinates  which  are 
sufficient  to  describe  the  "external"  configuration.  For  restrained  systems^ 
the  '3  must  Include  the  reactions  from  either  determinant  or  redundant  con¬ 
straints.  For  tanre  strained  systems  the  Q  's  must  include  the  reactions  at 
some  arbitrary  determinant  constraint  (i.e.j  at  some  airbitrary  constraint  just 
sufficient  to  prevent  rigid  body  motion).  The  "bookkeeping"  transformation  is 
of  the  form 


Substitution  into  Equations 5-58  and  5-60  yields 

i[i03-CGKQ} 

[L}{q.>  =  -ic} 

where 


and 


(5-61) 

(5-62) 

(5-63) 

(5-61^) 

(5-65) 


If  we  'suppose  that  the  -[4  Jean  be  partitioned  so  that 


-  -  (5-66) 

'i'’. 


where 

■{.il}- =-{P}-  =  generalized  forces  associa-ted  \fith  ohe  "external" 
generalized  coordinates 

"redundant"  leads 

loads  tha,t  can  be  de'termined  from  ‘the  equilibrium  equations. 


then  the  equilibrium  equations  can  then  'ce  •writ'ten  as 


3S6 


(5-bT) 


and  the  "determinant"  loads  may  be  solved  for 

'  r  =  '  '“3  :  ~  .-i  -  .-i  r. 

This  my  be  rewritten  as 

“  -i  .'^-1^',  o  -[Qzf 

or  as 

1  ^ }  =  rc. L-'z K  ;2  J  ( 5-70) 

Substitution  into  the  strain  energy  gives 


(5-68) 

(5-69) 


IJ 

A.  [t-ir.7  lyjS  j  j  1  j  2'  .  ■'"i,  Z  ' 

(5-71) 

.  ^  b  I  [ 

where 

-  j  -  j':rrc,'^ 

(5-72) 

.>  b  .  i 

(5-73) 

.  2:  .  = 

(5-7i^) 

z.  -  "  -  .'b  ■ 

(5-75) 

Nowj  from  Castigliano ' s 

theorem 

(5-76) 

and  Castigliano '  s  second  theorem  esssntiall;/  requires 

internal  structural  con- 

tinuity  by  stating  that 

^qg} 

In  Equation  5 "71 

~  ’  X 

V  V  i  '  '  ' 

(5-77) 

then  leads  to 

_  J2  X  ^  ^ 

(5-78) 

frcm  which 

X-tiT  “  ”  .'Xiii  . 

(5-79) 

or 

'  ‘1.  'xF} 

(5-80) 
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Substitution  into  Equatinn  5-71  gives 


’-J  ]  laiilLO-al  ;  ^ij 


(5-81) 


u=HPj'[&j{P}  (5-82) 

where  the  matrix  of  structriral  influence  coefficients  is  given  by 

[e]  -=  [O.J  -  (5-83) 

The  stiffness  matrix  for  the  system  is  then 

'  yj  -  [a  f  (5-8^) 

if  the  system  is  restrained.  If  the  structure  is  not  restrained^  then  the 
arbitrary  constraints  imposed  on  [e]  may  be  uniquely  removed  by  the  following 
procedure . 

Ebr  the  unrestrained  structirre  the  loads,  -{p}}  must  satisfy  equilibrium 
relations  which  can  be  expressed  as 


[l  h.P}  -  {o} 


(5-85) 


Using  these  equations,  some  of  the  loads  may  be  expressed  in  terms  of  the  rest 
of  the  loads 


(5-86) 


tP>  =  [  '■ij  jif>} 


(5-87) 


{P}  =[v73R> 


(5-88) 


ibJ  ■=  (ElPi 

and  preraultiplying  by  (^Vj^  and  substituting  Equation  5-88  gives 

.  .  IP j-  3-  i  (£  1 V  ]{P, } 


(5-89) 


(5-90) 


iPj  =  i[Yli;E][v])(Vl'lb> 


(5-91) 


Substitution  into’  Equation  5-88  gives 


ip>  =  rv]([vr[Eirviy[v  ]'{!>} 

so  that 

'■<]  =  :viyvr[c]i'/])[vy 

for  an  unrestrained  structme. 


(5-92) 

(5-93) 


To  relate  the  internal  stress  resultants  to  the  applied  loads^  we  note^ 
first,  that  Equation  5-70  and  Equation  5-80  can  be  combined  to  give 


-{o}=  [Clfp} 

where 

=  (o.)  -  rs-i 


(5-94) 

(5-95) 


By  successive  substitution  of  Equaxions  5-ol  and  5-94  into  Equation  5-56,  we 
have 

-  (Civ-idj} 


~  --  Hjl-liiQ} 

-  h|  ( Ij  lC]-iP} 


(5-96) 


If  •{Ljis  a  matrix  of  pertinent  stress  resultants  selected  from  the  aggregate 
of  the  then 

^  (5-97) 

where  the  rows  of  [kJ  are  selecxed  from  the  rows  of  the  EStrix 

r  1..  r  „  n.  r  f  T 

I  -1.  lU  J  ^ 

Figure  76  sTimmarises  the  operations  for  both  xhe  direct  stiffness  and  the  com- 
plenfintary  energy  methods  of  strucxural  analysis. 
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FIGURE  76  SUMMARY  COMPARISON  OF 
THE  DIRECT  STIFFNESS  AND  THE  COMPLEMENTARY  ENERGY 
METHODS  OF  STRUCTURAL  ANALYSIS 


5»1.1*3  Some  General  Considerations  of  Beam  Theory 


Almost  all  primary  structural-load-carrying  components  in  aerospace 
designs  can  de  idealized  as  a  beam.  Figure  77  is  intended  to  de  a  typical 
example. 


FIGURE  77  STRUCTURE  IDEALIZED  AS  A  BEAM 


Tne  deam  model  as  an  approximation  affords  a  convenient  structural  analysis 
when  time  and/or  detailed  information  is  limited. 

In  order  to  ce  precise  and  to  indicate  the  limits  of  applicability ^  we  shall 
define  a  deam  to  de  a  structuire  symsretric  about  the  x-y  plane  and  having  a  median 
axis  whose  radius  of  curvature  is  at  least  greater  than  the  width  normal  to  the 
median  axis-.  Ihs  section  normal  to  the  axis  is  assume!  to  be  structuralljf 
connected  as  shown  by  Figure  7q. 


■%his  assumptioH  is  made  so  that  the  neiian  airf.s  will  have  a  well  defined 
normal  at  each  point. 
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FIGURE  78  GEOMETRY  OF  A  BEAM 


We  may  introduce  then  a  curvilinear  coordinate  system  {li,K,v)  with  fi 
measured  along  the  arc  of  the  nedian  axis  and  K,  v  in  the  plane  of  a  section 
normal  to  the  axis. 


The  fundamental  assumption  of  beam  theory  is  that  the  only  nonzero  stresses 
on  a  section  are; 


the  stress  nomel  to  the  section 


vertical  shear  stress  in  the  plane  of  the  section 
lateral  shear  stress  in  the  plane  of  the  section 


Hie  specific  strain  energy  is  then 


(5-98) 


where  E  is  Young's  modulus  and  G  is  the  shear  modulus.  If  stress  distributions 
satisfying  the  equations  of  linear’  elasticity  are  assumed -then  they  may  be  re¬ 
lated  to  the  total  stress  resultants  for  the  whole  section  and  V  where 

Oftcivdic 
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(5-99) 

(5-100) 


(5-101) 


FIGURE  79  STRESS  RESULTANTS  ON  A  SECTION 


As  an  inoroducbionj  wa  assune  the  dist-ribution  o?  stresses  froia  elensutary 
beam  theory. 


(5-102) 

~  ^  "  (5-103) 

'  :  (5-104) 

By  substitution  into  Equations  5-59^  5-100,  and  5-101, v®  find  that  a,c,  and  c 
can  be  related  to  ;;,V,  and  T 

'lirlJVjX  <5-  (5-105) 


V  =  ^  -i Vi-, dice 

T  =  iViic  c  - ‘\ -i  -Or 


(5-105) 

(5-106) 

(5-lOT) 


If  the  origin  of  the  K,i’  coordinates  is  placed  at  the  "shear  center,”  then 

(5-106) 


and  we  have 


•  a 


(5-109) 

(5-110) 


:  =  _ ,  X  .  (5-111) 

jj  '.'ty*-  iy'ii,,  j 

where  I  is  the  second  mooent  about  the  neutral  surface,  A.  is  the  section  area, 
and  J  is  the  uolar  Eonent  about  the  shear  center.  TTe  than  have 


{5-112) 

(5-113) 

(5-114) 


=  -  /t 


=  i.  _  ^  X 

A  '  „j- 


'JjfK. 

®T»'  = 


and  substitution  into  tbs  strain  energy  giwes 


tt- 


IS 


£  ^  -,€r!  , 


She  total  strain  energy  in  a  lengtiij  du,  of  the  bean'  is  then 

olU  =  'E<-dv’4K.  dEp; 


and  for  the  ■whole  beam 


y  = 


I. 

EE 


r 

Qh 


H’d' 


^  J  '  EEff^  '^(p) 


'«  Ittl  .  ,' 


rjrpii 


I  ii 


(5-115) 


(5-116) 


(5-llT) 


Surprisingly  enough,  the  above  equation  is  valid  for  more  exact  section  stress 
distributions  althou^  in  'the  case  of  stress  distributions  o-ther  than  Equations 
5-112,  5-113j  and  5-11^  the  section  properties  El(/u),  0A(//),  and  GJ(/£)  cannot 
be  interpreted  as  simple  functions  of  the  ^ometry  of  the  section.  She  conrouta- 
tion  of  the  section  properties  and  shear  center  locations  for  complicated  sections 
is  the  difficult  part  of  a  structural  analysis  using  beam  theory. 


Conventionally,  the  notation,  SI,  Gl,  G1  is  used  even  though  -these  properties 
no  longer  have  the  in-terpretation  they  have  in  the  more  elenen-fcar^,-  beam  -theory. 


5,1.1.3*1  She  Computation  of  Beam  Section  Properties 
5.1.1.3-1,1  Bending  Rigidity 


She  preceding  paragraph  indicated  that  the  normal  stress  and  shear-stress 
are  independent,  so  -that  ESC/f)  can  be  de-terminai  separately  from  -fche  analysis  of 
shear  s-fcresses  -which  gives  Gl(/f),  Gj(/£),  and  the  shear  center  lo-canion.  Also, 
^neral  eacperience  iniica-fces  that  for  thin  beams,  the  normal  s-tnresses  are  always 
approximated  by  E»2uation  5-112  : 


=  -  K 


(5-llc) 


Shea  the  bending  strain  energ;.'  ia 

>-U  = 

~  A  j)  itlK  iu 

1  Jh'iiC 


~  fj 

*r 


-.t  K3Jviicg 

J 


(5-119) 


3'^ 


So  thst  in  the  case  the  section  is  msde  of  different  naterlals  (that  is,  E 
varies  witto  KssA  p  },  we  have 

d'/dkf  (5-120) 

so  that 

tiipj-  E  =  el  (5-121) 

■where  'ahe  affective  nodulus  is  "the  follawins  weighted  avera^ 

-  ^  tWiit 

(5-122) 

in  one  case  the  section  ■were  laade  of  only  two  materials,  we  -wotiM.  have 

r  =  i.  -^■l^ 

(5-123) 

T-ritt 

r  =  z,.i,  (5-22t) 

Torsion  Elgliie.’  for  Thin  'tail  Sections 

A  csnEon  cean  section  for  ii^t  weight  hi^  s^ferength.  structures  is  one 
czntcss-  of  a  n'zriber  of  ■thin --wall  -cells  as  in  Figure  SO. 


FIGURE  aa  MULTI-CELL  THIM  WA.LL  SECTIO« 


The  oo’tax  toroue  on  tne  sectron 


iq:catlon  5-131) 


**'  -A ■ft  ‘  ■"  -J/TK,  '  CA— -tit) 

Using  the  thin  wall  sssimction  ■we  na:'"  -wrios  ■:his  integral  as  a  sm  of  integrsJ^ 
a  car  the  in-oividual  cells..  For  U  -cells 


(5-126) 


V=r 

la  this  expression  s  is  a  curvilinear  coordinate  around  the  arc  of  the  cell, 
wall,  and  t(s)  is  the  thickness  o-f  the  cell  wall  at  a  point,  s.  At  webs 
adjacent  to  neighboring,  cells,  Tis  one-half  of  the  web  thickness,  as  in 
Figure  8i. 


FIGURE  81  A.  SINGLE  CELL 


The  torque,  contributed  by  the  resultant  of  stresses  over  the  cell  is 
given  by 


ctjiV-  VqUt')!  t  ii' 


(5-127) 


Guided  by  the  theory  of  elasticity,,  we  make  the  following  assumptions  about 
the  stress  distribution: 

(1)  The  component  of  shear  stress  normal  to  the  wall  is  zero 

(2)  The  component  of  shear  stress  tangent  to  the  wall  is  inversely 
proportional  to>  the  section  thickness 


If-^Cs)  is  the  angle  between  the  wall  tangent  and  the  i^-axis,  the  above  assump¬ 
tions  can  be  expressed  as 


"^K—  TSwi^- 


(5-128) 


'-dV'  ~ 


(5-129) 
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FIGURES!  SHEARING  STRESSES 


Ttie  toraue  on.  the  cell  is  then 


Ax 


A  ccc-j-  v’iiw  if)  cLs 


and  it  is  easily  shown  that  the  enclosed  area^  Aj_;  of  the  i^^  cell  is 


1  '  ■  ■ 


The  quantity 

Jit  _  *  —ci  K  ■«>?--T'’nvr'6)d5 

^  4;  (  K.  c.  f  -  •y'SYA  •£■)  i: 

is  then  the  average  value  of  aT  around  the  i^^  cell.  We  then  assuice 

on  upper  and  lower  walls 


on  the  wall  adjacent  to  i  + 
on  the  wall  adjacent  to  i  - 


(5-130) 

(5-131) 

(5-132) 

(5-133) 
1®"^  cell 
1®^  cell 
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We  may  write  this  as 


where 


(5-13^^) 


=  r  Qt-, 
|Qi 

Qtt> 


(5-135) 


and 

(5-136) 


(a.  0} 

k  ..J*  V 
lAi  ■  •’W-tr 

i  -  A 

,  ii  ..'t 

’  •tAi  ^ 


-  AA«,  -Al 


s  on  botxom 
s  on  right  side 
s  on  top 
s  on  left  side 


The  specific  internal  strain  energi'  (Equation  5  93)  ts 


(5-13T) 


butj  from  Equations  5-12tt  and  5-129 


-t*ic  f  Jliv  = 

Substitution  of  Equation  5-13^  gives 

".t  =  ,  iAi 


(5-136) 


(5-139) 
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The  "total  strain  energy  up 


to  the  point  /i  is 


which  gives 


If  we  define 


then 


How 


where 


This  defines 


(5-1^) 


(5-1^^!) 


r  - 


act 


i=i 


r.i\  =  6  ^  yi 


(5-1^2) 


(5-1^3) 


, 


(5-lMt) 


HJ-i 
I  J 

.  -?N  ! 


(5-1^5) 


the  transfonrsation 


--  " 


39? 


Substitution  of  this  into  the  strain  energy  gives 


where 

[&l-f  [Cl([&l-fcl.  (5-148) 

t=i 


NoWj  the  generalized  coordinates,  q.j^,  associated  with  the  cell  torques, 
are  rotations  of  the  cells  at  section  /i,  and 


(5-149) 


which  gives 

\  8^  (5-150) 


Compatibility  requires  that  the  cells  all  rotate  together 


so  that 


‘Jl  “  -  0ffO 


or 


Solving  for  the  4j^'s,  we  obtain 


-  is 
S'  IS 


(5-151) 


(5-152) 


(5-153) 


(5-154) 


UOO 


Now^  the  total  torque  is 


or 


•i=i 


(5-155) 


(5-156) 


Substituting  Equation  5-15*+  into  Equation  5-l*+7^  we  obtain 


but,  from  Equation  5-156, 


so  that 


T 


T-+ 

^hKOrlti} 


(5-157) 


(5-158) 


(5-159) 


Ey  comparison  with  Equation  5-117,  we  must  conclude  that  the  effective  torsional 
rigidity  is 


(5-160) 


5.1.1o'l*3  Shear  Rigidity  for  Thin-Wall  C>'Iinders 

For  a  cylindrical,  thin-wall  section  as  in  Figure  83,  we  can  assume  a 
stress  distribution  consistent  with  the  theory  of  elasticity  and  obtain  an 
expression  for  the  shear  rigidity. 
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FIGURE  83  SHEAR  STRESS  ON  A  THIN-WALL  CYLINDER 


If  we  assiJme 


r.:) 


then  we  have 


For  a  circiilar  cylinder 


(5-lbl) 


(5-lb2) 


(5-lb3) 


so  that 


and 


X  Sw  (■£"  t  ^ 

!X 


(5-lb^) 


d,~r\iK, 


(5-lb5) 


U02 


T  ^  5, 


so  tha 


and 


and  nhe  strain  energy  is 


1, 

2. 


U  =  \^.  >.  XvJ-zJm 

""  i 

•“  r  .--iX  — 


•'J  r  ~ 


= 

j-t' 


Ir  ic 


^  V '  i< 


v\u 


iu. 


3y  con^arison  with  Equation  5-117j  conclude  that 


—  .rCfT 

\ 


The  result  here  is  interesting  in  view  o?  x,he  fact,  tiiat  the  area  of  the 
is  2gt^7T,  and  hence  the  effective  ”Gh‘’  is  one-half  of  G  tines  A. 


(5-166) 


(5-i6T) 


(5-168) 


(5-169) 


(5-170) 

section 


5. 1.1. 3.2  Influence  Coefficients  for  a  Beam  by  the  Complementary 
Energy  ^fethod 

Ihe  general  expression  for  the  strain  energy  of  a  beam  from  results  of  the 
previous  section  is: 


,  =  1  [/Mf: 

J.y  El 


Xl 

QA 


(sJ 


)d^ 


(5-171) 


FIGURE  84  LOADED  BEAM 


If  the  beam  is  loaded  at  a  number  of  points  (xi,yi)  by  vertical  loads^ 
then  an  "elenent"  of  the  beam  can  be  considered  to  be  a  portion  of  the  beam 
between  two  successive  slices  normal  to  the  median  axis  such  that  loads  act  only 
on  the  boundary. 


FIGURE  85  GEOMETRY  OF  THE  BEAM  AND  SUBDIVISION  INTO  ELEMENTS 


If  we  apply  the  general  complementary  energy  method  discussed  in  Paragraph 
5»1.1.2,  we  have  first  to  consider  the  strain  energy  in  the  fth  element 


+  Yiis  +  TiCj!)  \  4, 


(5-172) 


and  we  introduce 

^i  =  ,hi)  =  the  shear  just  to  the  left  of  /j  = 

=  M(  ^/j^)  =  the  moment  just  to  the  3,eft  of  /j  = 

=  T(  /it)  =  the  torque  just  to  the  left  of//  =  //^ 

If  the  element  is  not  loaded  except  at  the  ends^  then  Figure  86  shows  the 
loads  acting  on  the  i^^  element. 


FIGURE  86  LOADS  AT  THE  END  OF  AN  ELEMENT 


The  shearj  moment^  and  torque  on  the  interior  of  the  i^'^  element  are  re- 
la'oed  hy  equilibrium  to  the  shear,  moment,  and  torque  at  the  right  end. 


t =  V,' 


=  V,  + 

TCm.]- 


(5-173) 

(5-174) 

(5-175) 


These  relations  are  evident  from  Figure  bj. 


40? 


M'p) 


FIGURE  87  FREE  BODY  OF  AN  ELEMENT 


We  may  write  Equations  5~173^  5“175  as 

V'tO  =  i 

^ail  ■=  -  x"  r  .  I  ^ 

where 

=  'Vil 
^■^ii 

ii06 


(5-176) 

(5-177) 

(5-176) 

(5-179) 


Substitution  of  these  relations  into  Equation  5-172  gives 


where 


(5-180) 


(5-181) 


This  can  be  expressed  more  conveniently  in  terms  of  a  non-dimensional  integra¬ 
tion  variable, 


so  that 


(5-182) 


'wl{  = 


S,I 


Sc 


(5-183) 


In  order  to  relate  the  element  stress  resultants,  ■{l]’  to  the  applied 
loads,  we  consider  the  equilibrium  of  a  free  bod;.''  of  the  portion  of  the  beam 
to  the  right  of  the  section  ^ 
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If  and  the  x  and  y  coordinates,  respectively,  of  the  shear  center 

at  the  i^a  section,  then 


Tnese  relations  can  he  written  more  concisely  as 


(5-105) 


where 


(5-186) 


and 


... 


(5-i8T) 


Substitution  of  Equation  5-185  into  Equation  5-l80  gives 


(5-188) 


and  since 


(5-189) 


■we  have 


(5-190) 


or 


(5-191) 


where 


(5-192) 


which  is  a  set  of  influence  coefficients  for  the  beam  cantilevered  at  /i  =  0. 
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5.1.2  Procedures  for  Calculating  Inertia  >fatrices  for  Components 
of  a  Coiaplex  Structure 


In  this  section  we  discuss  some  of  the  specific  procedures  for  deriving 
inertia  matrices  for  parts  of  a  structure  in  terms  of  generalized  coordinates 
defining  the  configuration  of  those  parts.  Inertia  matrices  for  a  whole  system 
can  then  be  formed  by  appropriate  geometric  transformations  relating  the  gen¬ 
eralized  coordinates  of  the  component  to  generalized  coordinates  for  the  whole 
system.  The  fundanental  starting  pointy  for  each  of  the  discussions  below^  is 
the  form  of  the  kinetic  energy  given  in  Equation  2-42,  Paragraph  2. 1.2.1. 


(5-193) 


For  small  motions,  as  discussed  in  Paragraph  2.3.1  (Equation  2-357 )>  we  have 

(5-194) 


>,T  i;  i. 

'  ■;  Oo  >.■->  i  t,  J 


i  +  P-i  ■<  ,t,  r  :  y 


and  Equation  5-193  reduces  to 


J 


; 


(5-195) 


where 


j-fv  =  :  f  ,tKXu.»e  =  mass  of  the  x-y-z  particle 

=  displacenKnt  of  the  x-y-z  particle 
in  the  x -direction 

=  displacement  of  the  x-y-z  particle 
in  the  y-direction 


=  displacement  of  the  x-y-z  particle 
in  the  z-direction 


5. 1.2.1  Rigid  Components 

For  a  part  of  the  structure  which  can  be  considered  to  be  rigid,  we  can 
introduce  six  generalized  coordinates  which  will  define  the  configuration  of 
the  component.  If  we  let  these  six  generalized  coordinates  be  the  displace¬ 
ments  and  rotations:  at  some  point  of  the  body,  and  if  we  label  this  point  ”0,  “ 
then 


£  t.; 


X  :  .'i 


(5-196) 


These  displacements  are  defined  in  Figure  89* 


FIGURE  89  GENERALIZED  COORDINATES  FOR  A  RIGID  BODY 


The  displacenents  of  each  of  the  particles  can  then  he  related  to  these  coor¬ 
dinates. 

‘  ^1-’  (5-197) 
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(5-198) 


(5-199) 


The  velocities  of  the  particles  can  be  written  as 


(5-200) 


TcT 


k  ; 


hi 


■ife 


(5-201) 


3c 


^  ^  ^  1 1 


I  I*  j 


0  f 


(5-202) 


For  simplicity  we  assume  that  the  point  0  is  the  origin  so  that  Xq  =  =  zq  =  0. 

Squaring  these  expressions  and  substituting  into  Equation  5"195^  we  have 


where 


=  HW  :a  Kp} 


(5-203) 


=^11 


cj*  -X  0 

«,  '*£  -'j  -X6 

-X-  •*«  ' 


(5-204) 


T'-*.-.  L-ems  in  the  above  matrix  can  be  recognised  as  cotamon  terms  describing 
the  inertia  characteristics  of  a  rigid  body.  In  fact,  we  have 

>I  =  r.-  :  c  0  >..£.,,^1  (5-205) 

i  -  M  O  -HS  :  Mx 

:  j  V*  Mg  -Ki'  j 

Mg 

►Ms  -  .vix 

-MU  Mx  -Ikj 


where 


M-] 

xM-  j 
M  =  ^ 

=  j 

Itt  =  ^  (if-j- i’')  fdV 

%  =  J  .xS  4^)^iV 


^dV 

t 


a 


=  total  mass  of  the  body 


=  x-coordinate  of  center -of - 
mass 


=  y -coordinate  of  center -of - 
mass 


=  y-coordinate  of  center-of- 
mass 


moments  of  inertia 


(5-206) 

(5-207) 

(5-208) 

(5-209) 

(5-210 

(5-211) 


) 


(5-212) 


lu  =  i 


products  of  inertia 


> 


5. 1.2. 2  One -Dimensional  Flexible  Congonents 


(5-213) 

(5^li^) 


(5-215) 


For  a  one-dimensional  body  moving  in  a  plane,  the  coixCiguration  can  be 
defined  by  generalized  coordinates  which  afe  displacements  at  a  number  of  col¬ 
location  points. 
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FIGURE  90  GENERALIZED  COORDINATES  FOR  A  ON E-DIMENSIONAL 
COMPONENT 


In  the  general  expression  (Equation  5-195)  for  the  kinetic  energy,  we  have, 
for  a  one -dimensional  body. 


=  o  (5-216) 

and  Pg  is  not  a  function  of  y  or  z,  so  that 

(5-217) 

■r  -  (dV 


^15 


where  m(x)  =^pch^d-i=  mass  per  unit  of  length.  We  can  relate  the  displacement 
of  the  particles^  Pgj  to  the  generalized  coordinates,  Pj^,  in  a  number  of  ways. 
A  very  simple  way  employs  trapezoidal  interpolation: 


Pfh.t)  =  K-i  + 

Xl-JTv, 


(5-218) 


=  -[,_±i5± 

^  Vxi-,’ 


for  ^  X  4 


(Note,  Xq  =  0,  =  L) 

We  can  write 


M  .-w 

)ix  =Y.  j  ^ 

i'l 


(5-219) 


in  Equation  5-217  anl  use  Equation  5-2l8  to  obtain 


r=  '-aZ  {i,  F.)J 

(l-X-*,.,  )-  N 

Xj  -Aj-i  1 

t 

a 

=  >s.Z  {a,  pJ  [a]^ 


C. 


(5-220) 


where 


h  -  1/ -  f-  ■«.■/  ) 


f/  «  A- 

‘ 


Vx 


(5-221) 
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For  practical  coniputation  this  expression  can  he  considerably  simplified. 
If  we  change  the  variable  of  integration  to’ 


Xi  -*1- 


(5-222) 


and  introduce  the  length  of  the  interval^ 


(5-223) 


then 


•v*  i-i 


(5-224) 


In  the  special  case  that  m(x)  is  constant  over  the  interval,  this  can  be. in¬ 
tegrated  explicit3;y  to  give 


* ; 

-  ■ 

^'lii  ;  = 

=  ' 

iljt 

5 

“  1 

3 

*ri. 

•'•ii ! 

^  >•* 

i  j 

1 

3 

(5-225) 


where  is  the  total  mass  of  the  body  between  and  x^ 
If  we  write  Equation  5-218  as 


(5-226) 


for  $  X  $ 


where 

.v‘li 

(5-227) 

J 
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for  each  i 


then  Equation  5-224  can  he  further  siraplified  to 


s 


ds  [ill. 


(5-228) 


This  can  he  evaluated  hy  numerical  integration,  or  it  can  he  noted  that 


-O  Xv 


(5-229) 


r'  ^  >  J-  X; -3tti  Mi 

■  S  •"'Ux-^da  -  J'jp- 


(5-230) 


(5-231) 


where 

Mi 

is  the  total  mass  of  the  i'*'^  segment, 

is  the  x-coordinate  of  the  center  of  mass  of  the  i’*'*^  segment,  and 

li  is  the  total  moment  of  inertia  of  the  i^^  segment  about  the  left 
end,  X  = 

If  we  finally  introduce  the  transfomnation,  [t]  j^,  such  that 


\h;l  ■■ 

LH  1 


(5-232) 


where 


Px. 

P3 


ItVif 


(5-233) 
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then 


2:1  ik-> 

i=i 


H-.' 

k 


H 


or 


T  = 

where 


1=1 


5-1. 2. 3  Two-Dingnsional  Flexible  Components 

For  a  plane  two-dimensional  body  moving  normal  to  its  own  plane 
figuration  can  again  be  defined  by  ^neralized  coordinates  which  are 
at  discrete  points. 


FIGURE  91  GENERALIZED  COORDINATES  FOR  A  TWO-DIMENSIONAL 
COM PON  ENT 


( 5-234) 


(5-235) 


(5-236) 


the  con- 
displacements 
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In  the  general  expression  (Equation  5"195)  for  "the  kinetic  energy^  we  have, 
for  a  two-dimensional  body 


(5-237) 


and  P2  is  not  a  function  of  z,  so  that 


"  i-  dxdi^ 


(5-238) 


where  in(x,y)  =jpdi=  mass  per  unit  of  area. 

One  of  the  simplest  assumptions  that  can  he  made  for  relating  pj,  to  the 
Pj_  in  two  djjoensions  is  the  "bilinear"  interpolation  assumption.  In  the  region 
between  four  collocation  points,  we  assume 


|jj(x,'^.t)=  a  +  fx  tcij  -tctxii 


(5-239) 


where  a,  b,  c,  and  d  are  determined  so  that,  at  the  i^'^  collocation  point. 


(5-240) 


In  order  to  be  systematic,  we  define. 


for  the  i^^  region. 


i\>h 


(5-241) 
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These  displacements  are  related  to  the  generalized  coordinates  by  a 
TTiation  of  zero's  and  one's  (a  "bookkeeping"  matrix). 


Then,  from  Equation  5-239^ 


=  [  CL  +  +  Ccj'^’’  +  1 

0,  <-  tXa"  +  1 

u-  I  i  )(('*'  +  cuf  t  lx y?’ J 


Xi“' 

Xi«' 


(3)  fl)  /i3 


Solving  for  a^  b;  c,  and  we  have 


» 

u 

i 


j;-' 

yPl 


“I 


Substituting  this  into  Equation  f-239j  have 

t.  =  i  '  3  y  xy  ^  U*  InpJi 

for  (xpS")  on  the  i^^  region 


transfer - 

(5-242) 


(5-243) 


(5-244) 


(5-245) 
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The  kinetic  energy  can  be  written  as  the  sum  over  the  individual  regions 


C-' 

In  the  i'^^^  region 

w 


(5-246) 


(5-247) 


Substitution  into  Equation  5-238  gives 


rij  j 

I  V-  *4  tj-’  1^'  ; 

x’i  ■ 


ibl 


(5-248) 


c;. 


»■» 


“  t 


where 


LMi=  (-“J' 


I  u.' 


I  \  J  *  •< 

X  v* 

’  7  'i' 

*  1  "•**  *  -J 


^  -.X-W  .V. 


(5-249) 


which  can  be  evaluated  by  numerical  integration. 
Using  Equation  5-242,  we  obtain 


where 


-=  ,  ^  f.}  '  A 


(5-250) 


:-]-Z 


(5-251) 
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5. 1.2. 4  Inertia  Matrices  for  Complex  Structures 


When  the  routine  method  of  structural  analysis,  discussed  in  Paragraph 
5. 1.1.1,  is  used,  the  inertia  matrices  for  the  whole  structure  may  be  obtained 
as  a  by-product  of  the  direct  stiffness  approach.  coordinates 

of  an  element  and  the  kinetic  energy  of  the  element  is  written  in  the  form 

~  j  Vy  ( 5-252 ) 


where  [m]  is  the  element  inertia  matrix,  then  from  Equation  5-^5^  we  have 

=  [T]y[TjjCT]{f>>  (5-253) 

and  substitution  into  Equation  5-252,  using 

J  L  ■ 


gives 


where 


kip}  LftKp} 


(5-25^) 


(5-255) 


5.1.3  The  tethods  of  Modal  Coupling 

5. 1.3-1  Introduction  -  A  Sugmary  of  the  General  Vibration  Problem 


If  fpj  is  a  set  of  generalized  coordinates  for  a  complete  structural 
system,  then  the  methods  of  Paragraph  5. 1.1  and  Paragraph  5. 1.2  give  the  kinetic 
energj'  and  strain  energy  in  the  following  form: 


(5-256) 

(5-257) 


The  theoretical  details  involved  in  the  vibration  problem  have  been  considered 
in  Section  2.2.  The  equation  governing  the  vibration  modes  and  frequencies 
has  been  shown  to  be 


r  = 


(5-256) 


■where  [e]  =  [k]  for  restrained  systems.  If  the  system  is  unrestrained,  the 

elastic  vibration  modes  are  governed  by 


where 


and 


(5-259) 


[r]  =  ■'ij  - 


(5-260) 


(5-261) 


If  i  =  1,2...  are  the  solutions  for  X  from  Equation  5-258  or  Equation 

5-259j  the  vibration  frequencies  are  given  by 


(5-262) 


The  solutions  of  the  problem  can  be  used  as  a  transformation  to  a  new 
set  of  generalized  coordinates,  called  modal  coordinates. 


(5-263) 


In  the  analysis  for  vibration  modes  and  frequencies  of  very  large  and 
complex  systems,  the  number  of  degrees-of -freedom,  N,  required  of'ten  exceeds 
the  capacity  of  a  compu'ter  to  handle  the  resulting  N)d^  inertia  and  influence 
matrices.  In  those  cases  the  system  can  be  broken  down  into  component  pieces, 
the  modes  of  the  pieces  ob-tained,  and  then  these  modes  coupled  -together  in  a 
sys’tematic  procedure .  This  procedure  is  discussed  below  for  two  impor-tant 
cases. 

5. 1.3. 2  ^fodal  Coupling  of  Elastically  Uncoupled  Components 

The  concept  of  modal  coupling  is  introduced,  first,  for  the  case  where  it 
has  the  grea-test  practical  utility.  This  is  the  case  when  it  is  possible  -to 
decompose  the  structure  in-to  large  components  which  are  "elastically  uncoxpled." 
Two  sys-tems  are  said  to  be  "elastically  uncoupled"  when  strain  energy  can  be 
stored  in  one  sys-tem  without  inducing  deformations  in  the  other  sys'tem.  Figure 
92  is  a  schematic  description  of  -two  elastically  uncoupled  conponents  of  a 
sys'tem. 
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FIGURE  92  TWO  ELASTICALLY  UNCOUPLED  COMPONENTS 


The  figure  is  intended  to  convey  the  fact  that  defomstions  in  (A)  produce  only 
rigid  tody  displacements  in  (b). 

If  we  let  -Tpa}  be  a  set  of  ^neralized  coordinates  describing  the  configura¬ 
tion  of  the  first  conroonent,  and  be  a  set  ® 

describing  the  configuration  of  the  second  component,  then  we  have 

-=  ^5-264) 


and 


rr.'s.'  rs- 


(5-265) 


¥e  further  suppose  that  the  coordinates,  {pg},  are  not  consistent  with  the  con¬ 
straints  iiTOOsed  on  (B)  by  (a).  On  this  assumption,  includes  rigid  body 

degrees-of -freedom  and  hence  is  singular. 

If  (b)  is  rigi<^  then  its  displacecEnts  can  be  uniquely  related  to  (A)  by  a 
transformtion  that  depends  onlj''  on  the  ^ometry  of  tte  system: 

-Jar  =  (5-266) 

The  elastic  displacensnts  of  (B)  when  (A)  is  motionless  can  be  written  (see  also 
Figure  93) 

=  (5-267) 


where  [^1  is  a  matrix  of  modes  of  (B)  constrained  by  (A)  which  satisfy  the 
equation 


(5-268) 


where 


(5-269) 


and  [Sg]  Is  a  constraint  inatrlx  describing  tbs  constraints  Imposed  on  (b)  by 
(A)  when{p^j-=:  0 


FIGURE  93  DISPLACEMENTS  OF  (B)  WITH  (A)  MOTIONLESS 


'The  total  displacement  of  (b)  can  then  be  written 


tPst  =  I  ss-HPaJ' 


(5-270) 


Displacements  of  Elastic  displaceirents  of 
(b)  due  to  motion  (B)  relative  to  (A) 
of  (A) 


The  ^neral  form  of  the  ^onetric  transformation  matrix  can  be  constructed  as 
follows-  If  21,,  6,  g,  and  ^  are  three  displacements  and  three  rotations 

of  a  point  on  (A)  that  is  also  on  the  region  in  contact  with  (b),  then  these 
can  be  uniquely  related  to  the  ^nerslized  coordinates  describing  the  con¬ 
figuration  of  (a): 
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The  coeff icien.'bs  can  he  derived  by  a  suitable  interpolation  such  as  has  been 
discussed  in  Section  2.3*  The  displeceiaents  of  (B)  when  it  is  rigid  can  be 
written  as 


(5-272) 


where  the  columns  are  "rigid  body"  modes.  For  exainplej^^^^J j  are  the  values  of 
the  generalized  coordinates  for  s  =  1  while  ?7=  s  =  6  =  1/'  =0*  Substitution  of 
Equations  5-271  into  5-272  gives 


or 


i 

I 

i- , 

UiJ  I 

'tV'J 


(5-273) 


(5-27it-) 


If  we  assume,  for  concepxual  simplicity, 
influence  coefficients  for  (A)  are  given  by 


that  (a)  is  constrained,  then  the 


How,  the  total  kinetic  energ;/,  when  (b)  is  rigid,  is  given  by 


(5-275) 


Asll'T'eAT: UJ  (5-276) 


and  the  vibration  modes  with  (B)  rigid  are  governed  by 


(5-277) 


If  we  denote  the  matrix  of  these  solutions  by  ,  we  have,  in  stmmary: 


(5-278) 


or 


where 


If  we  introduce 


{t>e}  “CcPbU^JjB}  +  CTeAXfpAK^A,} 


{h} 

=  L$] 

. 

[§1  = 

r  c<fAi, 

CO] 

[TaClLfA].  I^bI 


then  the  kinetic  energy^  using  Equation  5-280j  is 


[AaI  Co]' 

Co]  CM 

FCAaT  [0] 
CO]  [A,l 


[$KV} 


or 


wiiere 


[M]  =  l^}'\ 


L<V1  Co] 
[o]  [Ag] 


[§] 


(5-279) 


(5-280) 


(5-281) 


(5-282) 


(5-283) 


(5'-28!t) 


(5-285) 


which  is  called  the  "modal  mass  matrix." 
in  an  analogous  manner. 


The  modal  stiffness  matrix  is  found 


Since 


represents  a  rigid  displacenKnt  of  (b),  we  must  conclude  that 

CKB](r-reAl{M)  =-lo3- 
U28 


(5-286) 


Further,  since  the  coordinates,  -fPAi'  >  independent,  we  have  the  much 
stronger  relation 


[ksICTj,.!  [o] 


The  total  strain  energy  of  the  system  is 


‘  =  i  HP.U  r>*l  '  Z] 

<  ^  -f  f  “I  •  ^  .  1 

s.  >  i 

iCol  Lhg] 


(5-287) 


(5-288) 


or 


where 


i  [<‘'■.'■1  (ol  ,f] 


1  I 


(5-289) 


(5-290) 


which  can  be  e:<panded  using  Equation  5-2hl 


r>.  i’‘'s,.’ea,.  '.VaI  -  Vn'l'f'SAl  .'‘45l<3] 


(5-291) 


'^C  '  .  D?'  ■'•A  • 


'  '  1  tf-*  ' 


Using  Equation  5~2b7j  this  reduces  to 


•-  A  .  fA  “  A  i 


(5-292) 


^20 


Nowj  from  ggneral  properties  of  the  vibration  equations  (see 
Equation  2-179)^  "'e  have 

Paragraph  2. 2. 3*2, 

(5-293) 

[(j'BycKgic'fsi  = 

(5-294) 

So  that  the  total  "modal 
is  a  diagonal  matrix 

stiffness  matrix"  for  an  elastically  uncoupled  system 

[Pl=  [r. 

1  V  . 

^  J 

(5-295) 

We  then  have 

(5-296) 

(5-297) 

and  Lagrange's  equations 

give 

o 

II 

U 

(5-298) 

Assuming  a  separated  solution, 

II 

•  T 

(5-299) 

leads  to 

(5-300) 

where  the  "modal  influence  coefficient  matrix"  is  given  by 

(5-301) 
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The  matrix  of  eigenvectors  to  this  problem  is  commonly  called  "modal  mode- 
shapes."  This  is  used  to  express  the  natural  vibration  modes  of  the  coupled 
system  in  the  form 


or  singly 


where 


liM 


(5-302) 


(5-303) 


(5-304) 


and 


j  =  matrix  of  natural  modes  = 


(5-305) 


The  generality  and  practical  utility  of  this  procedure  cannot  be  over¬ 
emphasized.  This  concept  can  be  used  to  obtain  vibration  modes  on  very 
complicated  structures  by  iterating  moderately  small  eigenvalue  problems, 
reducing  the  number  of  degrees-of -freedom,  and  then  solving  the  complete  prob¬ 
lem  in  terms  of  modal  coordinates  for  the  individual  components. 

The  procedure  of  mO'dal  coupling  is  used  in  the  example  analysis  of  the 
Saturn  vehicle  in  Appendix  II. 

5-l'3«3  Modal  Coupling  of  Elastic-all;/  Coupled  g;/stems 


The  procedure  in  this  case  is  very  similar  to  that  of  the  previous  section 
with  the  exception  that  there  are  additional  constraint  relations  between  the 
coordinates  of  (A)  and  the  coordinates  of  (b).  Figure  94  is  a  schematic  of  a 
system  that  is  "almost"  elasticall;/  uncoupled. 
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FIGURE  94  TWO  ELASTICALLY  COUPLED  COMPONENTS 


^  Cpa^"  2nd -{pg  }■  are  coordinates  for  the  coinponents  and -{.pg}  is  not  con¬ 
sistent  with  any  of  the  constraints  isiposed  on  (3)  by  (a),  we  have  the  following 
equations  which  describe  the  structxural  continuity  between  (A.)  and  (b)  at 
points  of  connection  which  cause  the  cornponents  to  be  elastically  coupled: 


■hffr  =  '‘-shC: 


(5-306) 


As  in  the  preceding  section,  we  have 

tps}- =  (5-307) 


where  both  and  [0g]  are  derived  with  all  connections  between  (A)  and  (b) 
relaxed  except  those  just  sufficient  to  restrain  (b).  It  follows  then  that 
■^q,  and  are  also  not  consistent  with  the  constraints . 

If  we  substitute  Equation  5-307  into  Equation  5-306,  we  obtain 


r. 


t  Jsl 


{0} 


(5-305) 
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We  ean  also  write  this 


whsjre  t^J  is  lite  iEatri>:  introiuced.  in  Equation  5-230- 
as 


(5-309) 


wliere 


(5-310) 


Using  these  constraint  equations,  we  ss;.*  select  so3S  of  the  Eaodal  coordinates 
and  elisinate  thesE  in  such,  a  unsimer  tiiat  the  remaining  coordinates  satisfy  tiie 
constraints  ejqslicitlj' .  leo  be  T:he  coordinates  to  he  eliannated  and  let 
q,  he  the  recaining  coordinates,  then 


(5-311) 


where  the  transformations  are  appropriate  matrices  of  aero’s  and  one’s.  Sub¬ 
stitution  into  Equation  5-309 


1 1]  jj" * tT. :  -Jt  J:  >  “  ■*'  *  i 


(5-312) 


Sol\"iag  for  -{lo}"  fives 


-  j  -  f  - 


(5-313) 


Substitution  into  equation  5-311  gives 


(5-31^) 


or 


(5-315) 
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“Ehe  netrix^  [5*]  >  is  a.  cosroatiibility  Hatrix  in  the  sane  sense  as  the  compati¬ 
bility  HStrices  introduced  in  the  Direct  Stiffness  tfethod  of  Structural  Analysis 
(see  Paragraph  5*l-l*lj  Equation  5*17 )•  "S  i”  — s  previous  section,  we  have 


(5-316) 


1 

1  'tj 

(5-317) 


Substitution  of  Equation  5-315  into  these  expressions  gives 

~  =  (5-318) 

(5-319) 


where 


b‘J=-M’'3l  [LAaI  [0l 

bsS] 


(5-320) 


ana 


(5-321) 


-I 

ihe  moial  influence  coefficients  are  [o]  =  |.f]  .  The  ’’modal  mode -shapes"  are 
obtained  from  tlie  eauatioas 


(5-322) 


and  the  displaceuBnts  in  nhe  mcxies  are 


rij5AT]=[|)][Tl[TT}f(^]-  (5-323) 

fPBlj 


or 

(5-324) 

where 

Lfl  ==  (5-325) 

An  example  which  better  illustrates  the  procedure  is  given  in  Appendix  II, 
Paragraph 

5.2  VIBRATIOir  PR03La-lS  C:  LAUNCH  VSHICLS  3TSUCTURSS 

5.2.1  A  ItUGRrical  Study  and  Comparison  of  i'fethods  to  Obtain 
Vibration  Modes  for  Straight  Beans 


This  section  describes  some  studies  conducted  to  evaluate  and  compare 
several  finite  degree -of -freedom  methods  a’.-ailable  for  the  vibration  analysis 
of  beams.  All  of  the  methods  are  comcorel  for  the  case  of  a  straight,  uniform 
ream.  Fr.e  n'umerical  results  are  given  car  a  cantilever  constraint  and  for  the 
free  beam. 

The  study  restrictcu  to  what  is  comronl:.'  called  the  "Euler-EernouUi" 
theory  of  beams^  governed  by 


(5-32b) 


(5-327) 


which  has  teen  briefl:/  liscussed  in  Paragraph  2. 3. 3.1*  In  this  section  we 
consider  onl^."  the  case  of  the  uniform  ream  where  Sl(x)  =  El,  a  constant 
and  c(x)  =  m,  a  constant.  Tne  geometr:.-  cf  the  system  is  shown  in  Figure  95. 


^Important  deviations  from  this  theory  are  considered  in  Faragraph  5.2. 2.1. 
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FIGURE  95  UNIFORM  STRAIGHT  BEAM 


In  all  of  the  finite  degree -of -freedom  studies,  the  generalized  coordinates 
will  be  the  lateral  displacements  at  eleven  (U)  equally  spaced  collocation 
points.  The  generalized  coordinates  are  then 


Pit)  = 


(5-328) 


i  =  0,1,2. • .10 

The  points  divide  the  beam  into  ten  (lO)  equal  intervals  of  length. 


(5-329) 
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FIGURE  96  COLLOCATION  POINTS 

The  methods  to  be  considered  are; 

(1)  Influence  coefficients  from  coiaplemsntary  energy  inertia 
matrix  by  diparabolic  interpolation 

(2)  Influence  coefficients  from  complementary  energy  inertia 
matrix  by  trapezoidal  interpolation 

(3)  Influence  coefficients  by  diparabolic  interpolation  inertia 
mamrix  by  dlparabolic  interpolation 

();-)  Influence  coefficients  from  the  direct  stiffness  method 

inertia  matrix  consistent  with  the  direct  stiffness  method 

(5)  Influence  coefficients  from  the  direct  stiffness  method  inertia 
juatrix  by  diparabolic  interpolation 
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(6)  The  exact  solution  of  the  partial  differential  equation  for 
the  continuous  case . 

These  methods  are  considered  separately  in  the  sections  that  follow.  The 
results  are  summarized  and  compared  in  Paragraph  5 "2. 2. 1.2. 

5. 2. 1.1  The  Exact  Solution  for  che  Continuous  Beam 

The  exact  solution  may  he  obtained  from  Equations  5"326  and  5“32T  hy  the 
use  of  Hamilton's  Principle.  For  thn  case  of  a  system  that  is  both  conservative 
and  holonomiCj  this  principle  can  be  obtained  from  the  more  general  Principle  ■ 
of  Virtual  V/ork  stated  in  Paragraph  2. 1.1. 3  (see  Equation  2-33).  Ifemilton's 
Principle  states: 


(5-330) 


where j  in  our  particular  case^ 


(5-331) 


This  is  a  problem  in  the 


‘lalculus  of  Variations  which 


yields^ 


(5-332) 


We  want  to  consider  onl;.'  two  cases  in  tnis  section.  Firsts  for  the  beam  claaroed 
at  =  L,  we  have 


(5-333) 


(5-334) 


and  Equation  o-332  then  requires 


^  -  (5-335) 

%he  complete  details  of  tlois  problem  are  discussed  by  R.  Weinstock^  Calculus 
of  Variations j  McGraw-Hill,  1952,  fection  10-5,  P*  217*  In  particular, 
equation  (cl). 


(5-336) 


..  .-r  ^  (5-337) 

In  the  second  case^  for  the  beam  imconstrained,  Equation  5-332  requires 


(5-338) 

-^r', 

37/ Ut)-  0 

(5-339) 

3F  - =  “^ 

(5-3i40) 

«S 

(5-3*^l) 

(5-3‘^2) 

The  equations  can  be  solved  by  separation  of  variables 
we  assunK 

in  either  case. 

If 

(5-3»f3) 

then  we  have 

(5-3^4) 

which  requires  that 

-  3^.  §1  =  a  constant,  say, 
5  wu' 

k 

(5-3^45) 

Tn  the  case  of  the  clamped  team,  we  have 

iX--  ^ 

;,-)="  0  c)  =  0 

(5-346) 

2438 

while  in  the  case  of  the  unrestrained  heam^  we  have 


,  .  -I 

T?- 


=  0 


Ax' 


(5-3W) 


The  solution  to  these  equations  is  well  known  and  has  been  tabulated  in  a  con¬ 
venient  form  by  Dana  Young  and  Robert  P.  Felgarl.  The  solutions. 


i  =  1,2... 
i  =  1,2.. . 


(5-3i<S) 


(5-3i^9) 


are  compared  with  the  finite  degree -of -freedom  solutions  in  Paragraph  5 *2. 1.6. 
5. 2. 1.2  Influence  Coefficients  by  the  Direct  Stiffness  Method 
If  we  write 


(5-350) 


then,  from  Equation  5-327, 


(5-351) 


ifow^  the  beniing  Exorsent  in  the  cean  is 


-Tt  t,  *  S.  ^  A*  ic 

J  ^  . 

“  c  =  ei 

-- 


(5-352) 


^Young,  D.  and,  Pblgar,  R.  P.,  Taoles  of  Characteristic  Ftmctions  Representing 
Ronaal  Modes  of  Vibration  of  a  Beam,  University  of  Tbxas  Publication  Ko,  4913, 
July  1,  1949. 


and  hence j 


dx 


(5-353) 


If  we  let 


I  =  X  -  ^ 


(5-35i+) 


then 


ft  M^) 

-?F  « 


(5-355) 


If  we  assune  the  element  is  only  loaded  at  the  ends,  then,  on  the  interval. 


H(S)  =  Mj,  +  J  Vl 


(5-356) 


where  and  are  the  shear  and  bending  moment  just  to  the  left  of  x  =  Xj_. 
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FIGURE  97  TYPICAL  ELEMENT 


From  Equation  5-356, 


MVg')=  {Vi  MiJ 

■1' 

{1  il 

\ 

1 

1 

Mi 

Substitution  into  Equation  5-355  gives 


(5-357) 


(5-358) 
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Performing  tlrie  indicated  integration  gives 


where 


Al  L 

.  -lEI  tl  I 


and 


Now,  if  we  denote  all  the  loads  acting  on  the  i^^  element  by  we 


-'O  ' 
S' 


•  V 


.  CS 


where  the  loads  are  sho\/n  in  Figure  98  • 


t—~  i 


V 


(5-359) 


(5-360) 


(5-361) 

have 

(5-362) 


FIGURE  98  LOADS  ON  AN  ELEMENT 


We  note  here  that 


Ml- 


AlsOj  from  equilibrium  of  the  element,  we  have 


^cn  _ 

-II 


■U; 


Using  Equations  5-363  and  5-364^,  this  maj'"  be  written  as 


f 

-I 


q:« 
q;*’  I 

;  ^4  j 


Vi]= 

Mij 


where 


(5-363) 

(5-364) 


(5-365) 

(5-366) 


(5-367) 


(5-366) 


If  Vj^  and  are  the  generalized  coordinates  associated  with  Vj^  and  and  we 
let 


(5-369) 


then  the  virtual  work  of  the  stress  resultants  is 

S-V  =  t'SiV-'-j'i 

but  also 


(5-370) 


i'kV  = 
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(5-371) 


and,  from  Equation  5-367. 


(5-372) 


By  comparison  with  Equation  5-370^  we  conclude 


(5-373) 


or 

Expanding  this,  using  Equation  5-366,  gives 

J' 


{3-3lh) 


(5-375) 

(5-376) 


which  indicates  that  the  ^neralized  coordinates  associated  with  the  stress 
resultants  are  relative  displacements  between  the  ends  of  the  eleuent. 

From  Equation  5~359  and  Castigliano ' s  theorem,  we  have 


=  .  t  = 


'  -  T.i  .  t. 


(5-377) 


so  oiiat 


(5-370) 


Using  Equation  5-37^^  we  obtain 


(5-379) 


and  substitution  into  Equation  5-359  gives 


(5-360) 
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or 


Ui=^ 


(5-381) 


where 


[Fli  =  [vl,LCr]itvl^ 


(5-382) 


El 


)  and  5- 

368 

gives 

t2 

ci 

-It 

ci 

-fct 

^'1 

—12. 

-bX 

It 

-6t| 

[tL 

-b£ 

4iM 

(5-383) 


The  compatibility  relations  for  the  beam  are  that  slope  and  displacement 
are  continuous  across  the  boundary  between  elements.  Ifqj,  (i=l,2...11) 
are  the  common  displacements  at  the  points  x  =  then 


7  ssr  >'*)  — 

V  -  I;'  - 

-  <i'  =  fi)  ^ 


"P 


(5-384) 


i  =  12^  13 ...22  are  the  common  slopes  at  x  =  Xj^,  then 


444. 


If  qi 


(5-385) 


.  II 

II 

0^ 

ll 

= 

‘fT  ■ 

II 

cr^ 

?- 

These  relations  can  be  written  as 


(5-386) 


i 


1,2... 10 


where 


^,1-  = 


I" ! 

I 


(5-387) 


For  example,  for  i  - _1: 


51-,  =  '  JV' 


1  " 


I  0  " .  •  ■  ^ 

O  0 

0  ^ 


i  ^4  .  I 


■  :  0  o...  o 


0  0 
I  0 


(5-388) 
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Substitution  of  Equation  5'-386  into  Equation  5*“38l  gives 


^  ,  ID  , 

i-i  1=1 


(5-389) 


or 


U  = 


.lOyi 


(5-390) 


where 


1=1 


(5-391) 


If  we  choose  as  external  coordinates  the  eleven  displacenents  at  the  points 
X  =  Xji,  then  p^  =  for  i  =  1,2... 11  and  from  the  general  theory  in  Paragraph 
5.1.1.1j  we  have 


where 

[Kl  “  [Piil  "  [PiiltPjiilPail 

This  could  he  used  to  calculate  an  influence  matrix  for  the  cantilevered  condi¬ 
tion.  However,  a  scheme  that  is  one  degree -of -freedom  more  accurate  is  to  set 
q-,-,  and  qgg  equal  to  zero  in  Equation  5-390  by  the  transformation: 

(5-394) 


(5-392) 


(5-393) 


=;  >j,i 
'  to} 
‘ij 


-  oj 


0,0 


and  calculate 


. 


;o] 


IS] 


(5-395) 
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Then  it  can  be  shown  that 


u  =  A' >1  r>  (5-396) 


where 


influence  coefficients  for  (5-397) 

the  beam  cantilevered  at  the 
right  end  =  the  upper  left, 

11  X  11,  matrix  out  of  [gJ  . 


n  X  •! 

[E]  =  [CtiiI 


5. 2. 1.3  Inertia  Matrix  Corresponding  to  the  Direct  Stiffness  Approach 
The  kinetic  energy.  Equation  5-326,  can  be  written  as 


T 


■'-L  j 


Xv. 


(5-398) 


We  want  Jp  show  that,  according  to  assumptions  already  made,  the  deflec¬ 
tion  on  the  i‘'  interval  is  a  cubic  curve.  This  follows  from  Equation  5“352 


(5-399) 


and  Equation  5-356 


(5-^^oo) 


We  then  have  the  following  differential  equation  to  integi'ate; 


—  -n  ■* 


(5-401) 


If  we  introduce  the  non-dinEnsional  variable. 


(5-402) 


then 


417 


V 


(5-403) 


whose  solution  is  obtained  by  repeated  integration: 


‘^=0 


(5-404) 


It  is  more  convenient  to  express  this  in  terms  of: 


I  ^  =  a'’'' 


(5-405) 

(5-406) 

(5-407) 

(5-408) 


which  gives,  from  Equation  5-404, 


i'  *  «  n)  •» 

i  * '  ^  '/(,•  ) 

, ;  .  ,fn  ,  ni  •  , 

'''V  ' 


>•*  V' 


'■:  •«.«,  s  ■ 
.  ^  I  < 


How,  the  kinetic  energy  can  be  written  as 


(5-409) 


(5-410) 


and,  on  the  i^^  interval. 


jt'.  ■  ^,'i 


-  -  --l  i  vj' 


(5-411) 
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Substitution  into  Equation  5-^10  gives 


-  >.  Vj  I'-''  ii.-'-l-’fi 


(5-^12) 


where 


iJl];  =  '  3  ;  i.  1  ,  ,  I  O  O  Q  1 

“  .*  a  i  1-0  ,  j  '  '  > '  ! 

!  ;-5’ I  '  i-^3-L. 
,53fis®a' j  ;-'i  I  ; 


■3  J 


i  5  ^4 

i  '"3  •+  ‘i 


^  i:  ■■•s  5 ’s  ii 

.  1  ■«  i  IL  ■  u  jfe  t 


■  J  3  c 

3  '  0  0. 

'-•>  i  -i  I 

.£  i  -■  i 


=  -vn-l 


Is  t  >7 

0.37I'(3  0. 05^38  O.IZ857i  -O-odo^sJL 

0.05238  0.001752  0.0  3oi?S  -0.007  14 

0.12857  0.030175  0.37  143  -0.aS2.}Ql 

-0.03oiS2-0  0071+1  -0.05l38fi  O.oo^sai,'’ 


(5-^13) 


Now^  from  Equation  5-306^ 


and 


'-r:  =  [T-fCH 


(5-ia5) 


and  hence 


irru^Hrr 


(5-'416) 
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where 


[M  =  i 


;tTl 


5. 2.1,4  Influence  Coefficients  by  the  Complementary  Energy  te^hod 
From  Equation  5-359^  we  have 


where 

£:  ' 
aer 

J. 

61 


[C.]i  = 


ii 
5  el 

ztx. 


Now,  consider  the  equilibrium  of  the  free -body  in  Figure  99. 


X— 

FIGURE  S9  LOADS  ON  THE  PORTION  OF  THE  BEAM  TO  THE 
LEFT  OF  x=  x; 


From  equilibrixm,  we  have 


■-}{P} 


(5-417) 


(5-4i8) 


(5-419) 


(5-420) 


450 


(3-^21) 


M,  =  lK-f.)P.  +  fx.  •  X.)/?  -r  ••  •  +  (X,  -  X.  ,)  , 

=  [  X.  -X.  X.  X,  •  X.  .  X,,  a  „]  {p} 

.  [l.>i  ,‘  ->J  ■■■  tj  J  O  ■  o]{p} 


We  may  write  these  equations  as: 


(5-te2) 


where 


-I  -/  I  O  0 

..  I  iJ  J  0  0, 


ith  column 


Substitution  of  Equation  5-^22  into  Equation  J-^lS  gives 


(5-423) 


(5-424) 


where 


(5-425) 


5«2.1.5  Inertia  l-iaorix  by  Trapezoidal  Interpolation 

Tiiis  method  has  already  been  considered  in  Paragraph  5*l'2*2j  where  it 
has  been  shown  that 
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(5-U2fc}) 


where ^  for  the  present  case  (see  Equation  5-225), 


and 


[t];  =  I  O,  0  ...  10.0  ...  0 
[o-  o  0  1,0  o 


(5-427) 


(5-428) 


5*2. 1.6  Comparison  eind  Oonclusions 


Ifeble  10  summarizes  uhe  nvsmerieal  results  of  this  section. 

The  comparison  of  the  complementary  energ,'  metho.!  with  the  direct  stiffness 
method  bears  out  nhe  fact  that  th.ey  are  equivalent  methods  that  use  the  same 
mathematical  model  and  the  same  approximations. 

The  diparafcolic  method  gives  very  good  results  when  it  is  considered  that 
the  system  is  allowed  onl;/  half  as  marv'  degrees-of -freedom  as  for  the  other 
cases,  tihsn  the  complementar:.'  energ.'  or  direct  stiffness  influence  coefficients 
are  used^  the  results  can  ce  improved  considerably  by  using  a  dipara’colic 
inertia  matrix  instead  of  a  trapezoidal  inertia  matrix. 

Finally,  the  direct  stiffness  method  lias  the  distinct  advantage  that  an 
inertia  matrix  can  ha  derived  consistent  with  the  internal  load  paths  of  the 
structure  and  the  use  of  this  matri:.;  gives  modes  and  frequencies  very  nearly 
equal  to  the  e.xact  solution  for  the  continuous  structure . 

5.2.2  Vibration  of  Tnln-'.-.’all  Ch'lir.iers 

Tnis  section  deals  with  thin-wallj  large  diameter  cylindrical  structures 
that  are  typical  of  li.ruid  propellant  tanks  on  current  clustered  launch  vehicles. 
Fbirlj'  slender  thin-wall  cylinders  also  find  applications  as  heat  shields  and 
payload  fairings  on  both  liquid  and  solid  propellant  launch  vehicles. 

Paragraph  5 .2.2.1,  below,  contains  soss  important  deviations  from  the 
Euler -Bernoulli  theor;,'  of  beams,  and  comparisons  between  methods  for  including 
the  various  effects  of  shear  er.erg.'  and  i'otar;.'  inertia  are  shown. 

Paragraph  5. 2. 2. 2  co.atains  anali.'ses  concerned  witii  shorter  cylinders 
where  the  structure  must  be  considered  as  a  thin  shell.  The  effects  of  in¬ 
ternal  pi-essure  and  axial  leads  are  considered  in  the  shell  study. 

P'inally,  Paragraph  5.2. 2. 3  deals  again  with  a  beam  model.;  however,  in  this 
case,  the  results  are  derived  from  shell  thsoi';.,  and.  thus  the  important  effects 
of  internal  pressure  are  retained. 


MKEHOD*  NOriDBIENSIONAL  FREQUENCY 


5.2.2.1  A  Study  of  Vibration  Modes  of  Straight  Beams  with  Thin -Wall 
Cylindrical  Cross  Sections 


In  this  section^  a  number  of  analyses  are  compared  to  evaluate  the  various 
effects  of  shear  strain  energy  and  rotary  inertia.  All  of  the  numerical  com¬ 
parisons  are  given  for  a  cantilevered  thin-wall  cylinder  idealized  as  a  beam. 
The  geometry  is  shown  in  Figure  100. 
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FIGURE  100  GEOMETRY  OF  THE  STRUCTURE 


Tlie  equivalent  beam  section  properties  are  taken  to  be : 


El  -  (5_429) 

GA  =  - tta-c  (see  Paragraph  5. 1.1. 3-1. 3,  (5-'+30) 

^ Equation  5  -170  ) 

-in,  =  Ztrfrrf  (5-^31) 

I  =  moment  of  inertia/unit  length  =  (5-^32) 


The  nun^rical  analysis  is  given  for  a  beam  that  is  an  idealization  of  the  outer 
liquid  oxygen  tanks  on  the  fifth-scale  model  of  the  Saturn  launch  vehicle  (see 
Appendix  II). 

The  values  of  the  beam  parameters  in  this  case  are: 

L  =  105.91  inches 
b  =  7.0135  inches 


T  =  0.020  inches 


(Aluminum) 


p  =  0.1  I’cm/in^ 

E  =  10.6  X  10°  ItP/ir;; 

V  =  0.3 

5 .2. 2. 1.1  Equations  for  a  Beam  Inclulin.'-  Shear  Energy  ar.d.  I.otary  Inertia 


The  most  general  'neam  representation  of  this  particular  of  structure 

has  a  kinetic  energy  and  strain  energy  given  by  the  follovring  expressions; 


(5-^^33) 


(,S-434) 


where  9{x^t)  is  the  rotation  of  a  section  and  ^ is  the  deflection  of  the 
axis. 


It  is  assumed  that 


that  iSj  sections  do  not  rotate  so  that  they  remain  perpendicular  to  the  elastic 
deflection  curve.  The  above  expressions  define  what  is  commonly  called 
Timosheni'.o' s  theory  of  beams.  The  partial  differential  equations  for  the  con¬ 
tinuous  beam  car.  be  obtainei^as  in  Paragraph  5*2. 1.1,  oy  using  Hamilton's 
Principle . 


(5-^3«^) 


It  can  be  shown  that  the  stress  resultants  are  related  to  the  csam  deformation 
functions  by 


(5-‘^37) 


■-'=  -erM 


( s-..3c  ) 


so  that 


*'  tv- 2 


3^^  ■  -A  jj-  -fr,  ^ 


and  the  variational  probTLsm  gives: 


^x- 


(^-hho) 


(5-441) 


which  are  the  “Tinsoshsnko-Beais”  equations-.  The  "Euler-Bernoulli”  equations 
are  obtained,  by  using  the  f irsi;  equation  to  eliiair-ate  ^  ^  in  the  second 

equation  and  then  seating  - ^ 


(5-442) 


The  nuEHrical  results  oT  this  section  are  concerned  with  the  following 
stecial  cases  of  Equations  5-433  and  5-434: 

(1)  Complete  Timoshenlio  Seam  analysis  for  50  degrees -of -freedom 

(2)  Shear  energy  and  rotary  inertia  included  cut  rotary  inertia 
described  in  terms  of  lateral  displacements  by  use  of 


for  25  degrees-of -freedom 

(3)  Shear  energy  included  but  no  rotary  inertia  for  25  degrees- 
of  -freedom.  I  =  0 

(4)  Ko  shear  energy  and  no  rotarq^  inertia  (Euler -Bernoulli  theory) 
for  25  degrees-of -freedom 


~  —  in  she 

1  =  0 


enern:*'  term  ana 


In  the  niHierical  studies  the  beam  was  divided  into  24  equally  spaced 
intervals  by  25  collocation  points,  and  the  generalised  coordinates  were  taken 
to  be  the  displaceEsnt  and  rotation  at  each  of  the  collocation  points. 


(5-443) 


-i-  V 


-For  a  more  complete  discussion  of  these  equations  for  the  continuous  case, 
reference  should  be  made  to  Huang,  T.  C.,  The  Effect  of  Hotar:.’'  Inertia  and  of 
Shear  Deformation  on  the  Frequency  and  Kornal  Kode  Equations  of  a  Uniform  Beam 
with  Simple  ^d  Conditions ,  Jcr-U.-  a" 


ISie  generalized  forces  associated  with  these  generalized  coordinates  are 


(5-4U) 


where  2^  ^  is  xhe  load  at  the  i^^ 
collocation  point 


and  Q\.  is  the  aioiaent  at  the  i*'^ 
collocation  point 


2. 2. 1.1.1  'fjEOshanko  Beais 


Ins  cGsplsnsntary  snsri^,'  sstnol  (css  paragraph  5. 1.1. 3. 4  Equation  5-lh3)> 
including  shear  er.ergc^  gives  the  following  for  the  influenos  coefficients 
corresponding  to  these  degrees-of-freedon: 


(s_445) 


and  Equation  5-^22  of  Paragraph  S2.1.-t  is  noiifiei  to  give 
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Bis  iTifluence  ccefficientc  for  the  linosheidro  cean  are  then  defined  bv 


f-  -  r 


where 


r  -  -1 

.tl 


If  we  partition  this  into  25  x  25  square  manrices: 


then,  from  Castigliano ' s  theorem,  we  have 

tw}  =  [E^rlrZ.}  i 

which  are  useful  for  inteipiretation  of  the  results  of  this  section. 
For  the  inertia  matrix,  diparabolic  interpolation  gives 

^■=  t'i 

If  =1'  s  .^^55}ti]i,CTX4e} 

and  subsuituoion  inno  Equation  5-^33  gives 


T = j-  K: 'k'  -  ^  ^ " 
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(5-449) 

(5-450) 

(5-451) 

(5-452) 

(5-453) 

(5-454) 

(5-455) 


or 


where 


(5-it57) 


with 


U1 


1  ^ 


(5-45t) 


Tns  modes  and  freanencies  for  nhe  Timoshenko  beam  are  obtained  from 


(5-459) 


5-2. 2. 1.1. 2  Shear  Energy  Uncoupled  from  Rotar;-  inertia 


In  the  second  case  Equation  ;.-442  was  used  to  give 


(5-4CO) 


Kiis,  in  conjunction  with  the  diparacolic  formula,  gives 


ar  I  =  0 


whicSi  yields 


,  X  -  ^ 


JJ-E 

■% 


--i 

^  I 


-  U 


“  »[t' 


j. ‘'W 


I-  ‘fis 


Taese  equations  my  tae  comb-ined  to  give  the  followring  txansfonnation 


Substituting  this  into  the  kinetic  enez'gy  gives 

"  -  i  is}  {  -7r  [ft  I  ^  -ff  } 

[ft  I  CC-Ka  } 


or 


yThere 


L^xrl  ~  •^‘‘T'6'hJ  f  ftl 


and 


:AeeT=^ri'r[P.T 
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C5~iffDl) 


C5-^b2) 


(5-^b3) 


-It  6.4.) 


(i-M-t-S) 


(5-4tt3) 


C5-^fc7) 


C5-4fch) 


Ifie  second  term  gives  the  rotary  inertia  contribution  in  teimis  of  lateral  ve¬ 
locities.  The  influence  coefficients  for  case  (s)  are  obtained  by  setting 
&■  =  0  'Which,  gives 


in  Equation  5-^50- 

The  modes  and  frequencies  for  the  second  case  are  obtained  by  iterating 

{5-ka9) 


5.S.1..L.1..3  Shear  Energy  with  Ito  Rotary/'  Inertia 


For  case  (3)'  the  Influence  coefficients  are  the  same  as  for  case  (2) 
and  the  mass  ii]ai:ri:c  is  [A-j^}  *  The  nodes  and  frequencies  are  ob'talned  from 


C5-4TO) 


5..2.C..I.I.-  gjler-Eemoulli  Sean 

For  case  (^]  fxe  inertia  natrlit  is  the  same  as  case  (3)  and  the  influence 
mauri:-:  is.  computed  by  usiny 


That  iSj  wltn  1,  G-i.  = 

i-ort-aristn  ar.i  1011:1031000 


'Ihe  results  of  the  stui>'  -are  smtcartcei  in  Table  11  .  -where  the  first  -ten 
natural  frequencies  for  the  four  cases  are  given. 

Figure  101  is  a  plot  of  the  seconi  and  third  nodes  showing  a.  comparison  of 
cases  (ij,  (j),.  and  (*-}  inir  eating  tr^e  inportant  contribution  of  shear  deflec¬ 
tions  for  thin -wall  cylinders. 


The  following  conclusions  are  drawn  from,  'this  study: 

(1)  For  the  lower  frequency  range  of  stractural  vibrations^,, 

the  TinsoshenkQ  theory  is  more  sophisticated  than  is  required,, 
and  the  iioportant  results  -are  obtained  if  onliv  shear  energy 
is  include i  Cthis  result  is  well  imown  and  has,  in  fact, 
teen  established  bp'  Tinoshertha).  The  consequence  of  this,  for 
the  finite  legree-of-freeioiE  loethods,  is  a  saving  of  one-half 
the  number  of  degrees— cf-frec-ion  and  resulting  tstrices  only 
one-half  as  large. 

del 


(£):  Attempts  to  Include  rotary  inertia  by  assuming  that  the 

section  rotates  no^rmal  to  the  elastic  curve  is  detrimental 
to  the  results  and  is  generally  inconsistent  with  the  fact 
that  shear  energy  is  stored  in  the  beam. 

(3)  Hie  results  of  this  section  suggest  that  a  more  consistent 
approximation  to  the  Timoshenko  beam  is  to  set  the  applied 
moments^,  ,  to  zero  and  use  Equations  5-^51  and  5-^52 

to-  obtain 


J  >  I  _  r  :r 


(5-ifT2) 


(5-i^T3) 


or 


(5-474) 


and  use  method  (a)  with 


[a.]  -  [•=5j']tErrt 


(5-475) 


When  shear  energy  is  neglected,  the  above  expression  will  be  approximately  that 
given  by  the  diparaboiic  method. 


462 


’TH  MODE  8th  mode  ^TH  MODE  XOTH  MODE 


GO 

CO 

C5\ 

vo 

CM 

(O 

CM 

CO 

t— 

t" — 

CM 

« 

« 

■ 

• 

r-i 

o 

c— 

o\ 

ir\ 

tr\ 

£— 

Ov 

VO 

CO 

CM 

?i 

CO 

a\ 

r4 

S 

cn 

VO 

• 

« 

• 

» 

o\ 

<M 

Lf\ 

vq 

CM 

CO 

wO 

s 

CM 

CO 

CM 

CO 

C— t 

OJ 

&T 

VO 

CM 

C'O 

o 

vO 
t — I 

o 

« 

« 

• 

« 

uo 

vO 

C- 

vD 

VO 

CM 

r4 

CO 

CM 

CM 

c^ 

CM 

CO 

VO 

CO 

CM 

00 

CO 

-4- 

c 

o 

0\ 

• 

« 

« 

• 

U'N 

To 

<— I 

s 

CT\ 

o 

ov 

CO 

CM 

r-l 

CM 

I— t 

CO 

§ 

C\ 

CM 

CO 

« 

c-^ 

o\ 

s 

U 

''Q 

« 

m 

• 

VO 

r-l 

’  P4 

crv 

C^ 

• 

Q 

CO 

CO 

o 

«s«_y 

g 

0\ 

• 

• 

8 

CTv 

CO 

e— i 

ta 

-4" 

CM 

p 

C7\ 

CO 

Q 

Jw 

r- 

f 

c£V 

« 

1 

O 

'g: 

o 

rH 

m:> 

Ci 


3 

CVJ 


r-i 

CM 


0\ 

j'\ 

o\ 

u“\ 


ro 

cy 

-sr 

CO 

r-I 


CO 


MD 

O 


1 

O 

c\ 

& 

R 

t- 

ITV 

s 

cn 

LTV 

w 

Ov 

• 

« 

« 

« 

p 

o 

CO 

K 

CO 

CO 

vD 

r4 

vO 

t- 

CO 

I 

ON 

-4- 

CO 

CM 

CM 

a 

CO 

VO 

CO 

o\ 

• 

-• 

* 

• 

CO 

CO 

y 

v5 

VO 

VO 

CM 

CM 

CM 

CO 

CM 

1 

2 

CM 

CO 

VO 

IXV 

■s 

CM 

El 

• 

« 

''  ♦ 

s 

s 

CO 

-4^ 

O 

lTV 

s 

CM 

CO 

N— i** 

s 

o 


o 


ca 


n 

a? 

u 

1 

5 

* 

g5 

c3 

Ti 

O 

•rl 

o 

a> 

S 

c5 

p 

-r? 

b 

O 

o 

K 

K 

-C  *  o 

4^  . 


> 

o 

c 

1 

Is 

U. 

sa 

u 

s 

§ 

1 

b 

p 

cj 

CO 

Cj 

o 

o 

o 

to 

CO 

O 


o 


c/) 

<  l- 
UI  QC 
CQ  UJ 


1-  f: 

is 

f-  O 


<  < 

-  X  o 
1  X  S 
|>-X 

c_r“ 

-  <  Qi 
(J  < 

—  UJ 

Q  S 

G|2 

<  u 

.  UJ 
;  U- 
u- 
UJ 

13  UJ 
uS 


O 


m 

3 

O 

Ui 

C£ 

U. 


.X-^V 

r-t 

CM 

CO 

-4- 

o 

b 

o 

o 

01 

Wl 

w 

cj 

o 

*■ 

S 

csJ 

o 

463 


FIGURE  101  MODES  OF  A  BEAM  WITH  A  THIH-WALL. 
CYLIHDRICAL  CROSS  SECTIOH 


5«2.2.2  Soiee  Considera'bions  of  the  Vibrations  of  Ascially  and 
CirctTmrferentially  Loaded  Uhln  Cyiltiiirical  Shells 


In  this  section  ve  consider  the  analysis  of  a  thin  cylindrical  shell  of 
lengthy  L,  radius^  h,  and  wall  thickness^  T.  The  approach  to  the  problem  is 
similar  to  that  used  on  i;hs  thin  ring  in  Paragraph  2.3 -3 *3 •  that  analysis 

we  found  it  convenient  to  use  cylindrical  coordinates  which  will  also  prove  to 
be  the  case  for  the  shell.  Tas  geoEetrcj  of  the  shell  is  shown  in  Figure  102. 


FIGURE  102  THIN  CYLINDRICAL  SHELL 


The  difficult  cart  of  the  anaij'sis  is  che  derivation  of  an  expression  for 
the  specific  internal  enarg.'^ t ,,  d,,  x,  t)^  in  terms  of  displaceicents  of  the 
shell  "mid-surface x,  t);,  Xj  t),  and  Px(0^  x,  t). 

5-2.2. 2.1  Strain  Baers.-  -O"  a  Q.'linirical  Shell 


¥e  assuES  thac  the  shell  is  in  a  state  of  plane  stress  with  the  onl^ 
nonzero  stresses  being ani  Tne  specific  internal  strain  energy 

is  then 


and  Hooke's  law  reduces  to 


^XX  ~  . 

1  -  y  * 

(5-477) 

^  Jw; 

(5-478) 

^9  “  =cra 

i-Y 

(5-479) 

Substitution  into  Equation  5-^76  gives  the  specific  internal  energy  of  a  particle 
in  terms  of  the  strains 

U  (ni6a,i)  C^xx  ^  ^65  IT  (  5-I+8O  ) 


5. 2. 2. 2. 1.1  Strain-Displacement  Relations  for  a  Cylindrical  Shell 

Since  the  shell  surface  is  described  by  r  =  b,  the  coordinates  and  x  are 
coordinates  in  the  surface  of  the  shell,  and  we  then  can  introduce  a  position 
vector  for  the  d-x  particle  at  time,  t. 


T.  *  Ju'SjX.f)  (5"*+81) 

We  shall  denote  the  position  vector  for  the  d-x  particle  v^hen  in  the  undeforraed 
state  by 


where  l/n.,  andj/;^  are  a  set  of  cylindrical  coordinate  unit  vectors, 
displacement  of  ’’aihiicles  on  the  shell  mid-srurface  is  then  given  by 


-  LCe.x') 


(5-482) 

Ti'.e 

(5-483) 
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FIGURE  103  SHELL  DISPLACEMENTS 


If  we  denote  the  components  of  [to  in  the  ,  andfj^  directions  by 

Px  and  then 


(5-48!.) 


Tlie  strains  of  the  mid-surface  can  be  defined  by 


-tn-dx-  ±L-1L 


'Ktxla  -  i<.  -f-  3ri= 


(5-485) 
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®ie  total  strains  are  then  assuned  to  be 


~~  J  ^ 

(5-486) 

"vs  “  CK-  „  ,  “  -  -^-r^  ■  ^  ’ 

■~'!r  •!'  3>:  ■ 

(5-487) 

s  =  -  _  £ps\ 

(5-488) 

The  terms  depending  on  the  mid-surface  curvatures  used  here  are 

those  proposed 

by  Timoshenko  for  cylindrical  she3JLs  in  which  T«  b.  The  mors 
has  been  considered  bj^  love . 

general  case 

l?o\^  from  Equation  5-^2j 

11  =  %  ir  -  •- 
yX  Ss 

(5-489) 

W  1^  ■riS‘ 

and  from  Equation  5-^3j 

=  rx  -  -£  IX  t  iirlz.  I^''  (i& 

'  5= 

(5-490) 

which  gives 

lr=-  -).L?  =  1  V  il  ^  1  -!*l3c 

.-1  3\  dX  1.  -  . 

59  5V  3*. 

^  rs  >-3!  i5  ' 

(5-491) 

By  cosparing  this  with  Equation  5-^5j  we  conclude 

“  if  -  --  --t 

(5-492) 

-,-t-A  ?3  IV  Sf  if  ■ 

(5-493) 

Using  Equation  ^-k&h  together  with  Equations  and  results 

in  the  final  equations  for  the  strains  in  xerras  of  displacements 


;  5»  -  -I  i  -  T(  ■ 

'  •  «•'  V  '■‘t’T  ^ 


=3-^  :y^  itr-  jtj 


(5-495) 

(5-496) 

(5-497) 


Hcw^  the  total  strain  energy  is 


U 


5: 


r^rf^  ^  E 


f"-  r^iTf  _E _ <  t  I 

-  Jo^O 


— 6;^  \  ■(riided'x 


(5-501+) 


When  Equations  5-501,  5-502,  and  5-503  are  substituted  into  this  expression, 
the  integration  with  respect  to  r  can  be  made  expli.citly.  The  result  is 


(5-505) 


4-  ib\  (s  .1  i,_\ 

Sx  *r''l 


+  It 


I  }i 


'  ■'  t  '  rST 

)•  +  ^ 

■»:  “*53 


wheire  we  have  neglected  terms  of  the  second  order  in  the  A's.  In  the  above 
expression,  the  first  integral  is  the  energy  due  to  stretching  of  the  mid-surface, 
the  "membrane"  energy.  The  second  integral  is  the  bending  energy,  and  the  last 
integral  is  the  nonlinear  part  of  the  membrane  energy. 

let  us  consider  the  stress  resultants; 
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(5-506) 


Then,  from  Hooke's  law,  we  obtain 


(5-507) 

(5-508) 

(5-509) 

(5-510) 

(5-511) 


The  integral  of  the  bending  strains  gives  no  contribution.  Solving  for  the 
strains  gives 


ili 

iK 


6C  ^ 


;  "  ^■*ee>') 


1-  L  J.  bts 


«  +V'’^ 

.  Ave  -£Y 


(5-512) 

(5-513) 

(5-514) 


The  linear  part  of  the  membrane  strains  is  then 


- 

iX 


N^x”  y  ■“ 


-^xe 


r'-^  +  tf- 
■  iJ  i’.’  - 


s-  5  ’ 


(5-515) 

(5-51b) 

(5-517) 
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If  we  substitute  these  expressions  into  the  third  integral  in  Equation  5"505j 
we  obtain^  for  that  integral^  the  expression: 


~  Jo— J 


(5-518) 


where,  as  before,  squared  terms  in  the  A's  have  been  neglected.  An  approxi¬ 
mate  expression  for  this  integral  can  be  obtained  by  using  the  stress  resultants 
for  the  linear  membrane  equations.  These  equations  are  obtained  by  neglecting 
bending  and  the  nonlinear  terms.  Ihe  result  can  be  shown  to  be  given  by 


s?  jX 


(5-519) 

(5-520) 

(5-521) 


where  ,  and  are  derived  from  the  virtual  work  of  applied  forces. 


(5-522) 


If  we  consider  only  the  case  wtere  the  inertia  terms  can  be  neglected,  the  above 
equations  may  be  integrated  to  give 


iEa 

Va 


.u 


(5-523) 


(5-524) 


(5-525) 


A  case  of  common  Interest  is  tliat  of  an  axially  loaded  shell  that  is  internally 
pressurized.  If  p  is  the  total  axial  load  (positive  for  compression)  and 
is  the  internal  pressure,  we  have 


fit*" 

^9=0 


(5-526) 

(5-527) 
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(5-528) 


where/^  (x)  is  the  Dirac  function.  For  this  case,  substitution  into  Equations 
5-523^  5-524,  and  5-525  gives 


-n  C'^v.<i. 


(5-529) 


=  fi  -f 


(5-530) 

(5-531) 


ihe  final  expression  for  the  strain  energy,  using  Equation  5-518  and  Equations 
5-49S,  5-499}  and  5-500,  is 


c£  x 


*  ^J5l 
$0  "JT 


4. -i  is  jS-J  in  , 

Z.  \Z  jf  ;J-  a®/  j 
;z  /  V  (i  ~  -  i5.S^~  i  >'1  5JJ5-1.'±5:  -  i.  » V| 

J,  y  ii'’  W-’r?'-  £■  i-as/  \ 

'VilSL. 

/■  5<./  j 

./'.'■‘a.,  -i!i ■''•*.  12 ‘.'hi'') 

-c  \  ^  ■=*» 

'  '■••h-f' K.-  -  f '‘i'A’/jij 

‘  '-i'lii  - 


(5-532) 


5.2. 2. 2-2  The  Kinetic  Energy 


The  total  kinetic  energy  of  the  shell  is 


or 


}p  iri-<d&dx 


T  = 


(5-533) 


5*2. 2. 2. 3  A  Finite  Degree-of -Freedom  Representation  of  a  Cylindrical 
Shell  using  Dlparabolic  Interpolation 

5.2. 2. 2. 3.1  Description  of  the  Method 

If  we  choose  collocation  points  spaced  at  equal  intervals  on  the  shelly 
we  can  di\'ide  the  shell  surface  into  a  number  of  regions  as  in  Figure  10l4-. 


FIGURE  104  COLLOCATION  POINTS  FOR  A  CYLINDRICAL  SHELL 


the  inside  surface  of  the 


In  Figure  105  a  typical  region  is  shewn  on 
develoiJed  shell. 


*  =  0 


» - .^-y=c 


.X., 


FIGURE  105  INSIDE  OF  DEVELOPED  SHELL  SHOWING  TYPICAL 

REGION 


For  the  i^h  region,  let  the  coordinates  of  the  upper  left  corner  he  x  = 

6^  and  introduce  non-dimensional  coordinates  defined  by  the  following 
equations 


't-jxi 


(5 


Tte  total  number  of  regions  is  N'M  ,  where  K  and  M  are  integers. 

The  kinetic  energy  can  then  be  written  as  a  sum  over  the  N-M  regions 


ibi  ‘  >fe  -I 


il 


and 

-534) 

-535) 

>-536) 


475 


If  we  change  the  variable  of  integration  to  then 


(5-537) 


and 


=  i:f  t?; 


(5-538) 


The  procedure  is  very  similar  to  that  followed  for  the  plate  in  Paragraph 
2.3-3-2.  We  assume 


(5-539) 

p3  =  {ja,:})}  [  f  ](,i  f'eJ'L 

(5-540) 

fjt  a.Tt,'-'  =  uX'i)} 

(5-541) 

where-fi-f  ^)7)}is  given  in  Equation  2-466  of  Paragraph  2. 3. 3. 2  and  the  inter¬ 
polation  coefficients  are  the  same  for  every  region  except  those  regions  adja¬ 
cent  to  the  top  and  bottom  edges.  The  construction  of  the  edge  interpolation 
coefficients  is  briefly  discussed  in  Paragraph  2.3*3.2.  At  the  right  and  left 
hand  edges,  the  points  falling  off  the  surface  are  not  eliminated  but  will  be 
eliminated  later  by  a  compatibility  condition  at  the  cut,  0=0. 

Substituting  Equations  5-539,  5-54o,  and  5-54l  into  the  expression  for 
the  kinetic  energy,  we  obtain 

}  =  •  *  _!'*■»  ’'•wi  I 

■  -'•’t-T,-'  -1' 

(5-542) 

where 

■r]=  ,  m'-f 

(5-543) 
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which  is  the  matrix  previously  introduced  in  the  plate  analysis  (see  Equation 
2-^79)  and  is  listed  in  Appendix  IV. 

A  compatibility  matrix  can  be  constructed  which  relates  the  displacements 
of  a  region  to  the  displacements  of  the  whole  shell  and  sets  the  displacements 
along  the  cutj  9=0,  equal 


ip-Ji  =  [Tkih-} 


Hie  same  transformation  relates  the  other  components  of  displacement 


(5-5>^5) 


-ifcy 


--  =  frl-,'.-  f 


(5-5*t6) 


Substitution  of  these  relations  into  the  kinetic  enei'gy  gives 


(5-5»t7) 


where 


(5-54ii) 


Tne  strain  energy  of  the  shell  is  considered  in  the  same  way.  From  Equa¬ 
tion  5-53d,  we  obtain 


u  = 


(5-5^9) 
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When  we  make  the  change  of  variaole  In  Equations  5-53^  and  5-535^  the 
tives  transform  as  follows: 


JL'^ 

dx 

i  H 

- 

-i.  ib 

'•«"  i-;/  ■• 

'-*r 

1=6  J.  Sbe  . 

ip--  — 

1 

fie  ■-“  =*;  ’ 

fAer 

>r 

s’o- 

1 

X^^j0  ^*£. 

t  bf 

also. 


The  strain  energy  then  becomes 


Wvajvuv  /  i-n/  xfjL  vjji’i  ^  aj// 

tsl 

-‘min  -f-)*  't  f{i  n 

4.»  * 


deriva- 

(5-550) 


(5-551) 


(5-552) 
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Using  Equations  5-539^  5-540,  and  5-54l,  we  may  then  express 
a  finite  number  of  degrees-of -freedom. 

this  in  tenns  of 

^  =  {U^<s.v}'ly\iWh 

(5-553) 

(5-554) 

(5-555) 

mil  «<.t  '  1  1  t 

(5-556) 

(5-557) 

(5-558) 

(5-559) 

(5-560) 

When  these  terms  are  substituted  into  the  strain  energy,  the 
integrals  will  result: 

following  type  of 

“ioL 

(5-561) 

(5-562) 

(5-563) 

(5-564) 

(5-565) 

(5-566) 

(5-567) 

479 


(5-568) 

{5-569) 

(5*570) 

(5-571) 

(5*572) 

(5-573) 

(5-571+) 

(5*575) 

These  integrals  of  polynomials  can  be  easily  evaluated  independently  of  the 
geometry  of  the  shell  and  are  tabulated  in  Appendix  IV. 

Substitution  of  Equations  15-553  through  5*560  into  Equation  5*552  gives 

u = ~  { 5-576) 

+  ^  ]  j  [  fe,  1  K};, 
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where 


.  ri 


-  im-  f/lG]-  + 

-  +N,Jr,] 


(5-577) 


'!  -r3  .  it 

(5-578) 

V  [rj 

(5-579) 

•77vr7v- 

(5-580) 

'  l-vr  t  V  “i"  -P.  ^  ^'^'.■■rl 

(5-581) 

^  b-  [-ij; 

(5-582) 

licvr,  using  tha  compatibility  transformations  (Equations  5-5^4,  5-54-5^  and  5-546), 
■we  have 


where 


-'"'nKpji) 


(5-583 


. K.ir3  =  V  ('*'  ll  [j  1 1  .  t.l  ] .  i  ”  \ 


(5-584) 


(5-585) 
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V=1 

(5-586) 

V=l 

(5-587) 

M-M 

(5-588) 

(5-589) 

5.2.2.2.3«2  Analysis  of  a  Copper  Shell 

In  order  to  denionstrate  the  method,  we  consider  the  following  problem: 

Determine  the  vibration  modes  of  a  "freely  supported"  shell  with  no  in¬ 
ternal  pressure  and  no  axial  load.  The  geometrical  parameters  for  the  shell 
are 


L  =  length  =  15«5  inches 
b  =  radius  =  8  inches 
T  =  thickness  =  0.0032  inches 

The  shell  is  made  of  homogeneous  copper  for  which  ^ 

p  =  0.3Z2  Ibfc*  /  i>u 

V  -  0.3 

E  =  13  X  (O^  Ibp  ^  ‘W*’. 

The  interval  (0,2;r)  of  B,  was  divided  into  4  equally  spaced  intervals  and  the 
interval  (0,1)  was  divided  in  5  equally  spaced  intervals.  The  dereloped  shell 
surface  was  therefore  divided  into  20  regions  of  length. 


(5-590) 


and  width. 


U'  = 


(5-591) 


There  are  then  24  collocation  points  and  72  degrees-of-freedcan.  To  describe 
the  freely  supported  condition,  all  components  of  displacement  are  set  to 
zero  for  the  points  on  the  ends.  These  12  conditions  at  each  end  reduce  the 
system  from  72  degrees-of-freedcaa  to  48  degrees-of-freedcan.  These  constraints 
can  be  described  by  a  transformation  of  tlie  form 


(5-592) 


482 


■ibel  =  [TeHp} 


(5-593) 


The  kinetic  energy  and  strain  energy  for  this  problem  are  then 

T-= 

u^-kipyiKiip} 

where 

CA]=  ;Tt^A„l^T^]4[T6]'[^5^][Ta]+  [T,][A„]tT,l 

and 

-  '-.I'iKnsr.Ts]  4[T^T[Kn*l[T>.] 

+  lTe]’[KnBy[Tnl  ”  [tqI  *  (•’Vl 

-  rTvrtK^^rtT,]  ^  -  r.nKjLXtti 

The  influence  coefficients  are  then 

>]-=  [kT' 

The  vibration  codes  and  frequencies  are  obtained  from 

[E-TAKif]-  = 


(5-59^+) 

(5-595) 

(5-596) 

(5-597) 

(5-596) 

(5-599) 

(5-600) 


483 


5. 2. 2. 3  The  Effects  of  Axial  Load  and  Internal  Pressure  on  the 
Vibration  of  Beams  as  Derived  from  Thin  Shell  Theory 

The  significant  thin  shell  effects  of  internal  pressure  and  axial  load  can 
be  retained  in  an  approximation  which  leads  to  a  beam  theory  model  appropriate 
for  slender  cylindrical  shells. 


P 


P 

FIGURE  107  SLENDER  CYLINDRICAL  SHELL 


For  an  axial  compression  load,  P,  and  an  internal  pressure,  p®  ,  the  mem¬ 
brane  theory  stress  resultants  are  (from  Equations  5"529;  5"530,  and  5-531) 


(5-601) 

=  0 

(5-602) 

‘Vm.  =  p?”/ 

(5-603) 

The  expression  for  the  strain  energy  derived  in  the  previous  section  can  be  used 
to  obtain  an  approximate  expression  for  uhe  strain  energy  involving  integration 
with  respect  to  x  only  and  thus  of  the  same  form  as  the  strain  energy  for  a  beam. 
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Using  Equations  5-601,  ^-602,  and  5“603  in  Equation  5-532,  we  obtain  the  follow¬ 
ing  expression  for  the  strain  energy. 


u  = 


-  ‘J„T  * 

•  "'Si'S®. -;.$•)  • 

^  ■%  -  f)  *  (M  ^  (^y  i 


(5-6oit) 


If  we  nc3w  constrain  the  displacements  so  that  sections  normal  to  the  x-axis 
remain  plane  during  the  deformation,  the  result  should  yield  an  Euler -Bernoulli 
beam  theory  model^.  The  shell  displacements  in  this  case  are 


cx'(i,x-,i}~  >v«a 

'e,3t.t)=  fsfe  fjct) 


(5-605) 

(5-606) 

(5-607) 


FIGURE  108  BEAM  DISPLACEMENTS  FOR  A  CYLINDRICAL  SNELL 


4his  procedure  is  similar  to  that  suggested  by  Enrico  Volterra  in  his  "Method 
of  Internal  Constraints"  (see  Volterra,  E.,  The  Method  of  Internal  Constraints 
and  Its  Application  to  Static  and  Dynamic  Prdbiems  Journal  of  the  Bigineering 
Mechanics  Division,  A.S.C.E.,  Aug.  1961,  pp  IO3-I27)  Volterra' s  metliod  shows 
promise  for  a  more  systematic  and  realistic  reduction  of  a  shell-lihe  structure 
to  a  beam. 
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The  derivatives  in  the  strain  energy  are  then 


jg-i€,Tt.y-r  =  o 


‘i.Mj  = 


c 


's.ic,  ti  - 


59 


--  five  T  ;;-j*  pg  =  .- 


t,  V* 


Substituting  these  in  the  strain  energy  gives 


u 


Cv  ~  *-S. .  '5'  ■»■  *  ->•*>  ii*" 


Viri'x 


(5-608) 

(5-609) 

(5-610) 

(5-611) 

(5-612) 

(5-613) 

(5-614) 

(5-615) 

(5-616) 

(5-617) 

(5-618) 

(5-619) 


(5-620) 
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We  can  now  make  an  explicite  integration  with  respect  to  9,  using: 


fwieds 


o 


I 


slg  =  — 


Jo 


;’&  is  “  T 


The  result  is 


(5-621) 

(5-622) 

(5-623) 


(5-621^) 


On  collecting  terms,  we  can  write  this  as 

where  the  equivalent  beam  section  properties  are 


(5-625) 


£I 


_  ec^ntr  ^  o  P  \  /-H 
(-r-;  .If.-IH) 


(5-626) 


(5-627) 


V. 


-P 


(5-628) 


In  order  to  include  the  important  effects  of  shear  energy,  the  Timoshenko-Beam 
displacements  could  he  assumed  instead  of  the  Euler -Bernoulli  assumptions  made 
in  Equations  5-&05,  5-6o6,  and  5-607. 


483 


6.0 


CONCLUSIONS  AND  RECOl-MSNDATIONS 


During  the  course  of  the  investigations  that  are  docuniented 
in  this  report j  two  distinct  problems  were  explored  which  appear  to 
be  fruitful  for  additional  development. 

The  first  area  for  future  work  is  the  completion  of  a 
"production"  digital  program  which  will  give  complete  dynamic  simula¬ 
tion  for  a  complex  (clustered,  for  example)  configuration  in  general 
six  (rigid  body)  degree -of -freedom  motion.  Tnis  would  necessitate 
incorporation  of  coordinate  dependent  forces  into  the  existing  six 
degree-of -freedom  flexible  body  trajectory  routine  (see  Appendix  II). 

In  addition,  careful  consideranion  should  be  given  to  selecting 
analytical  schemes  and  governing  differential  equations  for  control 
systems  of  a  general  and  variable  natvu-e.  Using  relations  for  de¬ 
tailed  forces  developed  in  section  ^.2,  subroutines  should  be  coded 
which  calculate  generalised  forces  that  appear  in  the  equations  of 
motion  for  the  existing  computer  r>ro.gram.  In  summary',  the  result 
would  be  the  development  of  a  single  computer  routine  to  completely 
simulate  the  mission  of  a  cor4plex  clustered  booster  including  detailed 
dynamic  simulation  of  a  general  linear  or  non-linear  control  system, 
as  well  as  simulation  of  atmospheric  turbulence,  gross  wind  profiles, 
thrust,  drag,  gravity,  and  fuel  slosh. 

Tne  second  area  for  future  work  is  the  further  investigation 
of  the  interpolation  procedure  (see  section  2.3  ana  3.2. 2. 2. 3)  for  the 
djTiamic  analy'sis  of  shell-like  structures  with  complex  geometries.  Tiie 
method  should  be  extended  and  der..,  -.strated  in  the  analysis  of  conical 
shells  and  shells  with  additional  stiffening  from  ririgs  and  longerons. 
Detailed  demonstrations  of  the  method  in  the  case  of  axial  loads  and 
pressuri2iation  should  be  performed  to  compare  with  available  theory 
and  test  data. 
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1.0 


lOTRODUCTnON 


The  equations  which  were  coded  are  given  in  Section  4,0  equations  4-289 
through  4-315, 

For  the  purposes  of  numerical  integration  it  is  desirable  to  isolate  the 
highest  derivatives.  In  Equation  4-295  we  have 


=  -[PluKfl  -  Cr]tHK|>:r  +  trjfc}  (i_i) 

-LbHH 


Since  [/^]  is  singular  (it  only  has  rank  H-6)  it  is  desirable  to  define  hj^  so 
that  instead  of 


we  have 


Lr.r  -  iTiVl;  1 

CT. 


(1-2) 


(1-3) 


Then  Equation  1-1^  above,  is  replaced  hj 


V-  - 


-^Kpj  - 


(1-4) 


Equation  4-296  is  replaced  by 


=  [r 


(1-5) 


but 
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-  [AllfRl^VslVfe 


(1-6) 


and  fTOTi  Bquation  4-225 


so  tbat 


(1-7) 


(1-8) 


Then  ve  can  write  Equation  1-5  as 


>hpi  =  it-.V  I[S-]-pr 


(1-9) 


and  solve  for  the  pj^'s 


ipi  =  [A]  (ik} 


(i-io) 


In  Equations  Jt-301,  h-302,  and  4-303  the  XL '  s  were  solved  for,  obtaining 


"  7  \r  -  Lje  i  «£  -  Z  {[^KCis^Iipl^ 


Ph 


b.>EE 

*“.*>-*»!  'if  ^  -?i  1. 

*  -:^  ■  v»  \.-y  -  )  >*4  -  -  iM  [  j^jH 


\  = 


\  *K^  "  Xi 


■*i 


(i-ii) 


(1-12) 


(1-13) 


where 


(1-14) 


2.0 


EQUATIONS  SOLVED  BY  THE  ROUTINE 


The  input  for  the  program  is : 


X  N  r  T  r  n 

[Axx] , 


N  tK 


[B] 

N*.6 


and  initial  conditions : 


S\  c). 

^t{oX  H.fo'i 


(1-15) 


Prel^jninary  calculations,  internal  to  the  program,  are : 


■lA1  =  [Axx]+  [A35]-  [Axjl 


Its]  [ 


V  o  0 

3  M  0  0 

0  0  M 


0 


[ 


-1.3  -ia  I 
-I51  -^£i  J 


(1-16) 
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[G,^i  =  tA£a]zI^ 
[G«l= 

[Gy,i  = 

-  LAw]-^[Aii1 

,  ^•’uu  ,  —  - — -- 

r  u  1  =  t 

I  I  ^ 

tH^j-  cvLil^l' 


(1-17) 


(1-18) 


(1-19) 


The  equations  to  he  integrated  are 


^  ’  fx/w 

^  =  ilxVj F3/M 


(1-20) 
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^  +  &3 

^i=  i- 

JX. 

Ij)l-  =  LAl'(V*vf  -  tnllGlipl) 


(1-21) 


-iKUpl  -[BH^l  -  -tPI- 


(1-22) 


The  following  intermediate  calculations  are  made  at  each  integration  step. 


- 1 


■•M 

'•J5 


‘K 


■--r 


-  -  .A’-,,!  -  -  n  ? 


V.-. 


(1-23) 
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X  —  XxxXjyX-H  ~ 


(1-24) 


^  ^33  \«  "  ^31  ^  X, 

=•  Xcv^tt  ~  )  '  X> 

*Qt2  ~  '“ 

~  ^  A-x^  "  A:t^  '^5'^ 

“  C'^7*'  ~  ^^3 

~  -  ''*3  A^2  -  Xj}  Atx^  ^,V 

+  i-iprCGrriHo}^ 

*■  (Hi -iip}  [&,.,}{ ^5^ 


^  ^ig  (^5  " 

-  fcji  fas-i-Ipl'CGv^Hb}') 


-T-i  = 


*CKi  fH,-^^pl[%Hpl^ 

*■  kij 


(1-25) 


(1-26) 


(1-27) 


(1-28) 
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L&  ]  =  2  (-n,  fGjjl  -t-  ^  [GxJ  - 


(1-29) 


[H  ]  =  2.  [Hxxl  LHiJ 

-ClxiZy  (Hxj]  [Hxil 


(1-30) 


+  iA-^i  +  (•^x+"'^i)('‘‘\)^)'^'A-^4' 


(1-32) 


The  generalized  forces.  Pi,  may  he  supplied  as  a  table  or  generated  hy 
subroutines  in  the  program. 

The  output  is  the  time  history  of  Vx,  Vy, 
and  the  generalized  coordinates,  p^^,  P2 . PN* 
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3.0 


DESCRIPTION  OF  DIGITAL  ROUTINE  NO.  LW420  -  PANDORA 


The  following  is  a  description  of  the  digital  routine  that  has  heen 
coded  to  determine  the  motion  and  configuration  for  a  general  elastic  body 
executing  large  "rigid-body"  displacements.  A  description  of  the  data^  order 
in  which  data  is  presented  to  the  routine,  sample  problems,  listings  of  the 
coding,  and  core  storage  allocations  are  included. 

The  routine  has  been  coded  in  709/7090  FORTRAN  II  language  and  is  com¬ 
patible  with  the  FORTRAN  Monitor  System  for  a  machine  with  a  minimum  of 
32,768  storage  locations. 

Integration  of  the  differential  equations  in  this  program  is  accomplished 
by  means  of  a  four  point  Gill-Runge-Kutta  numerical  integration  procedure  (see 
Appendix  VI )  which  is  generally  considered  to  have  good  convergence  qualities. 
The  eqimtions  of  motion  have  been  expressed  in  the  Hamiltonian  form  which  are 
first  order  and  more  amenable  to  solution  by  the  Range-Kutta  scheme.  This  has 
resulted  in  streamlining  the  numerical  problem  as  compared  with  the  alterna¬ 
tive  of  the  Lagrangian  approach.  Lagrange's  equations,  which  are  second  order, 
must  be  artificially  reduced  to  a  set  of  first  order  equations  before  the 
Runge-Kutta  method  can  be  applied.  The  symmetry  and  simplicity  of  the  Hamil¬ 
tonian  equations  is  lost  by  this  circuitous  approach. 

In  order  to  achieve  the  capability  of  handling  up  to  30  elastic  degrees 
of  freedom,  the  problem  of  data  handling  has  been  optimized.  Most  of  the 
matrices  in  the  program  are  either  symmetric  (a^^j  *  ^.ji)  antisymmetric 
(aij  =  "^ji).  "to  this  fact,  it  was  necessary  to  store  only  half  of  these 

matrices . 

3.1  The  Order  in  \7hich  Data  is  Presented  to  the  Machine 


The  data  is  read  into  the  machine  in  the  following  order : 

(1)  One  IBM  card  of  control  numbers  for  the  routine. 

(2)  Two  IBM  cards  of  descriptive  information  about  the  run. 

(3)  As  many  cards  as  necessary  to  read  in  the  single  parameters  for 
the  run. 

(4)  As  many  cards  as  necessary  to  read  in  the  initial  conditions  of 
the  integration  variables  for  the  run. 

(5)  As  many  cards  as  necessary  to  read  in  the  blocks  of  parameters 
for  the  run. 

There  are  two  features  of  this  routine  which  greatly  minimize  the  effect 
of  reading  in  information  for  parameter  studies,  etc.  First,  the  machine 
initially  sets  to  zero  all  the  parameters.  This  means  that  if  any  parameters 
of  the  system  are  zero,  thev  need  not  be  read  in  since  they  are  already  zero 
in  the  computer.  Second,  parameters  retain  their  values  throughout  the  time 
the  routine  is  in  the  computer  except  as  modified  by  new  values  read  in.  Since 
this  routine  allows  parameters  to  be  read  in  selectively,  for  successive  runs 
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only  values  that  change  for  that  nan  need  he  read  in.  5!o  accomplish  this 
selectivity  in  reading  data  into  the  Hiachine,  it  is  necessary  to  Hake  a  one 
to  one  correspondence  between  parameters  of  the  system  and  a  subscripted 
symbol  'p".  Below  is  a  list  which  defines  this  correspondence  with  typical 
consistent  units  of  data  in  parenthesis - 

P(l)  -  Atj  integration  step  size  (sec.) 

?(2)  -  tpi-axj  total  tiKa  for  which  “cticia  is  to  be  calculated  (sec.) 

p(l21)  -  P(l50)  -  -fP}  ,  Fsneralized  forces  (lb.) 

P(l5l)  -  P(33j/  -  }  rigid  body  displacetnsnts  (in.) 

?(331)  -  P(1233)  -  [Axx] 

P(123i)  -  ?{2150)  -  [Ayy] 

P(2131)  -  P(3050)  -  „ 

inertia  matrices  (To-sec.~/iini.} 

F(3C31)  -  P(3?30)  -  [AjJ 

P(393i)  -  ?(t?30)  -  [Aj-j-] 

F(L831)  -  ?(3'?30)  -  [A_j 

F(5731)  -  ?(6532)  -  [k]  ,  stiffness  ratrix,  (Ib./in.) 

r(6531)  -  ?(7i?31)  -  [3]  ,  daFiping  ratriic,  (lb. -sec. /in.) 

The  following  initial  conditions  are  also  sullied  as  parameters  if 
luiequal  to  zero  or  unchanged  from  the  previous  run. 

p(6l)  -  e(90)  -  p(o)  generalised  coordinates  (ini.) 

F(91)  -  F(120)  -  h(o)  generalised  momenta  (lb. -sec.) 

The  remaining  initial  conditions  are  entered  in  the  same  manner  as  the 
above  '“P"  initial  conditions,  but  have  a  correspondence  to  the  subscripted 
ssnabol  *'FIB3T!jf'’,  thus; 

FIHSTY(i)  -  tg,  initial  value  of  time  (usually  this  is  zero,  hence  it 
need  not  he  read  into  the  machine )( sec. ) 

FIHSTX'(2)  -  V^(o),  initial  value  of  c.g.  velocity  in  the  x  direction 
(in.  /^sec.) 

FIFSrl(3)  -  initial  value  of  e.g.  velocity  in  the  y  direction  ■ 

(in.  /sec. ) 

FIBST5r(4.)  -  l''s(o),  initial  value  of  c.g.  velocity  in  the  z  direction 
(in.  sec.) 
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FISS'Er(5)  -  Hv-{G‘'),  init-ial  value  off  angular  iBomentmi  in  the  x  direction 

jf  _  c  ^  \ 

J.t>  - —So2  j 

FIRSSXCfi)  -  Hy(o}j  initial  value  of  angular  BsoaieEituntt  in  the  y  direction 
(lfa..-sec.-iii.) 

Fjifeiiljf (7 )  -  Hz(o)j  initial  value  of  angular  moHentuMi  in  the  z  direction 
(Ifa.  -sec. -in. ) 

As  far  as  the  machine  is  concerned  it  reads  in  values  of  the  subscripted 
variables.  Ihere  are  trfo  nethods  by  which  the  coEUiuter  reads  in  these  values. 
She  first  laethod  allows  for  a  cos^letely  random  selection  of  variables  to  be 
read  in,  for  instance,  f(lT),  F(15)>  f(S3),  f(2).  She  second  ntethod  allows 
for  selected  blocks  of  successive  paraiasters  to  be  read  in,  or  for  selected 
parameters  separated  by  equal  nuaibers  of  parameters  to  be  read  in.  For 
instance,  this  method  could  be  used  to  read  in  F(3),  5(^),  F'(5)j  F(6),  and 
f(11),  F(12),  F(13),  F(i4),  F(15),  or  to  read  in  (i(6},  P(9),  P(]!2),  f(15), 
p(l8).  Shis  method  allows  up  to  seven  parameters  to  be  read  in  on  each  IH4 
punched  card,  while  the  first  method  requires  an  IBK  psmched  card  for  every 
parameter  read  in.  A  combination  of  the  two  methods  may  be  used  for  reading 
data,  into  the  coaputer.  She  initial  conditions  which  coi-respond  to  the  sub¬ 
scripted  symbol  "FIH3S1"’  are  read  in  e>:clusively  by  the  first  method. 

3-2  Betails  of  the  Mechanics  of  Reading  Data  into  the  Computer 

She  first  TRK  punched  card  presented  in  the  data  contains  the  control 
numbers  for  the  routine  (see  Figure  109 )•  Seven  of  these  are  determined  by 
the  user,  while  the  rema,iniGg  must  stay  fixed  as  shown  in  Figure  10.9* 

She  conirrol  numbers  are  denoted  and  allocated  columns  on  the  first  two 
cards  as  shown  below. 

IDEirr  -  Card  columns  1-5 

liF  -  Card  columns  o-lO 

liFIHSS  -  Card  columns  lb-20. 

IIFS  -  Card  columns  Sfi-'+O 

IJFORSF  -  Card  columns  51-55 

IHSKEF  -  Card  columns  6I-65 

Shese  numbers  are  never  written  with  a  decimal  point  and  are  always  placed 
to.  the  extreme  right  in  their  allotted  nuriber  of  columns. 

IDEilS  -  Shis  number  is  "1"  for  the  first,  run,  "2’  for  the  second  run,  etc., 
or  any  identification  number  that  Is  desired, 

HP  -  Shis  number  controls  the  reading  in  of  data,.,  Hp-  equals  the  number  of 
single  pai’ameter  cards  to  be  read  in  by  the  method  previo,usIy  described. 
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JiFIH35?  -  This  nvmtber  controls  the  reading  of  initial  conditions. 
lIFISSx  =  O  results  in  no  new  initial  conditions  heing  read  in,  while  if  it  is 
desired  to  read  in  initial  conditions,  HFIRST  equals  the  number  of  initial 
conditions  to  he  read  in. 

MFS  -  NFS  equals  the  numher  of  generalized  coordinates  to  be  used  in  the 
calculation. 


HFOiSP  -  This  integer  selects  the  subroutine  by  which  the  generalized 
forces  are  to  be  calculated.  Allowance  has  been  made  to  include  up  to  nine 
methods.  At  the  present  time,  none  have  been  coded,  and  the  generalized 
forces  are  assumed  to  be  zero  or  constant.  This  number  must  be  supplied  as 
an  integer  between  'i"  and  ’’"9". 


liFE  -  This  number  controls  the  reading  in  of  parameters  by  the  block 
method.  MET  equals  the  number  of  blocks  of  parameters  to  be  read  in  by  the 
method  previously  described. 


MSKIP  -  This  number  is  used  to  indicate  at  what  times  it  is  desired  to 
have  results  of  the  integration  printed  out.  Moting  that  the  conqiuter  prints 
out  automatically  at  time  *  O,  MSKIP  is  the  number  of  integration  steps  minus 
’’'1”  required  to  progress  from  the  time  of  the  last  printout  up  to  the  time 
where  the  next  printout  is  desired.  For  example,  if  the  integration  stepsize 
is  1  second  and  answers  are  desired  at  O,  5>  10^  15  sec.,  etc.,  IHSKIE  would 
equal  ^s-.  HTSKEP  =  0  causes  a  printout  for  each  integration  step. 

The  second,  and  third  IBM  punched  cards  allow  descriptive  material  to  be 
read  into  the  machine  which  will  later  be  printed  out  with  the  answers.  Each 
card  has  columns  2  throu^  72  available  for  entering  either  alphabetic  or 
numeric  characters.  It  is  necessary  that  cards  1,  2,  and  3  always  be  supplied 
with  each  run.  The  cards  following  the  first  three  depend  upon  the  values  of 
the  control  numbers,  I'JF,  liFIHS,  and  MET,  on  the  first  card  which  is  read  in  at 
the  beginning  of  the  run.  To  determine  the  cards  that  follow,  first  consider 
IfF.  If  MF  »  O,  no  parameters  are  to  be  read  in.  In  MP  ■  'm”,  there  will  be 
"ffi"  separate  parameter  cards  read  in.  Each  parameter  will  have  its  own  card. 
The  form  of  the  card  will  be  as  follows: 

Card  columns  1  through  5  will  contain  the  number  M  (with  no  decimal  point 
and  placed  to  the  extreme  right  of  the  field). 


Card  columns  6  throu^  20  (preferably  11  through  20)  will  contain  the 
desired  -value  of  -fehe  Mth  parameter  f(S). 


Card  columns  21  throu^  80  are  ignored  by  the  computer.  For  convenience, 
descriptive  material  may  be  entered  here  for  future  refez'ence. 


There  will  be  'm.'  of  these  parameter  cards. 


To  determine  the  next  cards  to  be  read  in,  consider  KFIRST.,  If  IIF'IRST  = 
L,  -there  will  be  supplied  "L”  cards  of  the  same  format  as  the  above  IJF  para¬ 
meter  cards. 


The  last  cards  to  he  read  in  are  determined  hy  NPT.  If  JIFT  =  0,  the 
input  data  is  complete  and  no  additional  cards  need  he  supplied.  If  NFT  - 
"n"^  then  "n"  blocks  of  parameters  will  he  read  in.  The  first  card  in  the 
block,  will  contain  three  integer  control  niimhers  (written  without  decimal 
points):  NPl  -  card  columns  1  through  5>  NP2  -  card  columns  6-10,  and  NP3  - 
card  columns  11  through  15.  These  control  numbers  tell  the  computer  that  the 
next  card(s)  will  contain  parameters  P(NP1)  through  F(KP2)  and  that  they 
should  he  read  in  in  steps  of  NP3.  The  card(s)  that  follow  will  then  contain 
the  desired  parameters.  Each  card  must  contain  7  parameters  except  the  last 
card  of  the  block  which  may  contain  from  1  to  7  parameters.  The  first  ^0 
card  columns  are  available  for  supplying  parameters.  Each  parameter  is 
allotted  10  card  columns,  hence, 1he  first  parameter  entered  on  a  coard  uses 
columns  1  through  10,  the  next,  11  through  20,  etc.  The  nimibers  must  have  a 
decimal  point.  A  parameter  may  be  written  down  in  either  of  two  forms,  deci¬ 
mal  or  exponential,  ie.,  the  number  3562.2  may  be  entered  on  the  IBM  card 
either  as  card  col. 

1  2  3  $  6  ?  3  ?  10 

3  5  2  6.2 


or 

3.5  2  6  2  *3 

In  the  last  case,  the  (or  in  the  case  of  a  number  less  than  one),  is 
mandatory,  and  the  exponent  must  occupy  the  far  right  hand  column.  To  enter  a 
block  of  parameters,  suppose  IlPl  =  8,  KF2  =  l6,  and  NP3  "  The  cards  nec- 
cessary  to  supply  these  parameters  are 


card  col. 

1-10 

11-20 

21-30 

31  -  i;0 

!.l  -  50 

51  -  60  61  -  70 

Card  1, 

3  16 

1 

Card  2, 

•  ?(3) 

?(?) 

?(10) 

P(ll) 

?(I2) 

F(13)  ?(1L) 

Card  3j 

P(15) 

P(16) 

Had  Iffi=3 

equaled  2, 

the  second 

card  would 

be  as  shown  below. 

and  there  would  be 

no  third 

.  card. 

Card  2, 

P(?) 

P(10) 

P(12) 

P(lli) 

P(16) 

There  will  be  "n'’  cards  of  control  numbers  IC’l,  1122,  NFS,  each  followed  by  the 
card(s)  of  parameters  dictated  by  the  control  numbers. 

The  blocks  of  parameters  are  the  last  cards  to  be  read  into  the  computer. 
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3.2.1 


•rays 


Mechanics  of  Entering  Ar 

All  matrices  which  are  input  data  have  a  correspondence  to  the  subscripted 
symbol  "P".  These  arrays  are  arranged  in  storage  in  the  manner  dictated  by  a 
Fortran  generated  program^.  It  is  suggested  that  arrays  be  entered  by  the 
block  parameter  method  for  efficiency. 

3.2.2  General  Form  of  Data  Sheets  for  Routine  pandora 


Figure  109  depicts  the  general  order  and  form  in  which  data  is  presented 
to  routine  Pandora.  It  also  indicates  that  the  first  3  cards  must  always  be 
presented  for  a  run.  Rote  that  the  first  card  (the  integer-control  card)  has 
both  integers  and  syn&ols  denoted  on  it.  !i!he  sjrmbols  denote  those  fields  of 
the  control  card  into  which  numbers  can  be  entered  at  will  by  the  user  of  the 
routine.  Those  fields  which  contain  given  numbers  must  retain  these  indicated 
values  run  after  run. 


1  Reference  Manual  709/7090  F0STR4R  Frogramraing  System,  C28-605ii-2,  IBJ-I 
Corporation,  1961,  p.  8  and  p.  56. 
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FIGURE  109  FORM  FOR  PRESENTING  DATA  TO  ROUTINE 


3.2.3 


Core  Storage  Allocation 


The  foUoving  Is  a  ccanplete  description  of  the  core  storage  allocation 
for  Routine  PANDORA,  This  is  included  for  use  in  possible  program  modifica¬ 
tion  and  for  debugging.  These  variables  which  are  input  data  are  denoted  by 
an  asterisk. 


3. 2. 3*1  Core  Storage  Allocations  for  Subscripted  Variables 


^Denotes  input  data 


^^P(61) 

-  PPO 

?( 12211) 

-  azxf5 

-“-P(91) 

-  KHO 

?(122lil) 

-  A2XF6 

^tP(l21) 

-  P? 

? (12271) 

-  AYXFh 

*P(l5l) 

-  FSR 

P( 12301) 

-  AYXF6 

*P(331) 

-  AXX 

P(12331) 

-  DK 

->P(1231) 

-  AYY 

?(12351) 

-  HGAMDP 

*P(2131) 

-  Az: 

P(12356) 

-  GZY 

-i:-?(3031) 

-  AY.t 

?( 13321) 

-  GZX 

*P(3931) 

-  AZ.C 

P(13736) 

-  OTA 

-“-?(L?31) 

-  All 

?(1L251) 

-  KZl' 

P(L’^?16) 

-  KZX 

-"-?(oS31) 

-  3 

P(l5lSl) 

-  HYX 

P(?'^31) 

—  *1 

P(l55Ln) 

-  HK.C 

P(31i3i) 

_  £T>rv 

p(i6m) 

-  hTY 

P(933i) 

—  OAI'G 

P(16576) 

-  HZZ 

?(10231) 

-  ’IkiH 

?(l?iiOl) 

-  G 

? (11131) 

-  73 

P( 17506) 

-  H 

P(1203l) 

-  P? 

p(l?3?l) 

-  F 

P  (12(^1) 

-  HH 

?(17977) 

-  ?AF 

P(12D?i) 

-  ?D 

P(l?9?3) 

-  FAPI 

P(12121) 

-  HD 

?(17?39) 

-  QU?? 

P (12151) 

-  kZYFh 

P(200hl) 

-  GAM 

P(l?l?l) 

-  A2>T5 

P(20?L1) 

-  f;es3 
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3. 2. 3. 2  Equivalent  "P"  Allocations  for  Data  Entered  In  Array  Form 


First  element  of  single  subscripted  variables : 
PPO  P(6l) 

HHO  P(9l) 

PF  P(l2l) 


First  element  of  each  column  of  double  subscripted  variables : 


ol^omn 

FER 

AXX 

AYI 

AZ2 

1 

151 

331 

1231 

2131 

2 

181 

361 

1261 

2161 

3 

211 

391 

1291 

2191 

h 

2Ul 

U21 

1321 

2221 

5 

271 

U5l 

1351 

2251 

6 

301 

U8l 

1381 

2281 

7 

511 

Hill 

2311 

6 

5Ui 

lliUl 

23UI 

9 

571 

lh71 

2371 

10 

601 

1501 

2I1OI 

11 

631 

1531 

2h31 

12 

661 

1561 

2h6l 

13 

691 

1591 

2u91 

Tl- 

721 

1621 

2521 

15 

751 

1651 

2551 

16 

731 

1631 

2581 

17 

811 

1711 

2611 

13 

8U1 

17lil 

26la 

19 

?71 

1771 

2671 

20 

901 

ISOI 

2701 

21 

931 

1831 

2731 

22 

961 

1361 

2761 

23 

991 

1891 

2791 

2h 

1021 

1921 

2321 

25 

1051 

1951 

2391 

26 

1031 

1931 

2881 

27 

1111 

2011 

2911 

28 

III4I 

20U1 

29kl 

29 

1171 

2071 

2971 

30 

1201 

2101 

3001 

AYX 

AZX 

AZY 

SK 

B 

3031 

3931 

1:831 

5731 

6631 

3061 

3961 

1:361 

5761 

6661 

3091 

3991 

1:891 

5791 

6691 

3121 

1:021 

1921 

5821 

6721 

3151 

1:051 

1:951 

5851 

6751 

3181 

1:081 

1:931 

5881 

6731 

3211 

1:111 

5011 

5911 

6811 

32ltl 

1:11:1 

5oui 

591:1 

68m 

3271 

1:171 

5071 

5971 

6371 

3301 

1:201 

5101 

6001 

6901 

3331 

1:231 

5131 

6031 

6931 

3361 

1:261 

5161 

6061 

6961 

3391 

1:291 

5391 

6091 

6991 

3U21 

L321 

5221 

6121 

7021 

31:51 

1351 

5251 

6151 

7051 

31:81 

1:331 

5281 

6181 

7081 

3511 

UUli 

5311 

6211 

7111 

351:1 

hUl:! 

531:1 

62bl 

711:1 

3571 

1:1:71 

5371 

6271 

7171 

3601 

1:501 

51:01 

6301 

7201 

3631 

1:531 

51:31 

6331 

7231 

3661 

1:561 

51:61 

6361 

7261 

3691 

1:591 

51:91 

6391 

7291 

3721 

1:621 

5521 

61:21 

7321 

3751 

1:651 

5551 

61:51 

7351 

3781 

1:681 

5581 

61:81 

7381 

3811 

1:711 

5611 

6511 

71:11 

381*1 

l:7ul 

561:1 

651:1 

71:1:1 

3871 

1:771 

5671 

6571 

71:71 

3901 

1:901 

5701 

6301 

7501 
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BnnTTWB  PAMDORA 


^Denotes  input  data 


.1.  IDESr 

34  NEOL(?) 

87 

*  NT 

35  ieoL(3) 

88 

iwmsmmmmm 

38  NEOLCIi) 

S9 

4  S?TRST 

ST  ffiOL(5) 

70 

6  NTABLE  -  0 

38  }!E0L(6) 

71 

t  N'  -  0 

72 

40  >nx) 

73 

mmmmmm 

41  LPHD.T 

74 

s  ::?A3S  -  0 

msmmmm 

75 

IS _ gcig? _ 

4S  NS.-:i? 

78 

BSaBBB 

44  :?AGE 

77 

n^mBSS 

mmsmmmm 

78 

13  JTOKI? 

48 

79 

14 

4T 

60 

18  :;i>o 

4fl 

81 

18 

45 

82 

11 _ nm _ 

50 

83 

is _ _ 

61 

84 

12 _ _ 

52 

85 

5J 

38 

54 

87 

z? 

56 

88 

13 _ 

55 

^9 

24 

57 

90 

2S 

68 

. . ,  ,  .  , 

91 

2S 

59 

92 

27 

50 

93 

23 

81 

94 

29 

92 

55 

so 

M 

96 

31 

64 

97 

32 

6S 

98 

SS  >,'301.(1) 

88 

99 

00 
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*Dttaot«s  tinat  dat*. 
T’f 


IstafTK-tloii  Vkrlabl#* 


nnitTTOR  PAirPORA  _ 

Intagrfction 


3.2.4 


Source  Program  Listings 


The  following  is  a  complete  set  of  listings  of  the  main  program  and  sub¬ 
routines.  This  can  he  useful  in  debugging  and  in  program  modification.  It 
should  be  noted  that  two  subroutines  are  included  which  have  not  previously 
been  discussed.  These  are  subroutine  TAPEEN  and  subroutine  FORCEl. 

Subroutine  TAFEIN  was  coded  to  allow  the  user  to  enter  large  matrices  by 
means  of  a  special  tape  input.  These  matrices  were  previously  computed  and 
written  on  the  tape  to  be  used  as  input  to  PAMDORA.  To  use  the  tape  input 
method  at  various  computing  facilities,  it  will  probably  be  necessary  to  re¬ 
code  the  subroutine  to  allow  for  inconsistencies  betweeii  systems. 

Subroutine  FORCEl  was  coded  to  calculate  the  generalized  forces  due  to  a 
gust.  It  is  of  a  very  specialized  nature.  For  this  reason,  the  option  NFORSP 
■  1  will  not  be  used  in  normal  operation  of  routine  PANDORA. 
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TABLE  1.3 

FORTRAN  SOURCE  PROGRAM  LISTINGS  OF  ROUTINE  'PANDORA" 


*  LIST 

*  SYMBOL  table 
OIAIM-* 

COMMON  VAN 

OTMENSION  VAR(2AOOOJ »OYOX(T5l 
EQUIVALENCE  (VAR ( 76 ) tOYOX ( 1 t ) 
10  DO  ;ia  1  -  itZAooo 

20  VAR(l)  >  0*0 

30  OYOXm  ■  I.O 

AO  CALL  RK 

ENO 

0011 
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r%r>  no  no  r\  n 


*  LIST 

*  SYMBOL  TABLE 
CINPUT 


1 

1 

2 

3 

A 

5 

6 


1 

C 

10 

c 

20 

30 

AO 

50 

C 

60 

C 

70 

80 

1 

2 

90 


100 

110 

120 

130 

lAO 


150 

160 

170 

180 

190 


250 

260 

270 

28' 

290 


SUBROUTINE  INPUT 
COMMON  VAR 

DIMENSION  VAR(24000).P(23400) *Y(75) .NTE6ER(225) . 
0(75) iFIRSTY(75) .NT (30) .NT1(30) .NT2(30) 

EQUIVALENCE  (VAR(1  )  ,Y  ( 1 )  )  .  (VAR  (376)  .NTE(3ER(1 )  )  . 

(VAR  (601)  .P(l )  )  ,  ( VAR  (  151)  .0(1 ))  .  ( VAR  (  226)  .FIRSTYd  )  )  . 
(NTEGERdOl )  iNTd)  )  .  (NT  EGER  (  1311.NTld))  .  (NTEGERd61 )  >NT2(  1)  )  . 
(NTEGER(2 ) .NP ) . ( NTEGER ( 3 ) .N I  NT ) . ( NTEGER ( 4 ) .NF 1 RST )  , 

(NTEGER (5) .NTABLE) . (NTE6ER(7) .MMORE) . (NTEGER ( 11) .NPT) . 

(NTEGER (12) iNTCR ). (NTEGER (13 ) .NTSKIP ) . (NTEGER (44) .NPA6E) . 
(NTEGER(6).N) 

equivalence  (NTEGERdS)  .NIND)  .  (NTEGER)  16)  .NINOl)  . 
(NTEGERdT)  .NIND2) 

SET  THE  PAGE  NUMBER  FOR  THE  FIRST  PAGE. 

NPAGE  -  0 

READ  control  NUMBERS  INTO  THE  PROBLEM, 

READ  INPUT  TAPE  5.30.  (NTEGER! I).  1*1,14) 

FORMAT  (1415! 

IF  (NMORE)  60,60.50 

REAO  INPUT  TAPE  5.30,  (NTEGERII).  1*15, NMORE) 

PLACE  HEADING  AT  TOP  OF  WRITE  OUT, 

CALL  PAGEHO 

REAO  AND  WRITE  TWO  CARDS  OF  ARBITRARY  RUN  INFORMATION. 

READ  INPUT  TAPE  5,80 


format  (72H 


/72H 


) 

WRITE  OUTPUT  TAPE  6.80 

CHECK  FOR  floating  POINT  PARAMETER  ENTRY  AND  THEN  MAKE  ENTRY 
ACCORDING  TO  SINGLE  PARAMETER  REAO  IN  METHOD  (TYPE  A  ENTRY) 
IF  (NP!  150,150,110 
DO  140  J  *  1,NP 

REAO  INPUT  TAPE  5,130,1,(9(1)) 
format  (I5,E15.7) 

CONTINUE 


CHECK  FOR  FIXED  POINT  NU'-'BER  ENTRY  AND  THEN  MAKE  ENTRY 
according  TO  SINGLE  INTEGER  READ  IN  methOD  (TYPE  B  ENTRY) 

IF  (NINT)  200.200.160 
00  190  K  «  l.NINT 

READ  INPUT  TAPE  5 , 180 ,K , (NTfGER ( I ) ) 

FORMAT  (15,1151 

CONTINUE 

CHECK  FOR  NEW  INITIAL  CONDITIONS  TO  3E  REAO  INTO  THE  PROBLEM 
AND  REAO  IN  ACCORDING  TO  PRESCRIBED  FCRvat  (TYPE  C  ENTRY) 

IF  (NFIRST)  242,242,210 
DO  240  L  =  1, NFIRST 
REAO  INPUT  TAPE  5 , 230 , I , ( F IrSTY ( 11 1 
FORMAT  (I5.E15.71 

CONTINUE 

IF  (NPT)  250.250,2^4 
DO  248  I-1,NPT 


READ  INPUT  TAPE  5,30,NP1,NP2  ,.N°3 

REAO  INPUT  TAPE  5 , 360  ,  (P(  J)  ,  J=.NP1  ,NP2  ,NP3) 

CHECK  IF  TABLE  ENTRIES  ARE  TO  ?E  MADE  AND  READ  IN  TABLE  ENTRIES 
ACCORDING  TO  PRESCRIBED  INPUTS  (TYPE  0  ENTRY) 


IF  (NTA5LE1  380,380,260 
NTld)  »  NTCR 
DO  370  M  -  1, NTABLE 
IFiNT(M))  290,370.310 
NTKM+ll  »  NT1IM-) 
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30Q 

310 

320 

330 

340 

350 

350 

370 

C 

380 

C 

390 

400 

410 

420 

430 

440 

430 

460 

0084 


GO  TO  3?0 

NTKM+l)  •  HTKMI  + 

NT2tM)  •  NTKMI  -  1  4  NT(M) 

NTll  •  NTl(M) 

NT12  •  NT2(M) 

READ  INPUT  TAPE  5 . 360 . ( PIN ) ,N-NT11 .NT12 i 
FORMAT  I7E10.7) 

CONTINUE 

CALL  IN  INPUT  DATA  WRITING  ROUTINE 
CALL  INAID 

ZERO  THE  0  AND  SET  THE  Y  TO  INITIAL  VALUES 
00  420  N1  «  1*N 
QtNll  •  0.0 
Y(Nl)  •  FIRSTYINl) 

CONTINUE 

IF(NIND)  450.450.440 

CALL  PDUMP  (VAR.VARI 1501 .1 .VA8!726) ,VARI300) .1. 
NTEG£R.NTE6ERt46) .2.P.PI7530) .1) 

NTEG£RI42>  •  0 

RETURN 

END 
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*  LtST 

*  SYMBOL  table 
CTAPEIN 

SUBROUTINE  TAPEIN 
COMMON  VAR 

DIMENSION  VAR(24000) .P(23400) *NTEGERt225) 
EQUIVALENCE  (VAR  I  601)  t  P  ( 1 )  )  ,  ( P  (  34 )  ,CIC)  . 

1  (VAR(376>  iNTEGER(in.(Nf£GER(45)  *NFILE) 


10 

NFILE  •  NFILE 

20 

IE  (NFILE)  40«>S>40 

30 

CALL  FWOfS  F9*l) 

40 

CALL  ROTS  (9tCK»P(6S>i)*.900,P  (  5731  )  .900. PI4831)  .900. 

1 

P(3931) 

. 900, P  (3031)  «900.P(il3l  H^ft.PI  1231 )  .900  .P  (  33 1 )  ,900 . 

2 

P(151)  1 

180) 

50 

NFILE  •  1 

60 

RETURN 

END 

0017 
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LIST 

5YH80L  TABLE 


» 

CINAIO 


1 

2 

3 

4 


1 

2 

3 

4 

5 

6 

7 

8 

1 

2 

3 


2 

j 

4 

5 

6 

10 

20 

30 

40 

50 

60 

70 

80 

90 

100 

110 

120 

130 

140 

150 

160 

170 

130 

150 

192 

194 

196 

198 

200 

201 

202 

204 

206 


SUBROUTIME  IMAID 
COMMON  VAR 

DIMENSION  VAR(24000)  .9(23400)  »f!TEGER(225)  .AYX(30.30)  . 
AZX(30.301 .AZY(30.30l ,PP(30I .HH(30) .AZYF4 (301 .AZYF5(30) . 
AZXF5t30)  .AZXF6(301  .AYXF4(301  .AYXFoOOl  .  GZY(4651  . 

6ZX(465) .GyX(465).HZY(465) .HZX(465 ) .HYX (465 ) .HXX(465) .HYY(4651 > 
HZZ(465  1  .FAF(6)  .GAM (30, 30)  ,F!-’ESS(30,30) 

EQUIVALENCE  (P  ( 20041 )  ,GAM(  1 )  )  ,  (P(20941)  .FHESSd)  ) 
EQUIVALENCE  (VAR (376) .HTEGEfi ( 1 > ) , (VAR (601) »P(1) ) , 
(P(303H  .AYX(l) )  ,(P(3931)  ,AZX(1)  )  .  (P(4831)  .AZY(l)  )  , 

(Pt  12031)  .PP(1) )  .(P(12061)  .KHd)  )  .  (P(  12151)  ,AZYF4(1 )  )  . 

(P( 12181) ,AZYF5(r)  ).(P( 12211) .A2XF5( 1 ) )  ,  (P ( 12241 ) ,AZXF6 ( 1 ) ) . 

(P(  12271)  .AYXF4(1)  )  ,(P(  12301)  .'AYXFSd)  )  ,  (P(35)  .D)  . 

(9(12856)  .GZYd)  I  ,  (P(  13  321 )  .GZX ( 1 )  J  ,  ( P ( 13786 1  .GYX(  1 )  1  , 

(9(14251 ),H2Y( 1 ) 1 , (9(14716) ,HZX(1) ) . (P( 15131) ,HYX(1) 1 . 

(P(  156'46)  ,HXX(1)  )  ,(PC16111)  ,HYY(1 )  )  ,  (  P  ( 16576 )  ,KZZ  (1 )  1  . 

(P(  17977)  ,faF(1  )  )  ,  (P(33)  .FNPS)  ,  (NTE6£R(S)  .'(PS)  ,  (NTEGER(46)  .NPSL) 
Or-'ENSlO'i  FIRSTY(75)  ,PP0(30)  .HHO(30)  ,FER(30,61  . 
AXX(30, 30:  .AYY( 30.30)  ,AZZ{30.30)  .AINV(30.30)  .  .VS  (30.30 )  .AOC.-SO)  f 
FAFI  (6)  ,£(30)  ,X(30.30)  ,FERl(30)  .FERZdO)  ,FER3(30)  ,FER4(30)  » 
FER5(30) .FER6(30) ,NEeL(6) 

equivalence  (yAR(226)  .FIRSTYd  ) )  .  (P  (61 )  >PPO(  1 ) )  , 
(P(91)  ,HH0d)  )  ,  (P(151)  .FE3d  ) )  ,  (P(331 )  ,AXX(1)  )  ,(P(1231)  .AYYd  ) )  , 
(9(2131)  ,A2Zd  )  ) .  (9(7531  )  .All ) )  ,  (P  ( 8431 )  .  AIW  ( 1 ) )  ,  (AINV.X)  , 
(0(11131)  ..(Bd)  )  .  (9(17983)  .FAFI  (1 )  ) ,  (  FER  ( 1 )  .FERl  ( 1 ) )  . 

(F£R(31) ,FER2(1) ) .(FER(61) ,FE05(1 ) ) , (Ffrcri) ,r£R4(l) )  , 

(PER (121)  ,FER3d)  )  ,  (FER(151)  .FE06(1)  )  ,  (‘)7EGER(9)  .NPASS)  , 
(nfSGEROS)  .NEOLd) )  ,C:TE5ER(39)  .LC’JTP ) ,  ( .‘iTcGER (6)  ,N) 

DETERMINE  IF  PASTRAN  TAPE  IS  TO  BE  READ 
IF  (NPASS)  30.30.20 
CALL  TAPEIN 

CALCULATE  mass  AND  MOMENTS  OF  INERTIA 
G(3  50  I=1,NPS 
DO  50  J=1,HPS 

A(I,J)  =  AXX(  I  ,J)+AYYn  .J)  +  A2ZI  I  ,J) 

DO  110  1=1.6 
FAFI I)  =  0.0 
DO  100  J=1,NPS 
00  100  <=1.NPS 

FAFd)  =  FAFtn  +  F£R(J,  I  )*A(J,X)*FcR(X.n 
FAFKI)  =  l.0/FA=(n 
00  160  1=1, NPS 
DO  160  J=1.NPS 

FVcSSd.J)  =  0,0 
00  160  X=l,6 

FM£SS(I,J)  =  FvPSSd.J)  -i-  FER(I,iC)*FAFI  (K)»FER(J,X) 
CALCULATE  GA**vA  "atriX 

00  200  1=1, ';ps 
00  200  J  =i.NPS 
IF  (I-J)  192.196,192 
GAMd  ,J)  »  0.0 
GO  TO  198 
GAMII.J)  .  1.0 
00  200  iC*l,.NPS 

GAMII.J)  =  GAMd.J)  -  AU  ,X)*FVESS(X.J) 

SET  UP  LOOP  FOR  CALCULATING  TRIA'IGOLAR  MATRICES 
IF  INTEGERdA))  202.202.430 
00  420  1=1, NPS 
DO  290  J=I.NPS 
L  »  ( J*(J-1)  )/2-d 


c 

210 

220 

250 

2*0 

250 

260 

270 

280 

290 

C 

300 

310 

320 

330 

340 

350 

360 

370 

380 

390 

400 

410 

420 

C 

430 

440 

450 

460 

470 

490 

500 

510 

520 

530 

540 

550 

560 

570 

580 

590 

600 

C 

610 

620 

C 

630 

640 

650 

660 

670 

680 

690 

700 

710 

0119 


CALCaULATE  G  AMD  K  TRIANGULAR  MATRIX 

GZYCLJ  »  {AZYlItJI-AZYej. IJ J».5 
G2XCL!  «  £A2XfI>JI-AZX(J.I>!»*5 
GYXtLJ  •  (AYXtI.JI-AYX£J,IIl».5 
K2YtL>  •  tAZYCljJI+AZYt Jrl J J«0.5 
HZXtLJ  »  CAZXCI.Jl+AZXEJtlJjAO.S 
KYXCLJ  »  tAYX£I.JJ+AYX£JiI>I*0.5 
KXXCLI  •  (AYYt£.JJ-*-AZZ£ItJl)«0«5 
KYY£Ll  •  {AXX£I.Jl-*-AZZ£I.JJl*0.5 
KZZtLl  •  CAXX£I.JJ+A.YY£r.Jl  1*0.5 

CALCULATE  APKI  MATRICES 

AZYF4£IJ  «  0.0 
AZYF5CI)  «  0.0 
AZXFSCII  •  0.0 
AZXF6JII  «  0.0 
AYXF4CIJ  «  0.0 
AYXF6£IJ  »  0.0 
DO  420  JJ«1.NPS 

AZYF4fII  «  A2YF4£Et  +•  AZYI JJ.  1 1*FER4£  JJ  J 
AZYFStll  «  A2YF5£II  *  AZY t JJ. I )»FER5I JJl 
AZXF5£II  »  AZXFSfll  *■  AZX 1 1 ,  JJ  l»FER5£  JJl 
AZXF6£II  »  AZXF6£U  +  AZXt  I  ,  JJl»FER6l  JJJ 
AYXF4CII  •  AYXF4{I1  *  AYXf JJ. I l*FER4£ JJS 
AYXF6£I»  «  AYXF6III  +  AYXI JJ. I )*FER6£ JJl 

INVERT  MASS  MATRIX 

BQ  470  I-l.NPS 
BO  460  J«1.NPS 
WBtl.Jl  >  0.0 
AINVCI.Jl  •  AIE.Jl 
WBtl.I)  »  1.0 

M.  »  XSIMEOFCSO.NPS.NPS.AiriV.WB.B.El 
GO  TO  £570. 510. 540 l.M 
WRITE  OUTPUT  TAPE  6.520 

FORMAT  f46K  ONBER/OVERFLCW  E«  MASS  MATRIX  INVERSEOiNJ 

CALL  RX 

WRITE  OUTPUT  TAPE  6.550 

format  C30H  MASS  MATRIX  IS  SENGULARl 

CALL  RK 
N  «  7  +-  2*NPS 
BO  640  I»1.NPS 
J  •  6  +  1*2 
X  •  7  4  1*2 

SET  P  AMO  K  EQUAL  TO  IKETIAL  COnOITIQNS 
PPdl  •  PPOIIl 
HHin  •  HHOII) 

SET  P  AMO  H  EQUAL  TO  PROPER  ENTEGRATEOM  VARIABLES 
FERSTYCJl  •  PPttl 
FIRSTYtXl  •  HKfll 
NPSL  «  tNPS*CMPS4ll)/2 
FNPS  »  FLOATFINPS) 

NOUTP  •  IKPS-1 1/5+1 
00  690  I»i. NOUTP 
NEOLfll  -  6 

NEOLtNOUTPl  «  NPS  -  5*N0’JTP  +  6 

RETURN 

ENO 
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* 


CDTOXS 


1 

2 

3 

ft 


1 

2 

3 

4 

5 

6 
7 
S 


1 

2 

1 

2 

3 

A. 

5 

d 

7 

S 

? 

1 

2 

3 

A 

i 

C 

iO 

20 

30 

AO 

50 

C 

60 

70 

SO 

?0 

iOO 

iiO 

112 

llA 

116 

iia 

120 

130 

1*0 

150 

155 

1*0 


LIST 

SYMBOL  TABLE 


SUBROOriPtE  OYDXS 
COMMON  VAR 

OIMENSION  VAR  1 24000 1 » P 1 234 00  J  > HTEGER 5  225).  A.YX  1 30. 30 1 « 
A2XC3C.30l.AZr530.30t,PP53QiI,HHJ3.0J.A.2YF4C30l.A2YF5C30)  » 

.A2XF5  5  30  »  .  A.ZXF6  C  30  J  .  AYXEA5  30  J  .  AYXF6  5301.  GZY 1 46  5 )  . 

GZXCA65 J.GYX5465i.HZY£465l.H2X5465I.HYxe465S.HXXt465) .KYYCAdS) . 
HZZC 465 )  .  FAF  C  6  )  .GAM 530.  30>  •  FMESS  5  30. 30  i 

EOO IVALENCE  CP  5 20041 ) >  GAH  5 1 J ! . £ P  £  20941 J . FMESS (1)1 
EQUIVALENCE  £VAR£ 376) .NTEGER £1)1. E VAR £601 1 .P C 1 ) > . 
CP(3a31}.AYXCll) .CP£3931>.A2XC1J) . CPC4A31) sAZYCl)) . 

CPC  12031) .PPCIJ l.£PC12tt611.HK51! j . CPC  12151 J .AZYF4C 1 ) 1 . 

CPC  12161) .AZYF5C1)). CP £12211).  AZXF5C1) S .CP £12241) .AZXF6C11), 
CPC12271) .AYXF4C11).(P£12301).AYXF6£1) ) . 
CP£12a56).GZr£l)).ePC13321).GZX£l)), CPc13786).GYXC1)). 

CPC  14251)  .BZYCll).£Pel4716).H2XCl)  ).CPti5181)  .KYXCD)  . 

CPC  15646)  .HXXH)).  CPC  16111)  .HYYC 1 1  j  .  C  P  C  16576  )  .K2Z£  1 )  )  . 

5 P  C 17977  I ,  FAF  C 1 )).  C P  C  33 1 .  ENPS  ).  e  MTEGEP  C  8  ).  ftps ).  C NTEGER  C  46  ).  NPSL  ) 
OIMENSIOfC  YC75).DYOXC75).PFf30).SK;C30.30).BC30.30). 
6AMGC30.’30)  .GAMHS30.3CI)  .POC305  .ttOCSO)  .OXCSO)  .MGAMGPCSQ)  .GEA651 . 
K(465).FC6)  .AINVC3iJ.30).FERC30»6) 

equivalence  CVAR C  1  >  .  Y  C  1 )  )  ,  C  VAR  C 76  )  . OYDX  CD). 
ePC121).PFCl)l  .  CPf5731).SKCD)  .  CPC  6631  )  .SCI))  .  CPC9331 )  .GAMGC 1  )  )  . 
£PClQ231).GAMUCl)).IPC12a91).PDCi)).  CPcl2i21).KBCD). 

CPC  12331)  .OKCD)  .CPei236i).HGAWGPCl)  )  .  cPC  17041 )  .G C 1 ))  . 

CPC  17506 ). we  1) ). CPI 17971), FC 1 )). CFAFfS ). CM). CFAFC4),CIXX). 
CFAFC5),ClYY),CFAFC6),CIZ2).CPeii).D.Llit  .ePll2),0L22)  • 
(P£13).QL33),CPCi4>,D'Li2).CPCi5),0L13)  ,CPC16).DL23). 
ePC17),QETERM) .lPC16t,0LriII>CPC19),DLI22)>IPC20),DLI33). 
£PC21»i0L£12),CPC22),OLll3).lPC23).DLl23). 

CPC24) ,OMX) , CPt25) ,QMY) ,CP£26),0MZ?»£PC27) ,OMXX) , CPC2S) .OMYY) 
EQUIVALENCE  IPC2?) ,OMZZ). ( Pf 30) .OMXY) . CPC 31 ) .OMXZ ) , 
CPC32).QMrZ»,CYe2).V*),CYI3t.VY),eYC4j,VZ),eYC5).HX),CYC6).HY). 
CY(7)  ,K2  )  .  CDYDXf  2)  .VXD)  ,  CDYOX £3)  .WO  )  ,  cDYOXCA)  .VZB  )  . 

50Y0XC5)  .KX0),CDV0XC6).MYD),CDYDYC7)  .HI20)  .CPC 8431)  .AINVCl)  )  . 
CPCISD.FERCD) 

EQUIVALENCE  CPC36).HvPGPXi,rPC37), HMPGP Y ) . 
CPt38).MMPG?Z) 

determine  P  and  W  from  INTEGPA'^IQN'  variables 
DO  50  I»1,N?S 
J  «  64 1*2 
X  -  741*2 
PPCD  -  YCJl 
HHCn  •  Y£X) 

CALCULATE  terms  £«  LAMBDA  MATRIX 
OLll  »  CIXX 
0L22  •  CEYY 
DL33  •  CIZZ 
DL12  »  0.0 
0Li3  •  0.0 
DL23  •  0.0 
HMPGPX  «  HX 
HMPGPY  «  HY 
HMPGPZ  -  HI 

IF  CNTEGERCIA))  120,120,240 

DO  230  I»l, NPS 

DO  230  J=.i,NPS 

IF  CI-J)  150.150,170 

L  «  £J»£  >1-1)1/2-41 

C  »  1.0 

GO  TO  172 


^5 


L  =  tt»a-i))/'+j 
C  =  -I.i' 

HMPCPX  =  HMP3PX  f  ?.0*C.»PP(  I  l*'uZt(Ll*PiMjt 
HMPGPY  =  HHPGPY  -  r.O«C»PP(  n»GZX(LI»PD{  J) 

HMPGPZ  =  HMPGPZ  +  2.0«C»PP(  n*GyX(L>’‘PO(Jl 
DLll  =  t(Lll+f2-0/FflPS)»('.’Vf-‘,l  n+AZXF5[  11  )»PPt  I) 

+  PPC  H»HXXtL  I»PPt  J(  *2.0 

0L22  =  0L22+f.Z.0/rMPSt  •!ArXF6  n  )+AZXF5  (  I  )  )*PP'.  t  1 
+  pptij»HYy(L>»pPtJi»2.: 

DL^3  =  0L33+(2.0/FfiPS>  •'(AYXF6t  I  )  ^AZYF4  (  m*PP(  I  ) 

+  PP{ I 1*HZ2 (L >»PP£ J)»2.Q 

DL12  =  0L12*-(2.0/Ff.r‘F  ,*AZyF=i  tJ  )»PP(  I  I 

-  PPf I >»AYX(I ,J)*PP(JI 

0L13  =  OL13*(2.0/FNPSl»AyxFi,(I  1»PP{  1  I 

-  PPl I )»AZX( t .J)»PPIJ( 

DL23  •  0L23-K2.0/Ff<PSJ»A2XF6l  I  I»PP(  n 

-  PP( I i»AZy{! . Ji»pp{ j) 

CALCULATE  TERMS  In  INVERSE  LAMkOA  MATRIX 

DETERM  *  DLT1»OL22«OL33  +  Dl  1 2»OL13^iDL23•2 .0 

-  tOLll»DL23»OL23  ♦  DL22*0L1 3»0L  1 3  ♦  DL33»DL12»riL12) 

OLIll  »  tOL22»DL3i  -  OL23»DL?3l/t>ETERM 
0LI22  «  tDLll»DL33  -  DL13«Dl 1 3 ) /CETEKM 
0LI33  -  (0Lll»DL22  -  DL 12»Dl I  2 ) /DETERM 
DLH2  =  IOL23*OL13  -  OL1?«Dl33  1 /PETE RK 
0LI13  *  tOL12»OL23  -  DL 13*Dl22 1 /Uf TERM 
DLI23  »  (DL12*DLI3  -  OL23»DlH  l/DETERM 
CALCULATE  OMEGA  TERMS 

C.MX  •  HVPGPX»0LI11  »  hmPGEY*DL!12  +  HVPGPZ'OLnS 

OMY  *  HMPGPX'T'LIl.''  i-  rtPPi.i'Y-.nL  1 2/  +  MMPGPZ«0LI23 

OMZ  »  HMPGPX*riLI13  -r  HMPGPYtf.LIZi  MMPGP2*DLI33 

OMXX  »  O'-'X  *  OMX 

OMYY  •  OMY  •  OMY 

OMZZ  «  OMZ  »  CMZ 

OMXY  »  OMX  •  OMY 

OMXZ  *  OMX  .  CM’ 

OMYZ  *  :vy  •  O’T 

call  SJRROjItnE  ->»Il>t  lY!  TEK-lr  •  S  mTT'’.’  E'-a  OPCF  CALCULATIONS 
CALL  FCR'EL 
GO  AAO  1=1.6 
Ftn  =  '.3 
CO  aag  j=:.nPi 

Ftn  =  Ftii  +  Ff  A  I  j,  I  ).pr  t  Ji 
calculate  r.ERIVATl'JE-  OF  2- ,..r,vz.>ix  ,1-inMZ 

VXD  =  i:'’z«.’Y  -  :"Y./z  ♦  Ftn/CM 
VYD  =  C"X»V.’  -  ■■•2«'.Y  ♦  FI212CM 
VZP  -  CMY»VX  -  T«»7Y  +  FI3)/Cm 
HXn  «  0-*Z*MY  -  .-'•V.fZ  Y  F(A| 

HYP  I  G">X*BZ  -  OvZybx  -y  FtS) 

HZD  =  0'-’Y»HX  -  C^XYHY  Y  F(S) 

CALCULATE  G  AND  H  TRIANTULAR  maTRICFa 
IF  CnTFr.FRtTAIl  FI  ’ 

00  530  L»l.nPSL 

GtLI  =  tOMX.GZYtLI  -  CYIYYGZXtLl  y  OMZ  yGYX  f  L  1  1  »2 . 0 
KlLJ  =COMXX»HXXtLl  Y  OMYY.HVYtLI  Y  OMZZ»HZZILI 

-  OMXYYHYXILl  -  GMYZ»HZY(l1  -  CMXZ »HZ X t L) ) • 2 . 0 
CALCULATE  gamma  TIMES  G.CAMma  TIMFx  •>,  Af.O  x  MATRICES 

DO  690  I=l,NP5 
DO  680  J=1.N^S 
GAMGCl.JI  *  O.'- 
GAMHI I ,J1  =  0.0 
00  680  X*l.rtPS 
IF  tX-JI  640.6aG.663 
L2  =  tJ»{J-in/2YX 
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645 

650 

660 

&6.S 

tircL 

6.90 

1 

2 
C 

700 

710 

715 

720 

730 

735 

C 

740 

750 

750 

770 

790 

930 

C 

940 

950 

960 

C 

970 

990 

I 

C 

890 

900 

910 

0162 


C  -  1*0 

GO  TO  670 
L2  «  (IC»tK-l  )  )/2+J 
C  -  -1.0 

GAMGd.J)  ■  GAMG(I.J)  +  C*GaW  (  I  .K  )  *G  ( L2  ) 

GAMHd.J)  •  GAMHd.J)  +  GAM  [  t  .K )  *H  (  L2  ) 

OKd)  •  (0MXX+0M2Z)»AZYF4d  )  +  ( OMXX+OMYY  )  *AZXF5  d  ) 
•4  (OMYY+OM2Z  )»AYXF6d  !  +  2 .0*  ( 0MXZ*AYXF4  d  )  +  0MXY*AZYF5d) 

♦  0MYZ*AZXF6d  )  i 

CALCULATE  H  MINUS  GAMMA  TIMES  G  TIMES  PF 
DO  735  1«1.NPS 
HGAMGPd  I  «  HHd  ) 

IF  (NTEGERI14))  720.720.735 
OO  730  J«1.NPS 

HGAMGPd)  •  HGAMGP  d  )-GAMG(  I  .J)*PP(  J) 

CONTINUE 

CALCULATE  DERIVATIVES  OF  P 
00  850  I»1,NPS 
PDd)  «  0.0 
HOd  )  »  0.0 
DO  830  J.=  1.NPS 

POd)  •  POd)  +  AINVd  »J)»HGAMGP(J1 
HDd)  *  HD  (I)  +  GAMd  .J)*1Dk(J)FPF(  J)  ) 

SET  P  EQUAL  TO  PROPER  INTEGRATION  VARIaFLE 
K  *  6+I»2 
OYOXIK)  *  PDd) 

00  900  1=1. NPS 
CALCULATE  DERIVATIVES  OF  H 
00  880  J=1.NPS 

HOd)  »HOd)  +  (GA‘'Hd  ,J)-s<d  .J)  )«PPt  J) 

-  (GAMGd  .J)+ed  .J)  )*PD(J) 

SET  H  EQUAL  TO  PROPER  INTEGRATION  VARIABLE 
K  =7+I»2 
OYDX(K)  »  HDd  ) 

RETURN 

END 
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LIST 

SV^PCL  T4«»Le 


o 

r 

\ '' ' 
1  1  ' 

/• 

I'* ' 

!  * 

'  A'' 

1  *f  ’ 

1  ^ ' 


’I** 

’>’9“' 


*»4' 


SU^ROUTIKF 

VAo 

VARCJA'^O'^U'^Y'"'*''*)  #y(T5l  tOCTSj.niTSJt 

►'TFr£0(  ?.?s  )  .PC  2»4^''l 

PO*»nMLe^.rf  (va-Xl )  *v  ( 1  j)  *(•'*•>(  7f )  ,r^Y'>y  (  n  I  # 
tv49 ( i^n  *0(1 )  j  * cviP(‘^'>i ) .*'1  n )  t  »NTPr,rRt  1 1 )  • 

(VAPl^^l  J  ♦0(1))  *('TP<-^CS)f*') 

LOA*^  t»‘OUT  '^ata 

CALL  P'OUt' 

rALri'L'y"  ''=^LT*.v(J)  at  v(1)  , 

C^LL 

00  4A  I  •  1,-; 

^CTC'‘>‘»Tvr  Tuc  rv|ixOfT  T«-*  * *T  » 

-^AtL  '"’•■^P  *T 

^ALC-'L'^''  Tu-t  y(jj  AT  v(i)  ,  A,r, 

''0  J  »  l»*‘ 

o  *  -  ''f  J)  ) 

^'CJI  *  >'IJl  ♦  P 
''(J)  *  '^CJ)  ♦ 

**  ''CD  •  cT^o  ^f7”, 

call  *'V'^X5 

''O  I  f  a  I  ♦ 

!  I  •  '^Y'^xc  !  )»^C  ’  I 

'‘ALC-L'T:  YIJI  AT  V|1)  ,  -AL^  ST’-P  SIZ*^* 

J  *  1  •*‘* 

3  ?*t-(  M  -  ^i.n\ 

'^{jy  •  ''(ji  ^  *=“ 

''(J)  «  '(J»  *  j, 

-ur  '‘rL'^"'(J>  •  -‘L^  •'‘'T'* 

CilL  ^y*"y« 

-'%'lO'X  I  .  i," 

t  )  •  ^Y*^V(  f  1*0<  \  ) 

riLC^'L^T*^  TUC  Yej)  .*’■  v|i|  ,  eycp  ci?-? 

2'*'^  J  «  !•' 

P  »  j)  .  ^tj)) 

Y(J)  •  ^(J)  ♦  O 

0(JI  •  “(Ji  ♦  J) 

-“AL'‘»;L'T-  Twff  -'CL'^^YfJI  fT  Vtn  s  <Tro  CI7C, 

CALL 

74''  I  «  1  ,'■ 

•'t  T  1  •  *'Y“'vf  M»P(  I  ) 

^Uff  Y{J»  '^(11  •  «TffP 
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270 

00  300  J  ■  1*N 

280 

R  ■  ^1&&6666667*I0IJ) 

>  2.0<K)(JH 

290 

-  V«J>  •  V«J»  ♦  R 

900 

oej»  •  0(J»  ♦  3.0»R  - 

,9*0(J> 

C 

PROCEPD  TO  THF  NEXT  INTEGRATION 

STEP. 

?10 

NGO  >  1 

32" 

GO  TO  120,3301 tNGO 

33'' 

RETI'RN 

ENO 

'>''59 
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*  LIST 

•  SYMBOL  TABLE 
COUTAIO 

SUBROUTINE  OUTAIO 
COMMON  VAN 

DIMENSION  VAR < 24000 1 tP ( 23400 1 (NTEGER ( 22 S I • 

1  OUTPIAtSTtAI  tNEOL(6l»YI79)»OYOXI7SltPPOOt 

EQUIVALENCE  (VARI 601 1 (P 1 1 > > .  I  VAR  1 376 ) tNTEGER 1 1 ) I < 

1  <P(17983l>0UTP(l)l>(NTEGERi33l«NE0Lllt)>INTEGERI39>»N0UTPt» 

2  INTEGERI40I«NL0>«(NTCGER(42I •NLINEI«IV|li>TI»ir(2itVXI» 

3  iri3l •VYI .(YI4I (VZl •(0Y0XI2I tVXOI •IDVDx(3>>VYDi>IDY0XI4l tVEOI < 

4  IPI24l>0MXI«(Pt29)>0MYI >IP(26 ) tOMZ > • IP( 12031 1  /PPI 1 1 1  • 

9  I VARI 1 )  tY( 1 1 1 1 ( VARI 76 1 >070X11 >  I 


10 

NOUTP 

•  NOUTP 

20 

IF  (NLINEI  30>30*90 

30 

WRITE 

OUTPUT  tape  6 >40 

40 

FORMAT l//eiH 

TIME  VX  VY 

VZ 

0 

IMEGAX 

OMEGAY 

OMEGAZ/ 

2 

t2H 

SEC  IN/SEC  IN/SEC 

IN/SEC 

R 

3A0/SEC 

RAO/SEC 

RAO/SEC// 1 

90 

WRITE 

OUTPUT  TAPE  6»60>T»VX»VT>VZ>0MX>0MY>0MZ 

60  P0RMAT(F11«3«1P6E12.4I 

70  NLO  ■  NLINE41 

to  00  130  NP0-1>N0UTP 

90  OUTPINPOtNLO*!)  ■  T 

100  NEOS  «  NEOLINPOt 

110  00  130  NE0>2*NE0S 

120  NE  ■  S*NP04NEO-6 

130  OUTPINPOtNLOtNEOi  •  PPINEI 

140  fPlNLlNE*34i  160*190>190 

190  CALL  LASOUT 

160  RETURN 

ENO 

0033 
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*  LIST 

•  SYMBOL  TABLE 
Q.ASOUT 


1 


10 

20 

30 

AO 

30 

60 

70 

80 

90 

100 

110 

120 


1 

2 

3 

A 


1 


suBROurrne  iasout 

COMMON  VAR 

DIMENSION  VARI2AOOOI>P<23AOO)»NTEGER(229) t 
OUTPt6«57t61 iNEOLI6t.YI75»»OYOX(7S)»PP(36l 

EOU I  valence  ( VAR  (601>>P<int(  VAR  ( 376 )  tNT  EGER  ( 1 )  1 1 
|P(17989)iOUTP(lt  t>(NTESER(33)  tNEOL(nt«(NTEGER(39)tNOUTPit 
(NTEGER( AO) •NL0)«INTEGERIA2) INLINE  If (Y|l) •T)«(Y(2I«VXI« 

(Y(3) fVYIi(Y( A) iVZ)f (0YDX<2)fVXD>f (DYDX(3) iVYDif (DYDXCAIfVZDIf 
(P(2AliOMX)i(P(25lfOMY)f(P(26)fOMZI 
NLO  •  NLO 
NOUTP  •  NOUTP 
DO  170  NPO  •  liNOOTP 
CALL  PAGEHO 
NE  ■  SAINPO-1) 

NEl  *  NEAl 
NE2  ■  NEa2 
NE3  ■  NEa3 
NEA  ■  NEaa 
NE5  «  NEA3 

WRITE  OUTPUT  TAPE  6f 120fNEl .NE2fNE3fNEAfNE3 
FORMATJ///18H  TIME  P-I2fllH  P-I2f 

IIM  P-12, IIH  P-I2fllH  P-12//) 


130  CO  170  J«lfNLO 

lAO  ';£OS  «  NEOLCNPO) 

190  WF.ITi  OUTPUT  TAPE  6 , 160,  lOUTP ( NPO,  J,NEOI, 


1  ‘lEO  «  1,N£05) 


160  -ORMAT(eil.3.1P*£I3.5l 
170  CONTINUE 

180  seturn 


0033 


END 
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*  LIST 

•  SYMBOL  TABLE 
COUTPUT 

SUBROUTINE  OUTPUT 
COMMON  VAR 

DIMENSION  VARI24000)  •PI2340'))  tY(TSI  .NTEGERI225I 
EQUIVALENCE  IVAR  (1 )  tY  ( 1 1 )  i  ( VAR  1 3T6 )  •NTEGERIDI  • 

1  (VARISOl)  tP(ll  l•(NTEGERI13)•NTSICIPI.INTEGER(«l)•LPRINT)  t 

2  INTEGER ( 42 ) tNL INE ) • INTEGER! 43 ) .NSKIP I 

EOU I valence  integer  1 18 ) (NOTO ) • I NTEGER 119) tNOTOl 1 1 
1  INTEGERI20I •NOT02I 


10 

IF  lYll)  -  PI2))  20.  $0.  50 

c 

determine  whether  or  not  to  print  on  This 

INTEGRATION  STEP 

20 

IF  INSKIP  -  NTSKIP)  30.  SO.  SO 

30 

NSKIP  «  NSKIP  ♦  1 

40 

GO  TO  150 

C 

determine  if  a  new  Page  is  required  for  printing  of  results 

SO 

IF  inline  -  55)  90.70.70 

C 

HEAD  A  NEW  PAGE 

70 

CALL  PAGEhO 

80 

NLINE  •  0 

90 

call  outaio 

100 

NLINE  •  NLINE  ♦  LPRINT  ♦  1 

110 

NSKIP  a  0 

C 

ON  The  LAST  STEP  OF  THE  INTEGRATION  GO  TO 

NEXT  RUN 

120 

IF  lYll)  -  PI2I>  150.  150.  130 

130 

CALL  LASOUT 

135 

IF  INOTDI  140.140.136 

136 

CALL  POUMP  IVAR.VARI150).1.VAR( 

I226).VARI300).1. 

1 

NTEGER.nTEGERI46).2.P|7531).PI21840I .1) 

140 

CALL  RK 

ISO 

0033 

RETURN 

END 
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*  LIST 

«  SYMBOL  TABLE 

CPA6EHD 


10 

20 

30 

1 

50 

0014 


subroutine  PAGEHD 

COMMON  VAR 

dimension  VAR(24000) tNTE6ER(225) 

equivalence  ( VAR  1 376) .NTEGERI 1) ) t INTEGER! 1 ) • lOENT ) t 
INTEGER (42) .NLINE) .INTEGER (44) .NPAGE) 

NPAGE  =  NPAGE  ♦  1 

VRITE  OUTPUT  TAPE  6.30.  IDEnT.  NPAGE 
FORMAT  (13H1  RUN  NO  I5.53H 

page  no  15) 

RETURN 

END 
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•  LIST 

•  SYMBOL  table 
CFORSCL 

SUBKOUTINE  POBSEL 
COMWN  VAB 


2 

10 

19 

20 
29 
90 
39 
AO 
A9 
90 
99 
60 

69 

70 
79 
60 
69 
60 
69 


OtMENSION  VAB(2AOOO>>NTE6ER(229l 
EOUtVALENCE  IVAR<  376t  •NTEGElt  ( 1 1 1 
NSU8R  >  NTEGERIlOt 

60  TO  C10»20>30>AO«90t60>70.60i60l tNSUBR 

CALL  FORCE 1 

60  TO  69 

CALL  FORCE2 

60  TO  99 

CALL  FORCES 

60  TO  99 

CALL  FORCEA 

GO  TO  99 

CALL  F0RCe9 

GO  TO  99 

CALL  FORCEA 

60  TO  99 

CALL  FORCE7 

GO  TO  99 

CALL  FORCES 

GO  TO  99 

CALL  F0RCE9 

RETURN 

END 


•  LIST 

*  SYMBOL  TABLE 
CFORCEl 

SUBROUTINE  FORCEl 
COMMON  VAR 

DIMENSION  VARI24000) tPI23400) »PFI30) •NTEGER(22SI 
EQUIVALENCE  IVARd  )  .T  »  .  ( VAR  ( 601 )  *P  (1 ) »  .  (P(4>  .C5I  i 

1  I  VAR  1 376) INTEGER (It ) » (P ( 121 1 >PF 1 1 ) )f INTEGER! 8 1 iNPS ) i ( P 1 3 ) >03  I • 

2  (PISliTS) 


10 

00  20  I-l.NPS 

20 

PF( I )  •  0,0 

30 

IF(T-TS1  40.40.60 

40 

FT  •  1.0 

50 

GO  TO  70 

60 

FT  •  0.0 

70 

PF(3>  •  C3»FT 

80 

PF(51  •  C5*FT 

90 

RETURN 

0019 

END 
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»  LIST 

CF0RCE2 


»  LIST 

CF0RCE3 


♦  LIST 

CFORCEA 


*  LIST 

CFORCE5 


*  LIST 

CF0RCE6 


*  LIST 

CFORCE7 


*  LIST 

CFORCee 


•  LIST 

CFORCE9 


0040 


SUBROUTINE  F0RCE2 

RETURN 

END 


SUBROUTINE  F0RCE3 

RETURN 

END 


SUBROUTINE  F0RCE4 

RETURN 

END 


SUBROUTINE  FORCES 

RETURN 

END 


SUBROUTINE  FORCES 

RETURN 

END 


SUBROUTINE  FORCE? 

RETURN 

END 


SUBROUTINE  FORCES 

RETURN 

END 


SUBROUTINE  FORCE 9 

RETURN 

END 
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4.0  SAMPI£  ANALYSIS  USING  DIGITAL  ROUTINE 

4.1  Geonsetry  and  Basic  Data  for  Multi -Cylinder  Model  to  "be  Used 
In  Checking  Digital  Routine 

Tlie  geometry  of  the  idealized  missile  is  shown  in  Figure  110. 


FIGURE  no  EXAMPLE  VEHICLE 


For  the  purposes  of  dynamic  analysis  the  model  is  assumed  to  consist  of  a 
rigid  body  supporting  two  homogenous  circular  cylinders  that  are  cantilevered 
from  a  xmiform,  homogenous ^  flat  plate.  The  cylinders  are  secured  at  top  by 
a  uniform  thin  rod  which  is  cantilevered  from  the  rigid  body  and  pinned  to  the 
top  of  the  cylinders. 

The  relative  dimensions  of  the  system  are  shown  in  Figure  111. 


FIGURE  11 1  MODEL  DIMENSIONS 
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■Hie  cylinders  will  be  allowed  parabolic  deformations  in  two  directions. 
The  bottom  plate  can  deform  so  that  slices  parallel  to  the  Z-axis  reiaain  rigid. 
The  rods  can  deform  axially  and  bend  in  two  directions. 

The  result  is  a  system  with  l4  degrees-of-freedOTs.  The  l4  generalized 
coordinates  are  shown  in  Figure  112. 


FIGURE  1 12  GEHERALIZ ED  COORDIH  AT ES 


In  Figure  112  Pg,  P4,  and  ar  displacements  and  rotations 
of  the  rigid  body  at  the  origin  of  coordinates,  x  =  O,  y  =  0,  s  =  0.  The 
generalized  coordinates  pj,  p^,  p^,  and  p^  are  displacements  of  the  ri^t 
cylinder  relative  to  the  rigid  bo^y  in  the  center.  Likewise,  Pj^q,  p-[-| ,  p^p 
and  are  relative  displacements  for  the  left  cylinder. 


Figures  113  and  lit  describe  the  deflection  asstinptions  in  detail. 


"8 


FIGURE  114  DEFLECTIONS  IN  THE  ANTI-SYMMETRIC  PLANE 


+xk'-t)'4f‘0 


for  (x,  y,  z)  on  the 
rigid  hody 


for  (x,  y,  z)  on 
plate  where  y<0 


U 


tv  i 


pz'tj  ^^l>^'t') 


fX£-<V 


(xt-XftV 


for  (x,  y,  z)  on 
plate  where  y>0 


for  (x,  y,  z)  on 
right  cylinder 


for  (x,  y,  z)  on 
left  cylinder 


*  -;  |>i  '(•)-  xh 


P,  •  ^‘U 


(1-35) 

for  (x,  y,  z)  on  the 
rigid  tody 


for  (x,  y,  z)  on 
plate  where  y<  0 


K'j*  -y.  -f.-. 


■*  p.J  t  .  '»i-  V  , 


for  (x,  y,  z)  on 
plate  where  y>-0 


t  h'>V>€  *1 


for  (x,  y,  z)  on 
right  cylinder 


for  (x,  y,  z)  on 
left  cylinder 
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These  relations  define  {hx(x,y,z)},  {hy(xjy,z)j-^  and -[112 (x^y,z)^  which 
were  introduced  in  Section  4.0. 


Pi  (*.  =  i  hi  (x,  Jj ,  i  )}  { f,,  iiy 


(1-36) 

(1-37) 

(1-38) 


The  Inertia  matrices  can  then  be  calculated 


=  i 


(1-39) 

(1-40) 

(1-41) 

(1-42) 

(1-43) 

(1-44) 


The  integration  is  broken  down  over  the  rigid  body,  the  two  cylinders,  and 
the  two  parts  of  the  plate  as  follows: 


.K^ 

''x* 


tK 


4..-^  .’A.t* 


fO  fi- 


\i 


r>t'' 

J.)  iv 


J) 


*;  tu 


(1-45) 
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In  these  expressions  A  is  the  cross-ssstional  area  of  the  cylinders_,  T 
is  the  thickness  of  the  plate  and  2b  is  the  width  of  the  plate. 

These  matrices  have  been  calculaxed  and  are  listed  in  Table  13.  The  cal¬ 
culations  were  based  on  the  dtnKnsxouS  in  Figure  111  with 

R  =  ins.  (1-^6) 


and 


^  =  i.i  ,  .3-5  ^ 


(1-47) 


Hxe  results  are  expressed  in  the  "slinch-inch-sec”  system  of  units.  The 
"slinch",  which  is  the  mass  unit,  is  one  Ibp-sec^/in.  This  is  the  only  consist¬ 
ent  set  of  units  using  inches  for  length  and  pounds  for  force.  'Oie  digital 
routine.  Pandora,  is  coded  for  accepting  input  data  in  any  consistent  set  of 
luiits. 


The  strain  energy  of  the  system  is 


(l-4£) 


.lx 


r 


where  r  is  the  ralius  ani  1  is  the  len^h  of  the  z'oi* 


When  equations  I-3h,  I*3T,  ani  1-3-  intraiueel  we  obtain 


(1-44) 
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The  stiffness  matrix  is  listed  in  Table  l4  for  the  following 


and 


V  =  0.25 


(1-50) 


t  =  1617  .  lo'-  Hr  /’v,} 


(1-51) 


Tlie  fictitious  values  of  f>,  and  E  are  introduced  to  make  the  homogenous 
model  representative  of  a  missile  about  170  feet  long  with  a  total  mass  of 
950>600  Ibji^  and  a  fundamental  free -free  frequency  of  about  1.0  cps. 

The  damping  matrix  was  taken  as 

[8]=^  Lx]  (1-53) 

The  vibration  modes  are  listed  in  Table  17* 
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TABLE  14 

INERTIA  MATRICES  OF  MULTI-CYLINDER  MODEL 

INERTIA  MATRICES  FOR 
MULTI-CYLINDER  MODEL 


j^^xx  J 

ROW 

COLUMN 

1 

2 

3 

4 

5 

1 

2.  A6269E 

03 

•  0. 

0. 

0* 

0. 

5 

0. 

0. 

0. 

0. 

6.69156E 

07 

7 

6.75281E 

01 

0. 

0. 

0. 

0. 

10 

6.75281E 

01 

0. 

0. 

0. 

0. 

13 

0. 

0. 

0. 

0. 

5.88542E 

04 

lA. 

0. 

0. 

0. 

0. 

5.88542E 

04 

ROW 

COLUMN 

6 

7 

8 

9 

10 

1 

0. 

6. 78281E 

01  0. 

0. 

6.75281C 

01 

6 

l.0I6'91E 

08 

-3. 36604E 

04  0. 

0. 

3. 36604E 

04 

7 

-3.3660<iE 

OA 

6.5C8431. 

01  0. 

c. 

■'  • 

10 

3. 3660^E 

04 

0. 

0. 

0. 

6. 80843E 

01 

ROW 

COLUMN 

1 1 

12 

13 

14 

5 

0. 

0. 

5.88542E 

04 

5.88542E 

04 

13 

0. 

0. 

3.53125E 

04 

0. 

14 

0. 

0. 

0. 

3.53123E 

04 
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INERTIA  MATRICES  FOR 
MULTI-CYLINDER  MODEL 


[* 

yy] 

ROM 

COLUMN 

1 

2 

3 

A 

5 

2 

0  . 

2.A6269E 

03 

0. 

0. 

0. 

A 

0. 

0. 

0. 

6.69156E 

07  0. 

6 

0. 

7.915AAE 

OA 

0. 

0. 

0. 

7 

0. 

5.A59AAE 

01 

0. 

0. 

0. 

a 

0. 

2.0A729E 

01 

0. 

0. 

0. 

10 

0. 

-5.A59AAE 

01 

0. 

0. 

0. 

11 

0. 

2.0A729E 

01 

0. 

0. 

0. 

ROM 

COLUMN 

6 

7 

8 

9 

10 

2 

7.915AAE 

OA 

5.A59AAE 

01 

2.0A729E 

01 

0. 

-S.A59AAE 

01 

6 

8.7002lt 

08 

1.85621E 

OA 

0. 

0. 

-1.65621E 

OA 

7 

1.85621E 

OA 

5. 823A0e 

01 

1.637e3E 

01 

0. 

0. 

8 

0. 

1.63783E 

01 

l'.22837E 

01 

0. 

0. 

10 

-1.85621E 

OA 

0. 

0. 

0. 

S.823A0E 

01 

11 

0. 

0. 

0. 

0. 

1.63783E 

01 

ROM 

COLUMN 

11 

12 

13 

lA 

2 

2.0A729E 

01 

0. 

0. 

0. 

10 

1.63783E 

01 

0. 

0. 

0. 

11 

1.22837E 

01 

0. 

0. 

0. 

INERTIA  MATRICES  FOR 
MULTI-CYLINDER  MODEL 


[ 

Azz 

ROW 

COLUMN 

1 

2 

3 

4 

5 

3 

0. 

0. 

2-46269E 

03 

0. 

-7.91544E 

04 

4 

0. 

0. 

0. 

1.01691E 

08 

0. 

5 

0. 

0. 

-7.91544E 

04 

0. 

8.70021E 

08 

9 

0. 

0. 

2.04729E 

01 

1 .04412E 

04 

0  . 

12 

0. 

0. 

2.04729L 

01 

. -1 .04412E 

04 

0. 

13 

0. 

.  0. 

1.39216E 

04 

7.1000LE 

06 

-4.73333E 

06 

14 

0. 

0. 

1 . 39216E 

C4 

-7.10001 c 

Lb 

-4.73333E 

06 

ROW  ■ 

COLUMN 

6 

7 

6 

9 

10 

3 

0. 

0. 

0. 

2. 

,04729E  01 

0 . 

4 

0. 

0. 

C. 

1. 

.04412F  04 

0. 

9 

0. 

0. 

C. 

1. 

22837r  05 

c. 

13 

0. 

0. 

0. 

4. 

.17647E  03 

0. 

ROW 

COLUMN 

11 

12 

13 

14 

3 

0. 

2.04729E 

01 

1.39216E  04 

1. 

39216E  04 

4 

0. 

-1.04412E 

04 

7.10000E  06 

-7. 

lOOCOE  06 

5 

0. 

0. 

-4.73333E  06 

-4. 

73333E  06 

9 

0. 

0. 

4.17647E  03 

0. 

12 

0. 

1.22837E 

01 

0. 

4. 

17647E  03 

13 

0. 

0. 

3.78667E  06 

0. 

14 

0. 

4. 17647E 

03 

0. 

3. 

78667E  Ob 
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ROW 


INERTIA  MATRICES  FOR 
multi-cylinder  model 


[\x] 

column 


1 

2 

3 

4 

2 

2.46269E  03 

0. 

0. 

0. 

4 

0. 

0. 

0. 

0. 

6 

7.91544E  04 

0. 

0. 

0- 

7 

5.45944E  Cl 

0. 

0. 

0. 

a 

2.04729E  01 

0. 

0. 

0. 

10 

-5.45944E  01 

0. 

0. 

0. 

11 

2.04729E  01 

0. 

0. 

0. 

row 

COLUMN 

6 

7 

8 

9 

2 

0. 

6.75281E 

01 

0. 

.  0. 

6 

0. 

2.71140E 

04 

0. 

0. 

7 

-2.78431E  04 

5.45944t 

01 

0. 

0. 

8 

-1.04412E  04 

2.04729E 

01 

0. 

0. 

10 

-2.78431E  04 

-0. 

0. 

0. 

11 

1.04412E  04 

-0. 

0. 

0. 

ROW 

COLUMN 

11 

12 

13 

14 

5 


0. 

-6.69156E  07 

0. 

0. 

0- 

0. 

c. 


10 

6.75281E  01 
2.711^0£  04 

0. 

0. 

-5).45944E  01 
2.04729E  01 


4 


0 


0 


-5.88542E  04  -5.88542E  04 


ROW 


3 

5 

9 

12 

13 

lA 


inertia  matrices  for 
multi-cylinder  model 

COLUMN 


1 

2.46269E  03 
-7.915AAE  OA 
2.0A729E  01 
2,0A729E  01 
1.39216E  QA 
1.39216C  OA 


0. 

0. 

0. 

0. 

0. 

0. 


0. 

0. 

0. 

0. 

0. 

0. 


0. 

0. 

0. 

0. 

0. 

0. 


0. 

0. 

0. 

0. 

0. 

0. 


ROW 


3 

A 

5 

9 

12 

13 

lA 


COLUMN 

6  ^ 

„  6.7S201C  01  C. 

u  • 

-1.01691E  08  3.3660AE  OA  0. 

»  -2.711A0C  OA  0. 

u  • 

-1.0AA12E  OA  2.0A729E  01  0. 

1.0AA12E  OA  0. 

-7.1000CE  06  1.39216E  OA  0. 

7.10000E  06  0. 


0. 

0. 

0. 

0. 

0. 

0. 

0. 


10 

6.75281E  01 
-3.3660AE  OA 
-2.711A0E  OA 

0. 

2.0A729E  01 

0. 

1.39216E  OA 
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INERTIA  MATRICES  FOR 

MULTI- 

CYLINDER  MODEL 

h»] 

KOM 

COLUMN 

1 

2 

3 

4 

5 

3 

0. 

2.46269E 

03 

0. 

0. 

0. 

5 

0. 

-7.91544E 

04 

0. 

0. 

0. 

9 

0. 

2.047296 

01 

0. 

0. 

0. 

12 

0. 

2.04729E 

01 

0. 

0. 

0. 

13 

0. 

1.392166 

04 

0. 

0. 

0. 

U 

0. 

6.  187366 

03 

0. 

0. 

0. 

ROW 

COLUMN 

6 

7 

8 

9 

10 

•3 

7.91544E 

04 

5.45944E 

01 

2.04729C  01 

0. 

').<*5944E 

01 

A 

0. 

2.784316 

04 

1.04412E  04 

0. 

2.784316 

04 

5 

-8.70021E 

08 

-1.856Z1E 

04 

0. 

0. 

1.85621E 

04 

9 

0. 

1.63783E 

01 

1.22837E  01 

0. 

0. 

12 

0. 

0. 

0. 

0. 

1.637836 

01 

13 

4.73333C 

06 

7.42484E 

03 

4. 17647E  03 

0. 

0. 

14 

4.73333E 

06 

0. 

0. 

0. 

7.42484E 

03 

ROW 

COLUMN 

1 1 

12 

13 

14 

3 

2 .04729E 

01 

0. 

0. 

0. 

4 

-1 .04412E 

04 

0. 

0. 

0. 

12 

1 .22837E 

01 

0. 

0. 

0. 

14 

4.17647E 

03 

0. 

c. 

0. 
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TABLE  15 

STIFFNESS  MATRIX  OF  MULTI-CYLINDER  MODEL 

STIFFNESS  MATRIX  FOR 
MJLTI-CYL INOER  MODEL 

[«] 

ROM  COLUMN 


6 

( 

8 

9 

10 

7 

0. 

7.82137E 

02  -1.37249E 

02 

0. 

0. 

8 

0. 

-1.37249E 

02  3.31971E 

03 

0. 

0. 

9 

0. 

0. 

0. 

4kl3578E 

01 

0. 

10 

c. 

u  • 

0. 

r\ 

• 

7.82137F 

ll 

0. 

'v  « 

0. 

0. 

1.37249E 

13 

0. 

0. 

c . 

-3.49983E 

04 

C. 

ROM 

COLUMN 

11 

12 

13 

14 

9 

0. 

0. 

-3.49985E 

04 

C. 

10 

1.37249E 

02 

0. 

0. 

0. 

11 

3.31971E 

03 

0. 

0. 

0. 

12 

0. 

4.13578E 

01  0. 

-3.49985E 

04 

13 

0. 

0. 

5.24197E 

07 

0. 

14 

0. 

-3.49985E 

o 

o 

5.24197E 

07 
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TABLE  16 

DAMPING  MATRIX  OF  MULTI-CYLINDER  MODEL 


ROW 

OAMPPlG  matrix  for 
MULT  I-CYL  r-JOER  MODEL 

[»] 

COLUMN 

6 

7  & 

9 

10 

7 

0. 

L'*  4.6146ir“03 

-8.09769E-04 

c. 

8 

0. 

■J.  -8,09769E-04 

1.95863E-02 

c. 

9 

0. 

o 

• 

o 

• 

0. 

2.44011E-04 

13 

0. 

0  ■  c  • 

0  . 

-2.i".6491E-01 

ROW 

column 

ll 

12  li 

14 

9 

■0. 

0.  -2.06491E-01 

0. 

10 

8.09769E-04 

0.  0. 

0. 

11 

1.95863E-02 

C . 

0. 

12 

0. 

2.44011E-n4  0. 

-2.C649ir-Cl 

13 

0. 

0,  3.39276E  02 

0. 

14 

0. 

-2.06491E-01  C. 

3.0927fcE  02 
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TABLE  17 

VIBRATION  MODES  AND  FREQUENCIES  OF  MULTI-CYLINDER  MODEL 


RIGID  BODY  MODES  OF 
MULTI-CYLINDER  MODEL 


coll; 

1ST  MODE 

2ND  MODE 

3RD  MODE 

POINT 

0  CPS 

0  CPS 

0  CPS 

1 

l.OOOOOOOE  00 

0. 

0. 

2 

0. 

l.OOOOOOOE  00 

c. 

3 

0. 

0. 

l.OOOOOOOE  00 

COLL. 

POINT 

4TH  MODE 

0  CPS 

5TH  MODE 
0  CPS 

6TH  mode 

0  CPS 

2 

0  • 

0. 

-3.2141383E 

01 

3 

r. 

v*  • 

3.2141383F 

01 

0. 

4 

l.OOOOOOOE  CO 

C. 

0. 

■5 

0. 

l.OOCOOCOE 

CD 

0. 

6 

0. 

0. 

l.OOOOOOOE 

00 
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elastic  vibration  modes  of 
molti-cylinoer  model 


COLL-. 

point 

7TH  MODE 
0.1525  CPS 

8TH  MODE 
0.1616  CPS 

9TH  mode 
0.4017  CPS 

i 

0. 

0. 

-1.1133801E-04 

2 

0. 

0. 

-1.1833926E-04 

3 

-2.0188738E-04 

-6.9968322E-12 

0. 

4 

3.530C'905E-14 

-1.6040825E-06 

0. 

5 

4.54991B4E-08 

1.5349514E-15 

0. 

6 

0. 

0. 

8,8626299E-08 

7 

0. 

0. 

4.57195C4E-C3 

8 

0. 

0. 

3.36C122BE-04 

.9 

7.967493eE-C3 

0.455O517E-O3 

3. 

10 

3. 

0. 

-5.1154501E-C4 

11 

0. 

G  • 

4.3165546E-07 

12 

7.9674943E-03 

-8.4550512E-03 

0. 

13 

6.2691606E-06 

6.6124S35E-06 

0. 

14 

6.2691609E-06 

-6.6124632E-06 

0. 

lOTH  MODE 
0.4064  CPS 

-1.4099310E-04 

9.3313473E-05 

D. 

0. 

0. 

-7.1413935E-0B 

5.1743S6SE-04 

4,2828EB3E-05 

0. 

4.6244134E-03 

-3.9645560E-05 


J  • 

D. 
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ELASTIC  VIBRATION  MODES  OF 
MULTI-CYL IVOER  MODEL 


COLL. 

POINT 

IITH  MODE 
0.9697  CPS 

12TH  MODE 
0.9711  CPS 

13TH  MODE 
2.899  CPS 

14TH  MODE 
2.951  CPS 

1 

0. 

0. 

5.6372719E-06 

8.8310973E-05 

2 

0. 

0. 

6.3957797E-05 

-1.98642&DE-04 

3 

7.5097082E-C5 

2.5339505E-05 

0. 

0. 

4 

-2;3025346E-07 

6.8238795E-07 

0. 

0. 

'5 

-2.0908947E-07 

-7.0551745E-08 

0. 

0. 

'6 

0. 

0. 

-5.4058644E-Oa 

2.0338322E-08 

7 

0. 

0. 

-1.6T47193E-03 

-1.4765217E-03 

8 

0. 

0. 

1. 176A473E-C2 

1.096193DE-02 

9 

6.5B69496E-C3 

1 .2696e21E-02 

r 

10 

0. 

0. 

1.4691340E-C3 

-1.7441D80E-03 

11 

0. 

0. 

-1.0885370E-02 

1.2140589E-0Z 

12 

1.2934143E-02 

-6.1119409E-03 

C. 

0. 

13 

-1.4189395E-05 

-2.9219000E-05 

0. 

0. 

14 

-2.8991421E-05 

1.4648770E-03 

0  . 

0. 
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4.2  Sample  Problems 


The  digital  program  was  demonstrated  for  three  different  problems: 

(l)  Response  to  simplified  gust.  Generalized  forces  were  taken  as 


ff  5-  =  -  ’C  I 


(1-54) 

(1-55) 


where 


0  in.  t<  U 

(1-56) 

Va, 

=  2.442  X  10^  in/sec 

(1-57) 

t» 

=  0.5325  secs,  (five  missile  lengths) 

■JT 

v® 

a  9»82&  X  10"3  ^2Q  ft/sec.  gust) 

a  2.011  X  105  in2 

a  2.373  :<  10®  in^ 

(2)  Response  to  in^iulsive  spin-up.  External  forces 
were  zero;  all  initial  conditions  zero  except  Cl%fo) . 

Clxlo)  =  10  norf./iec  . 

All  other  forces  were  zero.  All  initial  conditions 
were  zero. 

(3)  Response  to  initial  displacements  in  first  mode  of 

vibration.  All  external  forces  were  zero;  all  initial 
conditions  were  zero  except  . 

the  first  mode  of 
vibration 

The  results  of  these  problems  are  given  on  the  following  pages. 


(1-58) 


(1-59) 
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TABLE  18 

DATA  READ  INTO  THE  COMPUTER  FOR  SAMPLE  RUNS 


15  0  0 

pandora  -  L'/V*20 
RESPONSE  OF  TITAN 

1  .1 

2  20.0 

3  1235. 256T* 

A  1452A15.25 

5  .5325 

2  5  0  1 

PANOCPA  -  LVV42'' 
RESPONSE  OF  titan 

1  .05 

2  n.o 

3  0.0 

4  o,r> 

5  0.0 

5  «.*3 


•►7 

1  o  X 

PANOOPA  - 

OP  7|TA.; 


•\ 

•  1 

2 

—  ^2“Tno7'»->.«*7 

77 

,73/t7474‘>-'^? 

71 

*»4 

0  0  0  14 

15  AUG  1953 
I t I  MOOEL  TO  GUST 


ni 


0  0 
15  AUG 
•'O-’PL  .T'  f 


14-^1 

1*53 

P'JLSIV^  57  1- -JO 


Itl 


o  It 

15  AUG  1950 
T'A  I'llTl'L 


ITS  1ST 
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TABLE  19 

LISTINGS  OF  COMPUTER  RUNS  FOR  TRANSIENT  GUST  RESPONSE 


RUN  NO  1  PAGE  NO  1 

PANOOR*  -  i.VVA20  IS  AUG  1963 

RESPONSE  OF  TITAN  III  HOOEL  TO  GUST 


TIME 

vx 

¥Y 

V2 

□NEGAX 

OMEGAY 

0MEGA2 

SEC 

IN/SEC 

IN/SEC 

in/sec 

RAO/sec 

RAO/SEC 

RAD/S6C 

0. 

0. 

0. 

0. 

-0. 

0. 

0. 

0.100  -2.6792E-07  -8.61A4E-20  5.0159E-02  -A.5379E-17  1.6025E-0A  -5.9227E-20 

0.200  -2.1A3AE-06  -6.4326E-18  1.0032E-01  -A.1,189E-15  3.2049E-04  3.3259E'18 

0.300  -7.2339E-06  -1.5451E-16  1.504SE-01  -3.9934E-14  4.3074E-04  1.3559E-18 

0.400  -1.7147E-05  -1.47606-15  2.0063E-01  -1.7194E-13  6.4093E-04  5.152GE-17 

0.500  -3.34906-05  -7.79826-15  2.5079E-01  -5.2731E-13  8.0123E-04  1.4679E-16 

0.600  -5.49636-05  -2.73186-14  2.59156-01  -1.35336-12  8.27936-04  2.57776-16 

0.700-7.64206-05-7.11296-14  2.59156-01-2.10396-12  8.27936-04  4.74456-16 

0.800  -9.78766-05  -1.36646-13  2.59156-01  -2.99046-12  3.27936-04  6.72866-16 

0.900  -1.19336-04  -2.23976-13  2.59156-01  -3.91346-12  8.27936-04  9.15776-16 

1.000  -1.40796-04  -3.33356-13  2.59156-01  -4.41216-12  8.27936-04  9.59556-16 

1.100  -1.62246-04  -4.51816-13  2.59156-01  -4.35176-12  8.27936-04  1. 48106-15 

1.200  -1.83706-04  -5.62376-13  2.59156-01  -3.86366-12  8.27936-04  1.54246-15 

1.300  -2.05166-04  -6.54216-13  2.59156-01  -2.85006-12  8.27936-04  1.74916-15 

1.400  -2.26616-04  -7.15296-13  2.59156-01  -1.33266-12  8.27936-04  1.80736-15 

1.500  -2.48076-04  -7.33466-13  2.59156-01  3.49646-13  8.27936-04  1.78116-15 

1.600  -2.69536-04  -7.06216-13  2.59156-01  2.01896-12  8.27936-04  1.99646-15 

1.700  -2.90986-04  -6.36246-13  2.59156-01  3.6bl86-12  8.27936-04  1.78636-15 

1.800  -3.12446-04  -5.25126-13  2. 59156-01  5.14616-12  8.2793t-04  1.52196-15 

1.900  -3.33896-04  -3.77076-13  2.59156-01  6.38956-12  8.27936-04  1.38886-15 

2.000  -3.55356-04  -1.98786-13  2.59156-01  7.44636-12  8.27956-04  3.10056-16 

2.100  -3.768ie-Q4  4.67996-15  2.59156-01  8.30246-12  3.27936-04  2.50366-16 

2.200  -3.98266-04  2.23016-13  2.59156-01  8.86276-12  8.27936-04  -1.76236-16 

2.300  -4.19726-04  4.62826-13  2.5915E-01  9.06846-12  8.27936-04  -9.53996-16 

2.400  -4.41176-04  6. 98916-13  2.59156-01  8.86856-12  8.27936-04  -1.50776-15 

2.500  -4.62636-04  9.25146-13  2.59156-01  8.23156-12  8.27936-04  -2.08046-15 

2.600  -4.84096-04  1.12926-12  2.59156-01  7.03216-12  8.2793t-04  -2.94366-15 

2.700  -5.05546-04  1.29996-12  2.59156-01  5.61886-12  3.27936-04  -3.23496-15 

2.800  -5.27006-04  1.42946-12  2.59156-01  3.9626E-12  8.27936-04  -3.69256-15 

2.900  -5.48456-04  1.51476-12  2.59156-01  2.29006-12  8.27936-04  -4.14356-15 

3.000  -5.69916-04  1.55716-12  2.59156-01  7.74436-13  8.27936-04  -4.31896-15 

3.TOO  -5.91376-04  1.56226-12  2.59156-01  -4.68826-13  8.27936-04  -4.63756-15 

3.200  -6.12826-04  1,53316-12  2.59156-01  -1.40316-12  3.27936-04  -4.66736-15 

3.300  -6.34286-04  1.49286-12  2.59156-01  -2.08326-12  8.27936-04  -4.64726-15 

3.400  -6.55746-04  1.43326-12  2.59156-01  -2.50606-12  8.27936-04  -4.56346-15 

3.500  -6.77196-04  1.36386-12  2.S915c-01  -2. 82716-12  3.27936-04  -4.33716-15 

3.600  -6.93656-04  1.28736-12  2.59156-01  -3.03136-12  8.27936-04  -4.26416-15 

3.700  -7.20106-04  1.20506-12  2.59156-01  -3.30096-12  3.27936-04  -3.96546-15 

3.800  -7.41566-04  1.11766-12  2,59156-01  -3.53196-12  8.27936-04  -3.67746-15 

3.900  -7.63026-04  1.02566-12  2.59156-01  -3.70366-12  8.27936-04  -3.40426-15 

4.000  -7.84476-04  9.28536-13  2.59156-01  -3.94016-12  8.27936-04  -2.98466-15 

4.100  -8.05936-04  8.25106-13  2.59156-01  -4.2i23F-12  8.27936-04  -2.91636-15 

4.200  -8.27386-04  7.12896-13  2.59156-01  -4.6616C-12  8.27936-04  -2.36136-15 

4.300  -8.48846-04  5,89316-13  2.59156-01  -5.13566-12  8.27936-04  -2.10116-15 

4.400  -8.70306-04  4.53166-13  2.59156-01  -5.57746-12  8.27936-04  -1.78336-15 

4.500  -3.91756-04  3.06456-13  2.59156-01  -5.83646-12  8.27936-04  -1.13166-15 

4.600  -9,13216-04  1.55396-13  2.59156-01  -5.75266-12  8.27936-04  -8.36346-16 

4.700  -9.34666-04  1.01696-14  2.59156-01  -5.21506-12  8.27936-04  -5.39746-16 

4.800  -9.56126-04  -1.163,86-13  2.59156-01  -4.2:706-12  8.27936-04  -5.91936-16 

4.900  -9.77586-04  -2.14046-13  2.59156-01  -2.8V9aE-12  3.27936-04  -3.71956-17 

5.000  -9. 99036-04  -2.72926-13  2.59156-Ql  -1.2265c-l2  8.27936-04  1.66356-16 

5.100  -1.02056-03  -2.90156-13  2.59156-01  3.7^296-13  8.27936-04  2.C69r6-l- 

5.200  -1.04196-03  -2.67486-13  2.59156-31  1.7997C-12  8.,2793e-34  1.50476-.  . 

5.300-1.06346-03-2.10436-13  2.59156-31  2.96296-12  8.27936-04-2.49866-1. 

5.400  -1.08496-03  -1.26456-13  2.59156-01  3.83906-12  8. 29936-04  -2.41576-16 
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RUN  NO 


I 


PAGE  NO 


2 


TIME 

0. 

O.lOO  - 
0.200  - 
0.300  - 
0.400  - 
0.500  - 
0.500  - 
0.700  - 
0.800  - 
0.900  - 
l.OOO  - 

1.100  - 
1.200  - 

1.300  - 

1.400  - 

1.500  - 
1.600  - 

1.700  - 
1.800  - 

1.900  - 
2.000  - 

2.100  - 
2.200  - 

2.300  - 

2.400 

2.500 
2.600 

2.700 
2.800 

2.900 
3.000 

3.100 

3.200 

3.300 

3.400  - 

3.500  - 

3.600  - 

3.700  - 

3.800  - 

3.900  ' 
4.000  - 

4.100  - 

4.200  - 

4.300  - 

4.400  - 

4.500  - 

4.600  - 

4.700  - 

4.800 

4.900 
5.000 

5.100 

5.200 

5.300 

5.400 


P-  I 

0. 

4.60395E-10 
6.99837E-09 
3.41237E-0a 
1.06439E-07 
2.60158E-07 
5.29714E-07 
9.07931E-07 
1.38382E-06 
1.92410E-06 
2.481496-06 
3.00939E-06 
3.45984E-06 
3.787986-06 
3.965166-05 
3.98045E-05 
3. 835766-05 
3.545226-06 
3. 131836-05 
2.620036-06 
2.033006-06 
1.393966-06 
7.259716-07 
5.875786-08 
5. 784956-07 
1. 147306-06 
1.508586-06 
1.926686-06 
2.07531E-06 
2.04315E-06 
1. 836876-06 
1.479976-06 
1.008946-06 
4.670626-07 
1.023366-07 
6.6U556-07 
1. 179106-06 
1.633336-06 
2.006396-06 
2.283216-05 
2.449396-06 
2.491526-06 
2.399876-05 
2. 172576-05 
1.819686-06 
1.365536-06 
8.481136-07 
3.150526-07 
1.827566-07 
5.986146-07 
8.962516-07 
1.053586-06 
1.063096-06 
9.292646-07 
6.643426-07 


P-  2 

0. 

1.970126-10 

2.098426-09 

6.411966-09 

1.248556-08 

2.068556-08 

2.642546-08 

2.053016-08 

1.974476-08 

2.018946-08 

1.255396-08 

4.118136-09 

-1.088826-09 

-8.486216-09 

-1.718456-08 

-2.320536-08 

-2.879526-08 

-3.581366-08 

-4.205626-08 

-4.700506-08 

-5.143836-08 

-5.369166-08 

-5.191356-08 

-4.607C16-C8 

-3.608086-08 

-2.176336-08 

-4.320026-09 

1.443046-08 

3.312376-08 

5.040396-08 

6.493556-08 

7.605456-08 

8.354786-08 

8.714846-08 

8.660816-08 

8.171686-08 

7.211546-08 

5.747906-08 

3.789426-08 

1.400476-08 

-1.292756-08 

-4.098476-08 

-6.780706-08 

-9.098806-08 

-1.084266-07 

-1.186076-07 

-1.207896-07 

-1.150096-07 

-1.018916-07 

-8.243056-08 

-5.778496-08 

-2.914156-08 

2.289726-09 

3.516936-08 

6.789626-08 


P-  3 

0. 

3.810606-05 
1.638156-04 
4.055826-04 
8.027516-04 
1. 381436-03 
2.127666-03 
2.956916-03 
3.835426-03 
4.648736-03 
5.330126-03 
5.835166-03 
5.170396-03 
6.380356-03 
6.538986-03 
6.717016-03 
6.956496-03 
7.254726-03 
7.564516-03 
7.810556-03 
7.916156-03 
7.830536-03 
7.547616-03 
7.107596-03 
6;58395E-03 
6.057446-03 
5.588086-03 
5.194946-03 
4.850536-03 
4.492746-03 
4.047926-03 
3.460076-03 
2.71244C-03 
1.835586-03 
8.989906-04 
-1.244356-05 
-8.257556-04 
-1.504176-03 
-2.057856-03 
-2.537886-03 
-3.015526-03 
-3.554876-03 
-4.185846-03 
-4.896896-03 
-5.527906-03 
-5.298946-03 
-5.832706-03 
-7.181576-03 
-7.343856-03 
-7.362376-03 
-7,308956-03 
-7  ,257546-03 
-7.257226-03 
-7.314376-03 
-7.390346-03 


P-  4 

0. 

5.640406-15 
1.590796-14 
2.557816-14 
1.420946-14 
-1.911186-14 
-5.478756-14 
-9.547286-14 
-1.047026-13 
-1.175406-13 
-9.490316-14 
-3.583986-14 
5.383726-14 
1.455216-13 
1.999576-13 
2.188076-13 
2.089416-13 
1.518966-13 
1.289006-13 
9.858356-14 
7.119066-14 
5.569746-14 
5.974576-14 
5.373526-14 
3.942926-14 
-7.046816-14 
-1.977436-13 
-3.142726-13 
-3.993086-13 
-4.457536-13 
-4.158396-13 
-3.945726-13 
-3.885526-13 
-4.372756-13 
-5.737016-13 
-7.500396-13 
-9.457286-13 
-1.137436-12 
-1.295026-12 
-1.438866-12 
-1.562806-12 
-1.534816-12 
-1.737126-12 
-1.859966-12 
-2.045556-12 
-2.316286-12 
-2.585336-12 
-2.874456-12 
-3. 123786-12 
-3.287846-12 
-3.332536-12 
-3.273716-12 
-3.157366-12 
-3.038396-12 
-2.971126-12 


P-  5 

0. 

7.628636-08 

2.717556-07 

4.993946-07 

6.495906-07 

6.301826-07 

3.461546-07 

-2.543376-07 

-1.009756-06 

-1.700196-06 

-2.126496-05 

-2.181196-05 

-1.886626-06 

-1.386386-05 

-8.934446-07 

-5.133806-07 

-6.703696-07 

-1.062506-06 

-1.562356-06 

-2.252706-06 

-2.550796-05 

-2.584656-05 

-2.344016-06 

-1.737536-05 

-1,053886-06 

-5.405996-07 

-3.252506-07 

-4.538656-07 

-8.558956-07 

-1.346066-05 

-1.685596-06 

-1.715846-05 

-1.374846-06 

-7.299796-07 

4.152796-08 

7.193856-07 

1.117776-06 

1.151416-05 

8.655156-07 

4.193716-07 

2.773496-08 

-1.158536-07 

9.057326-08 

6.205316-07 

1.328246-06 

2.000576-06 

2.433216-05 

2.503556-06 

2.214356-05 

1.592396-05 

1.142706-06 

7.748116-07 

7.274646-07 

1.018846-06 

1.540106-06 


RUN  NO 


I 


RAGE  NO 


3 


TINE 

0. 

0.100 
0.200 
0.300 
0.400  - 
0.500  - 
0.600  - 
0.700  - 
0.800 
0.900 
1.000  - 
1.100  - 
1.200  - 

1.300  - 

1.400  - 

1.500 
1.600 

1.700 
1.800 

1.900 
2.000 
2.100 
2.200 

2.300 

2.400 

2.500 
2.600 

2.700 
2.800  - 

2.900  - 
3.000  - 

3.100  - 

3.200  - 

3.300  - 

3.400  - 

3.500  ~ 

3.600  - 

3.700  - 

3.800  - 

3.900  - 
4.000  - 

4.100 

4.200 

4.300 

4.400 

4.500 

4.600 

4.700 

4.800 

4.900 
5,000 

5.100 

5.200 

5.300  - 

5.400  - 


R-  6 


0. 

1.94319E-14 
2.19317E-13 
7.45905E-iy 
1.68913E-12 
3.28076E-12 
5.29224E-12 
6.S2048E-12 
9.07251E-12 
1.134086-11 
1.242536-11 
1.254706-11 
1.16622E-11 
9.06251E-12 
4.796136-12 
6.592976-13 
7.179856-12 
1.442586-11 
2,163766-11 
2.820866-11 
3.366006-11 
3.737036-11 
3.881766-11 
3.773496-11 
3.394176-11 
2,737696-11 
1.824556-11 
6.962766-12 
5.905476-12 
1.958976-11 
3,315316-11 
4.560636-11 
5.596456-11 
6.330876-11 
6.689746-11 
6.624246-11 
6.11375E-11 
5.168776-11 
3,831776-11 
2.173686-11 
2.891616-12 
1.708036-11 
3.691566-11 
5.530116-11 
7.094636-11 
8.266436-11 
8.946026-11 
9.061466-11 
8.575546-11 
7.491256-11 
5.854446-11 
3.752656-11 
1. 310356-11 
1.319066-11 
3.963936-11 


P-  7 


0. 

0.28623E-09 
1.260566-07 
6.150366-07 
1.919246-06 
4.692556-06 
9.558086-06 
1.639016-05 
2.499326-05 
3.477326-05 
4.488216-05 
5.448206-05 
6.271076-05 
6.875846-05 
7.21036E-05 
7.25422E-05 
7.009906-05 
6.S0160E-05 
5.769366-05 
4.855976-05 
3.801936-05 
2.64801E-05 
1.436916-05 
2.1649SE-06 
-9.550976-06 
-2. 009676-05 
-2.875606-05 
-3.487046-05 
-3.794566-05 
-3.775456-05 
-3.439126-05 
-2.825496-05 
-1.997956-05 
-1.032556-05 
-5.964856-08 
1.013866-05 
1.972206-05 
2,827056-05 
3.545196-05 
4.097076-05 
4.453676-05 
4.587406-05 
4.477096-05 
4.115706-05 
3.517996-05 
2.724916-05 
1.802726-05 
8.359496-06 
-8.399996-07 
-8.720916-06 
-1,461036-05 
-1.808046-05 
-1.895746-05 
-1.727706-05 
-1.321166-05 


P-  8 

0. 

-1.137626-08 

-1.186266-07 

-3.465526-07 

-6.239976-07 

-9.277986-07 

-9.397056-07 

-1.167336-07 

4.972296-07 

1.073346-06 

2.108996-06 

3.097746-06 

3.715456-06 

4.236066-06 

4.587946-06 

4.530326-06 

4.225006-06 

3.844246-06 

3.323226-06 

2.694406-06 

2.071536-06 

1.416466-06 

6.647016-07 

-1.436306-07 

-9.715856-07 

-1.797956-06 

-2.530916-06 

-3.055196-06 

-3.306776-06 

-3.253506-06 

-2.892206-06 

-2.281846-06 

-1.522656-06 

-7.108636-07 

7.260806-08 

7.704986-07 

1.365876-06 

1.873026-06 

2.310746-06 

2.606286-06 

2.986056-06 

3.169626-06 

3.180076-06 

2.967476-06 

2.509906-06 

1.827146-06 

9.852516-07 

8.603716-08 

-7.563316-07 

-1.441316-06 

-1,902986-06 

-2.120946-06 

-2.116876-06 

-1.938286-06 

-1.636786-06 


P-  9 


0. 

-7.123826-03 
-2.690396-02 
-5.518066-02 
-8.667996-02 
-1.168616-01 
-1.386406-01 
-1.445236-01 
-1.417396-01 
-1.402566-01 
-1.490886-01 
-1.729886-01 
-2.106716-01 
-2.552146-01 
-2.964816-01 
-3-247096-01 
-3.339606-01 
-3.242156-01 
-3.013446-01 
-2.749746-01 
-2.550206-01 
-2.481266-01 
-2.552896-01 
-2.715156-01  - 
-2.876426-01  - 
-2.936556-01  - 
-2.823206-01  - 
-2.518266-01  - 
-2.064796-01  - 
-1.552206-01  - 
-1.084796-01  - 
-7.450406-02  - 
-5.648736-02  - 
-5.150186-02  - 
-5.164296-02 
-4,695646-02 
-2.910096-02 
5.569196-03 
5.460686-02 
1.102636-01 
1.621786-01 
2.010156-01 
2.217176-01 
2.252446-01 
2.181416-01 
2.101196-01 
2.105026-01 
2.248246-01 
2.527956-01  - 
2.883646-01  - 
3.218566-01  - 
3.434206-01  - 
3.465376-01  - 
3.303526-01  - 
2.999696-01  - 


p-io 

0. 

8,504006-09 

1.291696-07 

6.294276-07 

1.962496-06 

4.795236-06 

9.76C146-06 

1.672146-05 

2.547366-05 

3.539726-05 

4.561596-05 

5.526806-05 

6.346696-05 

6.938616-05 

7.250246-05 

7.262146-05 

6.978796-05 

6.427536-05 

5,652156-05 

4.699076-05 

3.612276-05 

2.435656-05 

1.214306-05 

2.210126-08 

1.154636-05 

2.174466-05 

2.990766-05 

3.539426-05 

3.773926-05 

3.675806-05 

3.259796-05 

2.571846-05 

1.681576-05 

6.707896-06 

3.791756-06 

1.397356-05 

2.327876-05 

3.129586-05 

3.771946-05 

4.229626-05 

4.479066-05 

4.498966-05 

4.275056-05 

3.807496-05 

3.118236-05 

2.255076-05 

1.290286-05 

3.130576-06 

5.824966-06 

1.311016-05 

1.807526-05 

2.034286-05 

1.981276-05 

1.661256-05 

1.101646-05 


RUN  NO 


1 


RME  NO 


4 


TINE 

0. 

O.lOO  - 
0.200  - 
0.300  - 
0.400  - 
0.500  - 
0.600  - 
0.700  - 
0.800  - 
0.900  - 
1.000  - 

1.100  - 
1.200  - 

1.300  - 

1.400  - 

1.500  - 
1.600  - 

1.700  - 
1.800  - 

1.900  ~ 
2.000  - 

2.100  ~ 
2.200  - 

2.300  - 

2.400  - 

2.500  - 
2.600  - 

2.700  - 
2.800  - 

2.900  - 
3.000  - 

3. 100 

3.200 
3.  300 

3 . 400 

3.500  - 

3.600  - 

3.700  - 

3- 800  - 

3.900 
4.000  - 

4.100  - 

4.200  - 

4.300  - 

4.400  - 

4.500  - 

4.600  - 

4.700  - 

4- 800  - 

4.900  - 
5.000  - 

5.100  - 

5.200  - 

5.300  - 

5.400  - 


P-11 

0. 

1.16666E-08 
1.24643E-07 
3.83488E-Q7 
7.56031E-07 
1.27392E-06 
1.67971E-06 
1.44293E-06 
1.55622E-Q6 
1.79396e-06 
1.61543E-06 
1.44880E-06 
1. 52265E-06 
1.50622E-06 
1.43886E-06 
1.53021E-06 
1.61863E-06 
1.56711E-06 
1.47348E-06 
1.33319E-06 
1.07187E-06 
7,65363E-07 
5.0635SE-07 
2.92609E-07 
1.40261E-07 
8.42543E-08 
9.09515E-08 
l.0428aE-07 
1.04423E-07 
7.64656E-08 
6-70546E-09 
7.33977E-08 
1.258478-07 
1- 19456E-07 
3.830866-08 
1.17772E-07 
3.19809E-07 
5.200786-07 
6.744276-07 
7.52093E-07 
7.42814E-07 
6.63981E-07 
5.538916-07 
4.552426-07 
4.017856-07 
4.085366-07 
4.661546-07 
5.457046-07 
6.119036-07 
6.370996-07 
6. 121766-07 
5.517486-07 
4.901126-07 
4.691066-07 
5.233776-07 


P-12 

0. 

-7.123826-03 

-2.690396-02 

-5.518066-02 

-8.667996-02 

-1.168616-01 

-1.386406-01 

-1.445236-01 

-1.417396-01 

-1.402566-01 

-1.490886-01 

-1.729886-0,1 

-2.106716-01 

-2.552146-01 

-2.964816-01 

-3.247096-01 

-3.339606-01 

-3.242156-01 

-3.013446-01 

-2.749746-01 

-2.550206-01 

-2.481266-01 

-2.552896-01 

-2.715156-01 

-2.876426-01 

-2.936556-01 

-2.823206-01 

-2.518266-01 

-2.064796-01 

-1.552206-01 

-1.084796-01 

-7.450406-02 

-5.643736-02 

-5.150186-02 

-5.164296-02 

-4.695646-02 

-2.910096-02 

5.569196-03 

5.46C68E-02 

1.102636-01 

1,621786-01 

2.010156-01 

2.217176-01 

2.252446-01 

2.181416-01 

2.101196-01 

2.105026-01 

2.248246-01 

2.527956-01 

2.883646-01 

3.218566-01 

3.434206-01 

3.465376-01 

3.303526-01 

2.999696-01 


P-13 

0. 

7.322656-06 

2.584786-05 

4.660606-05 

5.831416-05 

5.145966-05 

1.667686-05 

-5.060916-05 

-1.336696-04 

-2.097496-04 

-2.582426-04 

-2.680086-04 

-2.413176-04 

-1.929616-04 

-1.449036-04 

-1.183436-04 

-1.260826-04 

-1.679056-04 

-2.306446-04 

-2.928936-04 

-3.326816-04 

-3.353516-04 

-2.988166-04 

-2.343106-04 

-1.623656-04 

-1.054646-04 

-8.000886-05 

-9.047186-05 

-1.273486-04 

-1.729386-04 

-2.033006-04 

-2.013546-04 

-1.607506-04 

-8.869956-05 

-3.449906-06 

7.220066-05 

1.190126-04 

1.281276-04 

1.04173C-04 

6.351576-05 

2.831146-05 

1.848696-05 

4.452526-05 

1.036486-04 

1.807636-04 

2.538256-04 

3.017026-04 

3.117066-04 

2.840966-04 

2.319426-04 

1.764016-04 

1.390976-04 

1.343496-04 

1.640346-04 

2.169176-04 


P-14 

0. 

7.322656-06 
2.584786-05 
4.660606-05 
5.831416-05 
5.145966-05 
1,667686-05 
-5.060916-05 
-1.336696-04 
-2,097496-04 
-2.582426-04 
-2.680086-04 
-2.413176-04 
-1. 929616-04 
-1.449036-04 
-1.183436-04 
-1.260826-04 
-1.679056-04 
-2.306446-04 
-2.928936-04 
-3.326816-04 
-3. 353516-04 
-2.988166-04 
-2.343106-04 
-1.623656-04 
-1.054646-04 
-8.000886-05 
-9.047186-05 
-1.278436-04 
-1.729386-04 
-2.033006-04 
-2.013546-04 
-1.607506-04 
-8.869956-05 
-3.449896-06 
7.220066-05 
1.190126-04 
1.281276-04 
1.041736-04 
6.351576-05 
2.831146-05 
1.848696-05 
4.452526-05 
1.036486-04 
1.807636-04 
2.538256-04 
3.017026-04 
3.117066-04 
2.840966-04 
2.319426-04 
1.764016-04 
1.390976-04 
1.343496-04 
1.640346-04 
2.169176-04 


P-3« 


p60 


RUN  NO 


PAGE  NO  5 


TIME  VX  VY 

SEC  IN/SEC  IN/SEC 


5.500  -1.1063E-Q3 

5.600  -1.12786-03 

5.700  -1.1692E-03 

5.800  -1.1707E-03 

5.900  -1.1921E-03 
6.000  -1.2136E-03 

6.100  -1.2350E-03 

6.200  -1.2565E-03 

6.300  -1.2780E-03 

6.600  -1.2994E-03 

6.500  -1.3209E-03 

6.600  -1.3423E-03 

6.700  -1.36386-03 

6.800  -1.38526-03 

6.900  -1.4067E-03 
7.000  -1.42816-03 

7.100  -1.44966-03 

7.200  -1.47116-03 

7.300  -1.4925E-03 

7.400  -1.51406-03 

7.500  -1.53546-03 

7.600  -1.55696-03 

7.700  -1.57836-03 

7.800  -1.59986-03 

7.900  -1.62126-03 
8.000  -1.64276-03 

8.100  -1.66426-03 

8.200  -1.68566-03 

8.300  -1.70716-03 

8.400  -1.72856-03 

8.500  -1.75006-03 

8.600  -1.77146-03 

8.700  -1.79296-03 

8.800  -1.81446-03 

8.900  -1.83586-03 
9.000  -1,85736-03 

9.100  -1.87876-03 

9.200  -1.90026-03 

9.300  -1.92166-03 

9.400  -1.94316-03 

9.500  -1.96456-03 

9.600  -1.98606-03 

9.700  -2,00746-03 

9.800  -2. 02896-03 

9.900  -2.05046-03 
10.000  -2.07186-03 
10.100  -2.09336-03 
10.200  -2.11476-03 
10,3C0  -2.13626-03 
10.400  -2.15766-03 
10,500  -2.17916-03 
10.600  -2.20056-03 
10.700  -2.22206-03 
10.800  -2.24356-03 
10.900  -2.26496-03 


-2.25096-14 

9.55576-14 

2.23316-13 

3.57^16-13 

4.92776-13 

6.26226-13 

7.52796-13 

8.68706-13 

9,72216-13 

1.06456-12 

1.14996-12 

1.23506-12 

1.32756-12 

1.43416-12 

1.55886-12 

1.70236-12 

1.86156-12 

2.03046-12 

2.20116-12 

2.36436-12 

2.51026-12 

2.62796-12 

2.70616-12 

2.73336-12 

2.69986-12 

2,60016-12 

2.43476-12 

2.21176-12 

1.94676-12 

1.66026-12 

1.37426-12 

1.10926-12 

8.80866-13 

6.99616-13 

5.70886-13 

4.96616-13 

4.76606-13 

5.09226-13 

5.91286-13 

7.17396-13 

8.79446-13 

1.06696-12 

1.26756-12 

1.46946-12 

1.66206-12 

1.83796-12 

1.99276-12 

2.12506-12 

2.23526-12 

2.32496-12 

2.39576-12 

2.44946-12 

2.488C6-12 

2.51366-12 

2.52916-12 


V2 

1N/S6C 

2.59156-01 

2.59156-01 

2.59156-01 

2.59156-01 

2.59156-01 

2.59156-01 

2.59156-01 

2-59156-01 

2.59156-01 

2.59156-01 

2.59156-01 

2.5,9156-01 

2.59156-01 

2.59156-01 

2.55156-01 

2.59156-01 

2.59156-01 

2.59156- 01 

2.59156- Ql 

2.59156- 01 

2.59156-01 

2.59156-01 

2.59156-01 

2.59156-01 

2.59156- 01 

2.59156- 01 

2.59156- 01 

2.59156-01 

2.59156-01 

2.59156-01 

2.59156-01 

2.59156-01 

2.59156-01 

2.59156-01 

2.59156-01 

2.59156-01 

2.59156-01 
Z. 59156-01 

2.59156-01 

2.59156-01 

2.59156-01 

2.59156-01 

2. 59146-01 

2.59146-01 

2.59146-01 

2.59146-01 

2.59146-01 

2.59146-01 

2.59146-01 

2.59146-01 
2.57146-01 

2.59146-01 

2.59146-01 

2.59146-01 

2.59146-01 


0M6GAX 

RAD/S6C 

4.46426-12 
4.89256-12 
5.16206-12 
5.28016-12 
5.23236-12 
5.00646-12 
4.51926-12 
4.13276-12 
3.64936-12 
3,29246-12 
3.16756-12 
3.33466-12 
3. 78556-12 
4.44406-12 
5.19496-12 
5.86636-12 
6.36066-12 
6.57406-12 
6.44776-12 
5.94496-12 
5.03536-12 
3.69076-12 
1.90106-12 
2.94916-13 
2.77S3C-12 
5.34256-12 
7, 7:976-12 
•9.59136-12 
■1.C  7576-1  1 
1.10336-11 
•1.06C26-11 
9.434:6-12 
•7.79116-12 
5.34206-12 
3.77306-12 
1.67626-12 
3.84266-13 
Z. 35056-12 

4.14696-12 
5. 57556-12 
6.83516-12 
7.5-3066-12 
7.7  3936-12 
7.62126-12 
7.  1C356-12 
5.37956-12 
5.5493C-12 
4.70206-12 
3.991C6-12 
3.13476-12 
2.43646-12 
1.9ni6-12 
1 .24?36-12 
7.75656-13 
4.17516-13 


OMEGAY 

RAD/SeC 

8.27936-04 

8.27936-04 

8. 27936-04 

8.27936-04 

8.27936-04 

8.27936-04 

8.27936-04 

8.27936-04 

8.27936- 04 
8.2793E-04 

3.27936- 04 

8.27936- 04 

8.27936-04 

8.27936-04 

8.27936-04 

8.27936- 04 

3.27936- 04 

8.27936- 04 

8.27936- 04 

9.27936- 04 

3.27936- 04 

8.27936- 04 

8.27936-04 

8.27936-04 

8.27936-04 

8.27936-04 

8.27936-04 

8.27936-04 

8.27936-04 

8.27936-04 

8.27936- 04 

5.27936- 04 

8.27936- 04 
8.27956-04 

8.27936-04 

8.27936- 04 

3.27936- 04 

8.27936- 04 

8.27936-04 

8.27936- 04 

3.27936- 04 

3.27936- 04 

8.27936- 04 

5. 27936- 04 

8.27936- 04 

8.27936-04 

8.27936-04 
8.2  79  36-04 

8.27936-04 

8.27936-04 
8.2793E-C4 

8.27936- 04 
8.279  36-04 

3.27936- 04 

8.27936- 04 


0MEGA2 

RAO/SEC 

-4.44816-15 
-5. 13586-16 
-1.02786-15 
-1.37576-15 
-1.58376-15 
-1.71256-15 
-2.42756-15 
-2.53676-15 
-2.93076-15 
-3.23066-15 
-3.57836-15 
-3.84856-15 
-4.19326-15 
-4.50006-15 
-4.91006-15 
-5.26796-15 
-5.87536-15 
-6.3427Erl5 
-6.76486-15 
-7.12766-15 
-7.61256-15 
-7,69016-15 
-7,79956-15 
-7.77676-15 
-7.74946-15 
-7.46536-15 
-5.55906-15 
-6.41516-15 
-5.50136-15 
-4.85336-15 
-4. 27546-15 
-3.3279E-15 
-3. 03056-15 
-2.3355E-15 
-1,79656-15 
-1.44786-15 
-1.45306-15 
-1.42516-15 
-1.93356-15 
-2.19526-15 
-2.64816-15 
-3.18356-15 
-3.69746-15 
-4.33546-15 
-4.86036-15 
-5.47086-15 
-6.03676-15 
-6.54816-15 
-6.95826-15 
-7.42636-15 
-7. 60356-15 
-7.33656-15 
-8.06646-15 
-8.18796-15 
-7.79536-15 


RUN  NO 


1 


PACE  NO 


6 


TINE 

5.500 

5.600  - 

5.700  - 

5.800  - 

5.900  - 
6.000  - 
6.100  - 
6.200  - 

6.300  - 

6.600  - 

6.500  - 
6.600  - 

6.700  - 

6.800  - 

6.900  - 
7.000  - 

7.100  - 

7.200  - 

7.300  - 
7.600  - 

7.500  - 

7.600 

7.700 

7.800 

7.900 
8.000 

8.100  - 

8.200  - 

8.300  - 

8.600  - 

8.500  - 
8.600  - 

8.700  - 

8.800  - 

8.900  - 
9.000  - 
9.V00  - 
9.200  - 

9.300  - 
9.600  - 

9.500  - 
9.600  - 

9.700 
9.800 

9.900 
10.000 
10.100 
10.200 
10.300 
10.600 
10.500 
10.600 
10.700 
10.800  - 
10.900  - 


P-  1 

2.86101E-07 
1.96807E-07 
7.55182E-07 
1.37751E-06 
2.03720E-06 
2.70267E-06 
3.33629E-06 
3.88913E-06 
6.32625E-06 
6.60628E-06 
6.70723E-06 
6.62832E-06 
6.38029E-06 
3.99066E-06 
3.69517E-06 
2.93358E-06 
2.36266E-06 
1.75325E-06 
1- 19207E-06 
6.81628E-07 
2.62838E-07 
1.01558E-07 
3.29500E-07 
6.21676E-07 
3.65279E-07 
1.60727E-07 
1.77160E-07 
6.17893E-tl7 
1. 11866E-06 
1.63012E-06 
2.10383e-06 
2.69859E-06 
2.786968-06 
2.96661E-06 
2.97766E-06 
2.88112E-06 
2.66317E-06 
2.33183E-05 
1.89662E-06 
1.37066E-06 
7.72761E-07 
1.31876E-07 
5.16203E-07 
1. 12037E-06 
1.63937E-06 
2.02857E-06 
2.25650E-06 
2.30750e-06 
2.18322E-06 
1.90060E-06 
1.68730E-06 
9.76013E-07 
3.99631E-07 
2.12665E-07 
.337096-07 


P-  2 

9.85303E-08 

1.268296-07 

1.66636E-07 

1.55195E-07 

1.555316-07 

1.66769E-07 

1.23221E-07 

9.23636E-08 

5.66603E-08 

1.22236E-08 

-3.136796-08 

-7.357366-08 

-1.119736-07 

-1.665256-07 

-1.69512E-07 

-1.856566-07 

-1.910866-07 

-1.856176-07 

-1.679316-07 

-1.388206-07 

-9.920966-08 

-5.125836-08 

1.91518E-09 

5.650096-06 

1.086166-07 

1.537676-07 

1.892986-07 

2.126586-07 

2.22519E-07 

2.185136-07 

2.010686-07 

1.712236-07 

1,306926-07 

8.082766-08 

2.666016-08 

-3.503626-08 

-9.673756-08 

-1.506886-07 

-1.981776-07 

-2.339626-07 

-2.566396-07 

-2.582586-07 

-2.661976-07 

-2.133276-07 

-1.678616-07 

-1.109606-0'» 

-6.666136-08 

2.159626-08 

8,913676-08 

1.523366-07 

2.076016-07 

2.516136-07 

2.816066^07 

2.965216-07 

2.892786-07 


P-  3 

-7.61550E-03 
-7.316666-03 
-7.036616-03 
-6.566056-03 
-5.938606-03 
-5,229266-03 
-6.51829E-03 
-3.871296-03 
-3.315626-03 
-2.831556-03 
-2.3631 8E-03 
-1.838836-03 
-1.199896-03 
-6.238856-06 
6.651656-06 
1.603006-03 
2.306036-03 
3.098836-03 
3.738996-03 
6.230096-03 
6.618256-03 
6.973666-03 
5.362636-03 
5.823736-03 
6.350596-03 
6.893716-03 
7.376726-03 
7.722736-03 
7.881026-03 
7.866S5E-03 
7.652006-03 
7.373626-03 
7.086006-03 
6.866826-03 
6.665316-03 
6.517696-03 
6.337816-03 
6.053026-03 
5.6C776E-03 
6.985776-03 
6.217666-03 
3.370526-03 
2.527756-03 
1.759226-03 
1.099336-03 
5.367186-06 
2.062266-05 
-5. 185566-06 
-1.161936-03 
-1.877916-03 
-2.709676-03 
-3.579006-03 
-6.606976-03 
-5.110896-03 
-5.669766-03 


P-  6 

-2.96136E-12 
-2.92895E-12 
-2.909536-12 
-2.83376E-12 
-2.61616E-12 
-2,205326-12 
-1.71B96E-12 
-1.21338E-12 
-7. 99989E-13 
-5.31255E-13 
-6.53732E-13 
-6.99206E-13 
-5.96271E-13 
-6.67326E-13 
-6.61315E-13 
-5.30768E-13 
-2.69938E-13 
9.56296E-16 
3. 966806-13 
6.267536-13 
7.012066-13 
6.228016-13 
6.396676-13 
2.599226-13 
2.59922E-13 
5.131736-13 
1.007396-12 
1.656516-12 
2.355936-12 
2,966676-12 
3.369766-12 
3.689176-12 
3.606916-12 
3.193586-12 
2.959926-12 
2.B1739E-12 
2.822786-12 
2.963066-12 
3.053586-12 
3.000536-12 
2.689796-12 
2.068306-12 
1.362276-12 
5.268666-13 
-1.686516-13 
-5.617716-13 
-6.786056-13 
-6.961816-13 
-2.200026-13 
1.181096-16 
8.381266-16 
-1.018766-13 
-6.580956-13 
-8.901056-13 
-1.195696-12 


P-  5 

2.096566-06 
2.668606-06 
2.507686-06 
2.17200E-06 
1.556636-06 
8.603276-07 
2.673526-07 
-5.436TfE-08 
-2.980606-09 
3.336036-07 
7.826136-07 
1.128966-06 
1. 192626-06 
8.968136-07 
2.867186-07 
-6.758216-07 
-1.170866-06 
-1.607156-06 
-1.682876-06 
-1.623666-06 
-9.727886-07 
-5.392666-07 
-3,223676-07 
-6. 397656-07 
-8.850156-07 
-1.529626-06 
-2.168926-06 
-2. 595316-06 
-2.672516-06 
-2.386266-06 
-1.839936-06 
-1.235216-06 
-7.817936-07 
-6.315066-07 
-8.219886-07 
-1.263626-06 
-1.771026-06 
-2.131626-06 
-2.180676-06 
-1.860576-06 
-1.263686-06 
-5.038706-07 
1.626906-07 
5.166866-07 
5.385116-07 
2. 566806-07 
-1.711306-07 
-5.336336-07 
-6.631526-07 
-6.063006-07 
1.529296-07 
8.825686-07 
1.576826-06 
2.030886-06 
2.133796-06 


RUN  NO 


1 


PAGE  NO 


7 


TINE 

P-  6 

P-  7 

P-  8 

P-  9 

S.900 

-6.66656E-11 

-6.99666E-05 

-1.268736-06 

2.666266-01 

-3.366276-0* 

S.600 

-8.59533E-11 

1.11350E-06 

-7.352616-07 

2.363856-01 

5.99096E-0* 

5.700 

-l.tt25Me-10 

l.08686e-05 

-2.36016E-07 

2. 15566E-01 

1.56923t-05 

5.800 

-1.13060E'l0 

2.15875E-05 

6.25926E-07 

2.131366-01 

2.336906^05 

5.900 

-1. 16682E-10 

3-.3S068E-05 

1.20661E-06 

2.2C069E-01 

6.06881E-05 

6.000 

-1.1261-3E-10 

6.60606E-05 

2.03360E-06 

2.2876SE-01 

5.25153E-05 

6. IOC 

-l.008?2e'‘10 

5.7a779E-0S 

3 . 0066t  6—06 

2.29366E-01 

5.372076-05 

6.200 

-8.21815E-11 

6.8S162E-05 

3.83572E-06 

2.16153E-01 

7.331906-05 

6.300 

-5.76376E-11 

7.71653e-05 

6.61803C-06 

1.305186-01 

8.055656-05 

6.600 

-2.79789E-11 

8.3088dE-05 

5.109996-06 

1. 319166-01 

8.682566-05 

6.500 

6.63060E-12 

3. 539686-05 

5.30162E-06 

7.67095E-02 

8. 577616-05 

6.600 

3.77507E-11 

8.56176E-05 

5.180626-06 

2.52S91E-02 

8.33735E-05 

6.700 

6.97965E-11 

8. 18252E-05 

•6. 786586-06 

-1.37218E-02 

7.79203E-0S 

6.800 

9.83760E-11 

7.5S512E-05 

6.196316-06 

-3.619396-02 

6.997756-05 

6.900 

1.21670E-10 

6.71976E-05 

3.68071E-06 

-6.616876-02 

6. 026366-05 

7.000 

1.37363E-10 

5.76267£~C5 

2.76169E-06 

-6.679756-02 

6.955866-05 

7.100 

1.66788E-10 

6.6%7l8£-05 

2.026296-06 

-6.738906-02 

3.855516-05 

7.200 

1.63021E-10 

3.60361E-05 

1.366906-06 

-6.211896-02 

2.785356-05 

7.300 

1.31936E-10 

2.55626t-C5 

7.  107516-07 

-  9. 192186-02 

1.793166-05 

7.600 

1.12025E-10 

1.56666c -05 

9.566626-08 

-1.357966-01 

9.186566-06 

7.500 

8.63629E-11 

6.8S276E-C6 

-6.955676-37 

-1.367616-01 

1.973356-06 

7.600 

5.C5696e-ll 

-3.55  53lt-07 

-1. 36299E-06 

-2.367866-01 

-3.366176-06 

7.700 

l.'261056-ll 

-5.59767E-06 

-1.696626-06 

-2.703166-01 

-6.619126-06 

7.800 

-2.71166E-11 

-3.60996C-06 

-1.782256-06 

-2.876196-01 

-6.960966-06 

7.900 

-6.61191E-11 

-3.50620e-Q6 

-1.33951E-06 

-2.867916-01 

-6.817226-06 

8.000 

-1.0ia57E-l0 

-5.80562E-C6 

-1.625176-06 

-2. 736686-01 

-5.613896-08 

8.100 

-1.31921E-10 

-5.135226-07 

-1.160616-06 

-2.575966-01 

6.979396-06 

8.200 

-1.56192E-10 

6.S6265t-C6 

-6.35766C-07 

-2.68171E-01 

1.567166-05 

8.300 

-1.66988E-10 

1.S6C76E-05 

3.9966st-07 

-2.515696-01 

2.518826-05 

8.600 

-1.69206E-10 

2.63526t-05 

1.2551 3E-06 

-2.687726-01 

3.659686-05 

8.500 

-1.60613E-10 

3.37275h-05 

2.027116-06 

-2.963626-01 

6.299766-05 

8.600 

-1.60905E-10 

6.16756E-05 

2.639’'96-C6 

-3.192636-01 

6.966626-05 

8.700 

-1.11712E-10 

6.752936-05 

3.35  96  .■..-C6 

-3.  336236-01 

5.603566-05 

8.800 

-7.65635E-11 

5.15397E-CS 

3.23.6196-35 

-.3.  5365  76-01 

5.591356-05 

8.903 

-3.16793E-11 

5.336176-05 

3.  3C'363t-06 

-3.090316-01 

5.525136-05 

9.000 

1.61763E-H 

5.29C03E-05 

3.31353t-C5 

7C31.3E-CI 

5.217176-05 

9.100 

6.00725E-11 

5.02‘.656-05 

3.171566-05 

-2.276296-01 

6.637706-05 

9.200 

1.03017E-10 

6.566056-05 

2.9351 36-05 

-1.. 583626 -01 

3.959956-05 

9.300 

1.60158E-10 

3.857636-05 

2.592556-06 

-1.63610C-01 

3.059366-05 

9.600 

1.6B970t-lO 

2. 981 396-05 

2.0i'276t-06 

-1.679666-01 

2.016566-05 

9.500 

1.87620E-10 

1.965626-05 

1.615616-05 

-1 .670336-01 

8. 727006-06 

9. 600 

1.96092E-10 

7.973536-06 

5.395256-07 

-1.699696-01 

-3.166116-06 

9.700 

1-88290E-10 

-3.957316-06 

-3.656136—37 

-1.669266-01 

-1.6  79536-05 

9.800 

1.70099E-10 

-1.551696-05 

-1 .306256-05 

-1.299906-01 

-2.536396-05 

9.900 

1.60606E-10 

-2.531516-C5 

-2. 179 >36-06 

-9.566696-02 

-3.397166-Q5 

10.000 

1.00e59e-10 

-3.60353E-':5 

-2.9-.5036-C5 

-6.517366-02 

-3.996696-05 

10.100 

5.38111E-11 

-3.953666-05 

-3.2r.536c-C5 

1.321316-02 

-6.275626-05 

10.200 

2.16375E-12 

-6.19501E-C5 

-3.607336-05 

5.352796-02 

-6.220266-05 

10.300 

-5.07963E-11 

-6.121106-05 

-5.267i:.t-36 

1.;66976-01 

-3.860916-05 

10.600 

-1.01617E-1Q 

-3.752736-05 

-2.Sc011t-05 

1.299136-01 

-3.178606-05 

10.500 

-1.66912E-10 

-3.13C37E-05 

-2.320936-05 

1. 372506-01 

-2.293706-05 

10.603 

-1.83598E-10 

-2.306576-05 

-l.599?2c-e5 

1.  152136-01 

-1.256876-05 

10.700 

-2.09110E-10 

-1. 327696-05 

-1.06  5616-35 

1.  35  3036-01 

-1.292066-06 

10. SCO 

-2.21536E-10 

-2.631036-05 

-3.773796-07 

1.636936-01 

1.0236CE-05 

10.900 

-2.19990E-10 

8.88ls7t-05 

3.051296-07 

1.659936-01 

2.152326-05 

RUN  NO 


1 


PAGE  NO 


8 


TINE  R-11  #-12  #-13  #-l4 

5.500  -8. 678866-07  2.66624E-01  2.72697E-04  2.T2697E-04 

».60e  -8.91425E-07  2.34385E-01  1.09309E-06  3.09309E-04 

S.708  -1.16016E-06  2.16566E-01  3.108566-04  3.10854E-04 

V800  4^1,626576-06  2. 131366-01  2.733296-06  2.733296-06 

5.900  -1.666686-06  2.200696-01  2.060826-06  2.060826-06 

6.000  -1.701666-06  2.287686-01  1.286906-06  1.286906-06 

6,11M  -1.990056-06  2.293666-01  6.306366-05  6.306366-05 

6^60  -1.985606-06  -l.l^lSiE-Ol  2.732776-05  2.732776-05 

6.500  -1.868076-06  1.805186-01  2.777126-05  2.T7712E-05 

6.600  -1.861216-06  1.319166-01  5.760636-05  5.760636-05 

6.500  -1.867126-06  7.670966-02  9.863976-05  9.863986-05 

6.600  -1.926526-06  2.525916-02  1.287096-06  1.287096-06 

6.700  -1.998176-06  -1.372186-02  1.297016-06  1.297016-06 

6.800  -2.066876-06  -3.619396-02  9.326696-05  9.326696-05 

6.900  -2.036956-06  -6.61’68TE-02  2.659506-05  2.659506-05 

7.000  -1.966306-06  -6.679766-02  -5.956566-05  -5.956566-05 

7.100  -1.775966-06  -6.788906-02  -1.368676-06  -1. 368676-06 

7.200  -1.551556-06  -6.211896-02  -1.8T303E-06  -1.873036-06 

7.300  -1.316066-06  -9.192186-02  -2.003126-06  -2.003126-06 

7.600  -1.116396-06  -1.357966-01  -1.786926-06  -1.786926-06 

7.500  -9.883836-07  -1.867616-01  -1.365936-06  -1.365936-06 

7.600  -9.655586-07  -2.367866-01  -9.615376-05  -9.615376-05 

7.700  -9.755666-07  -2.703166-01  -7.771136-05  -7. 771136-05 

7.800  -1.065686-06  -2.876196-01  -9.338076-05  -9.338076-05 

7.900  -1.116026-06  -2.867916-01  -1.626666-06  -1.6^6666-06 
8.000  -1.166266-06  -2.736686-01  -2.116636-06  -2.116636-06 

8.100  -1.125666-06  -2.575866-01  -2.798226-06  -2.798226-06 

8.200  -1.058906-06  -2.681716-01  -3.256866-06  -3.256866-06 

8.300  -9.723566-07  -2.516696-01  -3.365616-06  -3.365616-06 

8.600  -9.009066-07  -2.687726-01  -3.053666-06  -3.053666-06 

8.500  -8.738376-07  -2.963626-01  -2.691836-06  -2.691836-06 

8.600  -9.026296-07  -3.192636-01  -1.862226-06  -1.862226-06 

8.700  -9.752806-07  -3.336236-01  -1.383656-06  -1.383656-06 

8.800  -1.059296-06  -3.306576-01  -1.212626-06  -1. 212626-06 

8.900  -1.112336-06  -3.080816-01  -1.388126-06  -1.388126-06 
9.000  -1.096806-06  -2.708126-01  -1.818006-06  -1.818006-06 

9.100  -9.932106-07  -2.276296-01  -2.311696-06  -2.311696-06 

9.200  -8.076656-07  -1.880626-01  -2.668776-06  -2.668776-06 

9.300  -5.696916-07  -1.606106-01  -2.660026-06  -2.66002E-06 

9.600  -3.238696-07  -1.47966E-01  -2.286776-06  -2.28677E-06 

9.500  -1.152716-07  -1.670386-01  -1.603286-06  -1.603286-06 

9.600  2.561066-08  -1.699696-01  -7.903506-05  -7.90350E-05 

9.700  9.106666-08  -l.6b926E-01  -7.102626-06  -7. 102606-06 

9.800  9.705986-08  -1.298936-01  3.688556-05  3.688556-05 

9.900  7.553866-08  -9.566696-02  6.666016-05  6.66601E-05 

10.000  6.121816-08  -6.617066-02  2.115886-05  2.115876-05 

10.100  7.772076-08  1.021316-02  -1.732596-05  -1.732596-05 

10.200  1.281026-07  6.352786-02  -6.907036-05  -6.907036-05 

10.300  1.932536-07  1.066976-01  -5.678836-05  -5.678826-05 

10.600  2.387566-07  1.289106-01  -2.661976-05  -2.661976-05 

10.500  2.277396-07  1.372506-01  3.826706-05  3.826716-05 

10.600  1.350826-07  1.362186-01  1.187516-06  1.187516-06 

10.700  -6.217616-08  1. 353036-01  1.951206-06  1.951206-06 

10.800  -2.820576-07  1.636986-01  2.668036-06  2.668036-06 

10.900  -5.635806-07  1.659936-01  2.616786-06  2.616786-06 


564 


#-15 


fUK  NO 


I 


PAGE  NO 
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TIME  VX  VY  VZ  OMEGAX  OMEGAY  OMEGAI 

sec  I'</SEC  IN/Sec  in/sec  rad/sec  rad/sec  rao/sec 

11.000- -2. 2e6A£-03  2.5373e-12  2.5914E-01  1.5380E-13  8.2793E-04  -7.9222E^15 
ll.lOa- -2.30'78e-03  2.5404e-l2  2.5914E-01  -6.2820E-14  8,27936-04  -7. 92866-15 

11.200  -Z.3i293e-03  2.5333E-I2  2.59146-01  -3.0798E-13  8.27936-04  -7.7255E-15 

11.300  -2.3507E-03  2.531CE-12  2. 59146-01  -5.6C43E-13  8.27936-04  -7.8189E-15 

11.400  -2.37226-03  2.5132E-12  2.5914E-01  -1,1655E-12  8.27936-04  -7.56336-15 

11.500  -2.3936E-b3  2.4AH6-12  2.5914E-01  -1.8028E-12  8.27936-04  -7.51406-15 

11.600  -2.4151E-03  2.4317E-12  2.5914E-01  -2.4-7566-12  8.27936-04  -7.44196-15 

11.700  -2.43666-03  2.36496-12  2.5914E-01  -3.03196-12  8.27936-04  -7.35256-15 

11.800  -2.458GE-03  2.28536-12  2.59146-01  -3.31246-12  8.27936-04  -7.38036-15 

11.900  -2.4795E-C3  2.20126-12  2.59146-01  -3.2102E-L2  8,2793E-04  -6.91236-15 

12.000  -2.50096-03  2.12276-12  2.59146-01  -2.71476-12  8.2793E-04  -6.89906-15 

12.100  -2.52246-03  2.05966-12  2.59146-01  -1.92236-12  8.27936-04  -6.54876-15 

12.200  -2.5438E-03  2.018GE-12  2.59146-01  -1.00676-12  8.27936-04  -6.63946-15 

12.300  -2.5653E-03  1.99926-12  2.59146-01  -1.62816-13  8.2793E-04  -6.85076-15 

12.400  -2.58676-03  1.99956-12  2.59146-01  4.52666-13  8.2793E-04  -6-59816-15 

12.500  -2.6082E-C3  2.C12CE-12  2.59146-01  7.59436-13  8.27936-04  -6-86726-15 

12.600  -2.62966-03  2.02876-12  2.59146-01  7.57296-13  8.27936-04  -6.98806-15 

12.700  -2.65116-03  2. 04226-12  2.59146-01  5.00366-13  8.27936-04  -6.86456-15 

12.800  -2.67266-03  2.04686-12  2.59146-01  5.95836-14  8.27936-04  -6.74316-15 

12.900  -2.694CE-03  2.03876-12  2.59146-01  -5.05116-13  8.27936-04  -6.61536-15 

13.003  -2.71556-03  2.01566-12  2.59146-01  -1.15006-12  8.27936-04  -6.4768E-15 

13.100  -2.73696-03  1.97566-12  2.59146-01  -1.83146-12  8.27936-04  -6.29676-15 

13.200  -2.75846-03  1.91936-12  2.59146-01  -2.48156-12  8.27936-04  -6,05126-15 

13.300  -2.77986-03  1.84786-12  2.59146-01  -2.99436-12  8.27936-04  -5.89286-15 

13.403  -2.30136-03  1.76636-12  2.59146-01  -3.23346-12  8.27936-04  -5.71566-15 

13.500  -2.52276-03  1.68336-12  2.59146-01  -3.06116-12  8.27936-04  -5.69176-15 

13.603  -2.84426-03  1.61076-12  2.59146-01  -2-37776-12  8.27936-04  -5.54236-15 

13.703  -2.86576-03  1.56216-12  2.59146-01  -1.15446-12  8.27936-04  -5.54756-15 

13.803  -2.88716-03  1.55136-12  2.59146-01  5.53616-13  8.27936-04  -5.47016-15 

13.903  -2.90866-03  1.5-  56-12  2.59146-01  2.61836-12  8.27936-04  -5.58416-15 

14.003  -2.93006-03  1.684C6-12  2.59146-01  4.85786-12  8.27936-04  -5.92276-15 

14.103  -2.95156-03  1.33756-12  2.59146-01  7.12156-12  8.27936-04  -6.17126-15 

14.200  -2.97296-03  2.04756-12  2.59146-01  9.21756-12  8.27936-04  -6.73896-15 

14.300  -2.99446-03  2.3C9oE-12  2.59136-31  1.1:256-11  8.27936-04  -7.52876-15 

14.403  -3.01586-03  2.61376-12  2.59136-01  1.24426-11  8.27936-04  -7.99226-15 

14.5'33  -3.C373£-C3  2.94916-12  2.59136-01  1.33766-11  8.27936-04  -9.05906-15 

14. 60:  -3.056r£-C3  3.30256-12  2.59136-01  1.37376-11  3.27936-04  -1.01146-14 

It. 705  -1,0!'02£-&3  3.6531.6-12  2.59136-01  1.34326-11  8.27936-04  -1.08296-14 

14. 3C:  -3.1C176-C3  5.99766-12  2.59136-01  1.23766-11  8.27936-04  -1.18226-14 

14.9Q5  -3.12316-03  4.30126-12  2.59136-01  1.05296-11  8.27936-04  -1.25226-14 

15.300  -3.1446C-C3  4.54846-12  2.59136-01  7.92816-12  3.27936-04  -1.29596-14 

15.103  -3.1t60E-C3  4.72076-12  2.59136-01  4.71346-12  8.27936-04  -1.37656-14 

15.250  -3. 16756-03  4.8C43E-12  2.59136-01  1.13066-12  8.27936-04  -1.36366-14 

15.300  -3.20896-03  4. 79306-12  2.59136-01  -2.49976-12  8.27936-04  -1.36766-14 

15.405  -3.23046-03  4.68926-12  2.59136-01  -5.83936-12  8.27936-04  -1.35896-14 

15.500  -3.25186-03  4.50406-12  2.59136-01  -8.S9S6E-12  8.27936-04  -1.31736-14 

15.600  -3.27336-03  4.25516-12  2.59136-01  -1.05916-11  8.27936-04  -1.23406-14 

15.700  -3.29476-03  3.96336-12  2.59136-01  -1.1752E-11  8.27936-04  -1.17396-14 

15.803  -3.31624-03  3.65176-12  2.59136-01  -1.21316-11  8.27936-04  -1.09616-14 

15.933  -3. 33776-113  3.33S46-12  2.59136-01  -1.16396-11  8.27936-04  -1.00186-14 

i6.CC3  -3. 35916-03  3.03576-12  2.59136-01  -1.10036-11  8.27936-04  -9.21136-15 

16.10:  -3.3tC5E-C3  2.76826-12  2.59136-01  -9.75456-12  3.27936-04  -8.44136-15 

16. ?C:  -3.4?2Ct-:3  2.53376-12  2.59136-01  -8.17376-12  8.27936-04  -7.46106-15 

16.3::  -3-42356-63  2.34356-12  2.5913E-C1  -6.35336-12  8.27936-04  -7-05596-15 

16. 40:  -3.44496-03  Z.202s6-12  2.59136-01  -4.3957t-12  8.27936-04  -6.73546-15 


RUN  NO 
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TIME 

J 1,900 
11.100 

11.200 
11.100 
11.490 
M.SOO 
11.600 

11.700 
11.800 
11.90Q 
12.000 
12.100 

12.200 
12.300 

12.400 

12.300 
12.600 

12.700 
12.800 

12.900 
13.000 

13.100 

13.200 

13.300 

13.400 

13.500 

13.600 

13.700 

13.800 

13.900 
14.000 

14. 100 

14.200 

14.300 

14.400 

14.500 

14.600 

14.700 

14.800 

14.900 
15.000 

15.100 

15.200 

15.300 

15.400 

15.500 

15.600 

15.700 

15.800 

15.900 
16.000 

16.100 

16.200 

16.300 

16.400 


P-  I 

-1.43890E-06 
•r2.00262E-06 
-2.49697E-06 
-2.89227E-06 
-3. 16006E-Q6 
-3.27794E-06 
'3,234908-06 
-3.03533E-06 
-2,-70O29£-Q6 
-2.2653SE-06 
-l,77539£-06 
-1.27781E-06 
-8.15870E-07 
-4.23896E-C7 
-1.25394E-07 
6.59849E-08 
1.4357CE-07 
1.04445E-07 
-5.259a3£-0a 
-3.26939E-07 
-7.  14172E-07 
-1.20221E-06 
'1.76874E-C6 
-2. 379a0£-06 
-2.99161E-06 
3.555236-06 
-4.02321E-06 
4.35653E-06 
-4.52996E-06 
4.53449E-06 
-4. 3764 lE-06 
4.07363E-06 
-3.65062C-06 
-3. l338lt-06 
-2.548T0E-O6 
-1.91946E-06 
-1.27042E-06 
-6.28549E-07 
2.49877C-03 
5.05289E-07 
9.26466E-07 
1.20594E-06 
1.32513E-06 
1.27432E-06 
1. 064936-06 
7.Z3259E-07 
2.87486E-07 
1.98877E-07 
6.93342E-C7 
1. 15947h-06 
-1.569236-06 
-1.902686-06 
-2.145656-06 
-2.28653E-06 
-2.31542t-C6 


P-  2 

2.650646-07 
2.226186-07 
1.641656-07 
9.336106-08 
1.501276-03 
-6.538146-08 
-1.421886-07 
-2.101766-07 
-2.649466-07 
-3.031816-07 
-3.227236-07 
-3.225236-07 
-3.025646-07 
-2.637346-07 
-2.078556-07 
-1.376996-07 
-5.703216-03 
2.941736-08 
1.161366-07 
1 ,971746-07 
2.666466-07 
3.193166-07 
3.511426-07 
3.596976-07 
3.44360C-07 
3.062676-07 
2.481646-07 
1.733596-07 
8.803446-08 
-4.175296-09 
-9.740616-08 
-1.862276-07 
-2.652846-07 
-3.29465E-C7 
-3.742776-07 
-3,960126-07 
-3.92369E-C7 
-3.62729E-07 
-3.0841U-07 
-2.1269ie-07 
-1.40574E-C7 
-3.833736-08 
6.70659C-C8 
1,6362''6-C7 
2.593376-07 
3.35u79c-07 
3. 893726-07 
4.209706-07 
4. 263956-07 
4.054696-07 
3.583766-07 
2.837636-07 
1.98(^116-67 
9.421666-08 
-1.849556-08 


P-  3 

-6.01927E-03 
-5.260806-03 
-6.442986-03 
-5.635606-03 
-6.383396-03 
-7.188886-03 
-7.510746-03 
-7.777986-03 
-7.91503E-03 
-7.368676-03 
-7.627146-03 
-7.224596-03 
■-6.72929E-03 
-6.219796-03 
-5.757696-03 
-5,366636-03 
-5. 025156-03 
-4.575946-03 
-'■.247986-03 
-3.683946-03 
-2.96257t-03 
-2.108446-03 
-1.185146-03 
-2.747306-04 
5.492776-04 
1.246356-03 
1.820596-03 
2,31760c-03 
2.804326-03 
3.345996-03 
3.975636-03 
4.684666-03 
5.421736-03 
6.109786-C3 
6.671996-03 
7.057786-03 
7.259536-03 
7. 314136-03 
7.288666-03 
7.25554L-C3 
7.265986-03 
7.331256-03 
7.418516-03 
7.462766-03 
7.390436-03 
7.146336-03 
6. 714196-03 
6. 123396-03 
5.43J596-03 
4.742456-03 
4.098536-03 
3,539376-03 
3.051546-03 
2.583916-03 
2.067906-03 


P-  4 

-1.268996-12 
-1,061806-12 
-6. 332826-13 
-1.066556-13 
3.357096-13 
5.717716-13 
4.819326-13 
2.986406-14 
-6.884206-13 
-1,485646-12 
-2.141566-12 
-2.492426-12 
-2.496216-12 
-2. 204416-12 
-1,750456-12 
-1.342746-12 
-1.173626-12 
-1.305946-12 
-1,633406-12 
-2.051966-12 
-2.262616-12 
-2.0943CE-12 
-1.480396-12 
-5.  746816-13 
4. '945256-13 
1. 470766-12 
2.150206-12 
2.381696-12 
2.175526-12 
1.623136-12 
1. 014536-12 
5.575126-13 
5.491866-13 
5.643456-1  3 
8,241566-13 
6.567916-13 
5.439446-13 
7.467426-14 
-7.589576-13 
-1.771336-12 
-2.762596-12 
-3.462816-12 
-3.694466-12 
-3.425796-12 
-2.758266-12 
-1.918286-12 
-1.142666-12 
-6.629576-13 
-5.530606-13 
-7.2359LE-13 
-1.063446-12 
-1.328686-12 
-1.343376-12 
-1.C17156-12 
-3.350746-13 


P-  5 

1.889886-06 
1.426076-06 
9.438376-07 
6.466336-07 
5,665816-07 
1.016926-06 
1.587146-06 
2.162576-06 
2.594186-06 
2.673526-05 
2.385936-06 
1.822976-06 
1.159586-05. 
6,378456-07 
3.911056-07 
4.856456-07 
8,508806-07 
1.315096-06 
1.657476-06 
1.734156-06 
1 .441046-06 
8.406896-07 
9.393836-08 
-5.874016-07 
-1.016036-05 
-1.C9582E-06 
-8.556746-07 
-4.385776-07 
-4.959156-08 
1.177826-07 
-4.751086-08 
-5.351806-07 
-1.215576-06 
-1 .886606-05 
-2.346426-05 
-2.463746-06 
-2.226366-05 
-1.744266-05 
-1.210066-06 
-8.295546-07 
-7.482536-07 
-9.932366-07 
-1.487596-06 
-2.033026-05 
-2.425346-06 
-2.505946-06 
-2.224026-06 
-1.65059E-C6 
-9.592666-07 
-3.610486-07 
-2.900306-08 
-3.707856-08 
-3.339566-07 
-7,519366-07 
-1.114286-06 


566 
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TIRE  ^  «  P-7  P-8  P-9  P-IO 


11.000  -2.0R189E-10  2.03619E-05  1.02230E-06  2.0Z240e-01  3.211376-05 

11. 100  -1.7A967E-10  3.1A702E-05  1.764616-06  2.460S8E-01  4.156376-05 

ll.aOO  -1.33974E-10  4.16503E-05  2.50801E-06  2.87927E-01  4.94121E-05 

11.300-8,363916-11  5.02926E-05  3.19492E-06  3.18083E-01  5.S1861E-05 

11.400  -2.702456-11  5.679216-05  3.74607E-06  3.302396-01  5.845276-05 

11.300  3.235006-11  6.064156-05  4.079986-06  3.236576-01  5.890226-05 

11.600  9.071636-11  6.153356-05  4.136436-06  3.034056-01  5.644056-05 

11.700  1.442896-10  5.944026-05  3.S9602E-06  2.785136-01  5.1255BE-05 

11.600  1.895056-10  5.464246-05  3.388816-06  2.587116-01  4.383516-05 

11.900  2.232666-10  4.769766-05  2.688896-06  2.509366-01  3.491796-05 

12.000  2.431566-10  3.935226-05  1.896406-06  2.568436-01  2.539486-05 

12.100  2.476226-10  3.042336-05  1.112986-06  2.722266-01  1.617756-05 

12.200  2.361036-10  2.168166-05  4.186786-07  2.885526-01  8.072506-06 

12.300  2.090896-10  1.376666-05  -1.423016-07  2.960506-01  1.692526-06 

12.400  1.681046-10  7.151166-06  -5.627496-07  2.872566-01  -2.578146-06 

12.500  1.156166-10  2.156326-06  -8.611516-07  2.597276-01  -4.562736-06 

12.600  5.487956-11  -1.001436-06  -1.062806-06  2.169716-01  -4.234446-06 

12.700  -1.027666-11  -2.158096-06  -1.180956-06  1.672396-01  -1.650936-06 

12.800  -7.569536-11  -1.172296-06  -1.205426-06  1.206316-01  3.090516-06 

12.900  -1.371576-10  2.065756-06  -1.103056-06  8.553766-02  9.359296-06 

13.000  -1.906446-10  7.586786-06  -8.302156-07  6.57135E-D2  1.845856-05 

13.100  -2.325966-10  1.527406-05  -3.527686-07  5.901126-02  2.856966-05 

13.200  -2.601346-10  2.480176-05  3.340426-07  5.824166-02  3,970286-05 

13.300  -2.712526-10  3.560886-05  1.193196-06  5.384396-02  5.118066-05 

13.400  -2.649586-10  4.692726-05  2.146246-06  3.740726-02  6.217436-05 

13.500  -2.413616-10  5.786416-05  3.087116-06  4.777906-03  7.179216-05 

13.600  -2.016926-10  6.752176-05  3.905186-06  -4.236076-02  7.920146-05 

13.700  -1.482566-10  7.512456-05  4.510436-06  -9.700446-02  3.375466-05 

13.800  -8.430326-11  8.011996-05  4,852496-06  -1.49253c-0l  8.508416-05 

13.900  -1.383656-11  8.222846-05  4.927666-06  -1.897766-01  8. 314086-05 

14.000  5,864346-11  8.143396-05  4.772006-06  -2.1306J6-01  7.817036-05 

14.100  1,284346-10  7.792586-05  4.443616-06  -2.193486-01  7.063626-05 

14.200  1.909476-10  7.201686-05  4.000776-06  -2.143836-01  6.111846-05 

14.300  2.420156-10  6.406806-05  3.483726-06  -2.073596-01  5.021956-05 

14.400  2.781776-10  5.444516-05  2.906586-06  -2.075026-01  3.850416-05 

14.500  2.969046-10  4.351676-05  2,261976-06  -2.207166-01  2.648436-05 

14.600  2.967676-10  3.168706-05  1.535786-06  -2.47,4076-01  1.46-4446-05 

14.700  Z.775366-10  1.944156-05  7.263856-07  -2.322996-01  3.481206-06 

14.800  2.401956-10  7,376596-06  -1.397356-07  -3.162866-01  -6.465296-06 

14.900  1.868986-10  -3.809406-06  -1.002426-06  -3.396736-01  -1.461316-05 

15.000  1.208396-10  -1.337376-05  -1.775236-06  -3.456316-01  -2.041386-05 

15.100  4.607636-11  -2,062586-05  -2.364066-06  -3. 326236-01  -2.339026-05 

15.200  -3.271116-11  -2.504006-05  -2.691036-06  -3.04971c-0l  -2. 323546-05 

15.300  -1.105066-10  -2,635076-05  -2.715786-06  -2.712526-01  -2.012276-05 

15.400  -1.822676-10  -2.460226-05  -2.445766-06  -2.413176-01  -1.423396-05 

15.500  -2.432596-10  -2.013796-05  -1.933386-06  -2.226716-01  -6.238716-05 

15.600  -2.893716-10  -1.353206-05  -1.278106-06  -2.1^9016-01  3.047656-05 

15.700  -3.174026-10  -5.483886-06  -5. 583626-07  -2.237466-01  1.273636-05 

13.800  -3.252936-10  3.292766-06  1.414716-07  -2.323256-01  2.199296-05 

15.900  -3.122856-10  1.215616-05  7.730266-07  -2. 340206-21  3.012876-05 

16.000  -2.789786-10  2.057776-05  1.321516-06  -2.209886-01  3.665106-05 

16.100  -2.273076-10  2.813696-05  1.796306-06  -1.930396-31  4.125226-05 

15.200  -1.604206-10  3.448226-05  2. 215406-06  -l.43S49c-Cl  4.376446-05 

16.300  -8.247586-11  3.928596-05  2.576346-06  -9.C0733E-02  4.410106-05 

16.400  1.619716-12  4.222446-05  2.866726-05  -3.868056-02  4.221716-05 


«»  JiO 
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T«tE  f-11  P-12  P-13  P-1-^  P-15 


11,000  -7.795036-07  2.02250E-01  2.5O363E-05  2.50363E-05 

11-100  -g. 507656-07  2.5608aE-01  1.95925E-05  1-95925E-05 

U.-200  -1-03956E-06  2.379276-01  1.491396-05  1.491396-04 

11.300  -1.052726-06  3.180836-01  1.209856-04  1.209856-04 

11- 4#Q  -1,019316-06'  3.302396-01  1.250826-04  1,250826-04 

llr.500  -9.782846-07  3.2365rE-01  1.6277SE-04  1.62779E-04 

11,480  -9.646376-07  3-034056-01  2.226506-04  2.226506-04 

ll.,7QQ  -9.967886-07  2.785136-01  2.845866-04  2.845866-04 

11.800  -1.070566-06  2.587116-01  3.269976-04  3.269976-04 

11.900  -1.161666-06  2.509366-01  3.345566-04  3,345566-04 

12.000  -1.235726-06  2.568436-01  3.036896-04  3. 036896-04 

12.100  -1.262166-06  2.722266-01  2.438626-04  2.438626-04 

12.200  -rl. 226906-06  2.885526-01  1. 741876-04  1.741876-04 

12.300-41.139016-06  2.960506-01  1.165836-04  1.165836-04 

12.400  -1.029066-06  2.872566-01  8.794316-05  8.794316-05 

12.500  -9.394696-07  2.597276-01  9.410676-05  9. 410686-05 

12.600  -9.103086-07  2.169716-01  1.278196-04  1.278196-04 

12- 700  -9.655156-07  1,672396-01  1,713656-04  1.713356-04 

12.800  -1.104496-06  1.206316-01  2.030766-04  2.030766-04 

12.900  -1.302006-06  3,553766-02  2.049846-04  2.049846-04 

13.000  -1.516466-06  6.571356-02  1.695016-04  1.695006-04 

13.100  -1.703676-06  5.901126-02  1.021036-04  1.021036-04 

13.200-1.831106-06  5.824166-02  1.944736-05  1.944726-05 

13i300  -1,887766-06  5.384396-02  -5.654526-05  -5.654326-05 

13.400  -1.886216-06  3.740726-02  -1.064776-04  -1.064776-04 

13.500  -1.856026-06  4.777896-03  -1.203756-04  -1.203756-04 

13.600  -1.831366-06  -4,236076-02  -1.011716-04  -1.011716-04 

13.700  -1.837086-06  -9.700446-02  -6.357716-05  -6,357706-05 

13.800  -1.878566-06  -1.492536-01  -2.872886-05  -2.872876-05 

13.900  -1.938386-06  -1.897766-01  -1.652686-05  -1.652636-05 
14.000  -1,984566-06  -2.130696-01  -3.843316-05  -3.343316-05 

14.100  -1.97767E-06  -2.193476-01  -9,329956-05  -9.329966-05 

14.200  -1.890136-06  -2.143836-01  -1.677276-04  -1. 677276-04 

14.300  -1.714806-06  -2.073596-01  -2.408236-04  -2,408236-04 

14.400  -1,469616-06  -2.075026-01  -2.916466-04  -2.916466-04 

14.500  -1.192936-06  -2.207166-01  -3.066696-04  -3.066696-04 

14.600  -9.318176-07  -2,474076-01  -2.845886-04  -2.345886-04 

14.700  -7.272976-07  -2.822996-01  -2.36735E-04  -2.367356-04 

14.800  -6,i^396-07  -3.162866-01  -1.829826-04  -1.829826-04 

14.900  -5.52tSl6-07  -3.396736-01  -1,445736-04  -1.445786-04 
15.000  -5.558626-07  -3.456316-01  -1.365096-04  -1.365096-04 

15.100  -5.743396.r97  -3.326286-01  -1,621146-04  -1.62114E-04 

15.200  -5.734376-07  -3.049716-01  -2.118956-04  -2.118956-04 
15-300  -5.3332«-«7  -2, 7 12626-01 '-2. 669326-04  -2.669326-04 

15.400  -4. 556616-87  -ZAI^ISE-Ol  -3.056876-04  -3.056876-04 

15.500  -3.62802S-O7  -2.^26716-01  -3.117486-04  -3.117486-04 

15.600  -2.885536-07  -2.179016-01  -2,797366-04  -2.79736E-Q4 

15.700  -2.64713E-Q7  -2.237466-01  -2.172556-04  -2.1T255E-04 

15.800  -3.080656-07  -2.323256-01  -1.421936-04  -1.421936-04 

15.900  -4.126466-07  -2,340206-01  -7.633786-05  -7.633786-05 
16,000  -5.501776-07  -2.209886-01  -3.760946-05  -3.760956-05 

16.100  -6.786026-07  -Iv90a39£-01  -3.368416-05  -3.368426-05 

16.200  -7.558096-07  -1.438496-01  -5.930636-05  -5.930646-05 

16.300  -7.33653E-07  -9.C0I336-02  -9,324366-05  -9.824376-05 

16.400  -6,675806-07  -3. 868066-02  -1,291816-04  -1.291816-04 


:365 


}>*££  HO 


13 


TIME  V*:  v«r  «?  OMEGAX  OHEGAT  OMEGA! 

SEC  IM/Sec  IN/SEC  INl/SEC'  RAD/SEC  RAO/SEC  RAD/SEC 

16.500  -3.,A564E-03  2-,ll35E-12  2*5913E-01  -2-4300E-12  S.2793e-04  -&.5360E-15 

Ifc.iOO  -3»4S78E-03  2.0742E-12  2-5913E-01  -5.9729E-13  a.2793E-04  -6,5097E-15 

16.700  -3.S093E-03  2.0799E-12  2.5913E-01  9.7841E-13  S.2793E-04  -6-6048E-15 

16.800  -3.5307E-Q3  2.l226e-l2  2.59136-01  2.22286-12  8-2793E-04  -6.7662E-15 

16.900  -3-5522E-03  2.19306-12  2.59136-01  3.1290E-12  3.27936-04  -6.92376-15 

17.000  -3.5736E-03  2.28256-12  2.59136-01  3.74906-12  8.2793E-04  -7.2560E-15 

17.100  -3.$951E-03  2.3S42E-12  2.59136-01  4.1624E-12  3.2793E-04  -7.5956E-15 

17.200  -3-6166E-03  2.4935E-12  2.59136-01  4.43806-12  S. 27936-04  -8.03386-15 

17.300  -3.63806-03  2.60766-12  2.59136-01  4.60546-12  8.27936-04  -8.23526-15 

17.400  -3.65956-03  2.72376-12  2.59136-01  4.65116-12  8.27936-04  -8. 86306-15 

17.500  -3.68096-03  2.83876-12  2.59136-01  4.53756-12  8.27936-04  -9.53446-15 

17- 600  -3.70246-03  2.94836-12  2.59136-01  4.23606-12  8.27936-04  -9.77576-15 

17.700  -3.72386-03  3.04796-12  2.59136-01  3.75546-12  S. 27936-04  -1.00216-14 

17.800  -3.74536-03  3.13376-12  2.59’l2E-01  3.15296-12  8.27936-04  -1.03196-14 

17.900  -3.76676-03  3.20366-12  2.59126-01  2.52176-12  3.27936-04  -1.07346-14 

18.000  -3.78826-03  3.25826-12  2.59126-01  1.96216-12  8. 27936-04  -1.08516-14 

18.100-3.80966-03  3.30086-12  2.59126-01  1.54766-12  S.2793E-04  -1.06306-14 

18.200  -3.83116-03  3.33566-12  2.59126-01  1. 30206-12  3.27936-04  -1.09466-14 

18.300  -3.85256-03  3.36736-12  2.59126-01  1.19516-12  8.27936-04  -1.07376-14 

18.400  -3. 87406-03  3.39S3E-12  2.59126-01  1.16166-12  8.27936-04  -1.08736-14 

18.500  -3.89556-03  3.43146-12  2.59126-01  1.15316-12  S. 27936-04  -1.0S20E-14 

18- 600  -3.91696-03  3.46446-12  2.5912E-01  1.07356-12  8.27936-04  -1.10366-14 

18.700  -3.93846-03  3.49676-12  2.59126-01  1.03126-12  8.27936-04  -1.08906-14 

18.800  -3.95986-03  3.52816-12  2.59126-01  9.89776-15  8.27936-04  -1.10996-14 

18.900  -3.98136-03  3.56076-12  2.59126-01  1.14276-12  8.27936-04  -1.14746-14 

19.000  -4.00276-03  3-59956-12  2.59126-01  1.55206-12  8.27936-04  -1.12296-14 

19- 100  -4.02426-03  3.65126-12  2.59126-01  2.25396-12  S-2793E-04  -1.15046-14 

19.200  -4.04566-03  3.72306-12  2.59126-01  3.20116-12  S.27936-04  -1.18286-14 

19.300  -4.06716-03  3.61996-12  2.59126-01  4.26286-12  8.27936-04  -1.20046-14 

19.400  -4.0SS5E-03  3.94316-12  2.59126-01  5.25386-12  8.27936-04  -1.24596-14 

19.500  -4.11006-05  4.08S6E-12  2.59126-01  5. 98126-12  S.27936-04  -1.29896-14 

19.600  -4.13146-03  4.24776-12  2.59126-01  6.29036-12  S.27936-04  -1.35236-14 

19.700  -4.15296-03  4.40846-12  2.59126-01  6.09236-12  8.27936-04  -1.40176-14 

19.800  -4,17436-03  4.55746-12  2.59126-01  5.36516-12  8.27936-04  -1.44836-14 

19.900  -4.19586-03  4.53136-12  2.59126-01  4.13426-12  S.2793E-04  -1.47916-14 

20.000  -4.21736-03  4.76766-12  2.59126-01  2.44696-12  S.27936-04  -1,49036-14 

20.100  -4.23876-03  4.60606-12  2.59126-01  3.71176-13  8.27936-04  -1,47696-14 


5!o9 


Rtw  Ha 


1 


PAGE  NO 


L4 


2  P-3 


P-  ^ 


P- 


5 


1-6.500  -2.223476-06  -1. 318606-07  1.444236-03 

16.600  -2.005316-06  -2.380506-07  6.864976-04 

16.700  -1.665286-06  -3.295636-07  -1.971216-04 

16.800  -1.216036-06  -3.999166-07  -1.118096-03 

16.900  -6.854356-07  -4.442206-07  -2.026186-03 
17.000  -1.130876-07  -4.595516-07  -2.835976-03 

17.100  4.533236-07  -4.45Q73E-07  -3.501566-03 

17.200  9.643646-07  -4.019646-07  -4.020816-03 

17.300  1.375926-06  -3.331036-07  -4. 433966-03 

17.400  1.6551QE-06  -2.423026-07  -4.606636-03 

17.500  1. 783506-06  -1.364586-OT  -5.205406-03 

17.600  1. 757256-06  -2.023826-03  -5.670736-03 

17.703  1.584256-06  9.837126-03  -6. 201736-03 

17.800  1.279806-36  2.133986-C7  -6.754656-03 

17.900  3.624276-07  3.174686-07  -7. 257266-03 

13,000  3.512446-07  4.026546-07  -7.633696-03 

13.100  -2.344456-07  4.633136-07  -7.833646-03 

13.200  -3.735226-07  4.946936-07  -7.835736-03 

13.300  -1. 540546-06  4.939126-C7  -7.681446-03 

13.403  -2.203896-06  4.60392E-C7  -7.433036-03 

13.503  -2.625396-36  3.959916-07  -7.165036-03 

13.603  -3.365636-06  3,04'1926-C7  -6.934356-03 

13.700  -3.764C26-C6  1.95216E-C7  -6. 762096-03 

13.303  -4.05CC2E-06  6.844976-03  -6.62260E-03 

1S.90:  -4.146136-34  -6.  I2l2l£-0'i  -6. 457676-03 
19. QO:  -4.071656-06  -I.S75016-0T  -6.196226-03 

19.100  -3.S4260E-06  -3.02600E-CT  -5.731476-03 

19.200  -3.488456-06  -3.995326-07  -5. 192696-03 
19.30C  -3.04652£-a6  -4.724236-07  -4.454156-03 
I9.4ai’>  -2.555866-06  -5.166996-07  -3.628126-03 

19.503  -2,052266-06  -5.292636-07  -2.794156-03 

19.600  -1.565526-06  -5.036996-02  -2.023446-03 

19.700  -1.119446-36  -4.554846-07  -1.353536-03. 

19.800.  -7.337456-97  -3.721596-07  -7.793896-04 
19.903  -4.265606-07  -Z.633946-CT  -2.553626-04 
20.000  -2.159856-07  -1.353426-07  2. 3462'9£-0.4 

20.100  -1.196556-07  2.225936-09  9.017336-04 


4. 126286-13 
1.078026-12 
1.270376-12 
9, 185916-13 
9.939516-14 
-1.047276-12 
-2. 175646-12 
-3.006996-12 
-3.350276-12 
-3.165766-12 
-2.576006-12 
-1.8.74746-12 
-1.347996-12 
-1.  163876-12 
-1.321466-12 
-1.695066-12 
-2.047506-12 
-2.075986-12 
-1.613036-12 
-6.645276-13 
5.942576-13 
1.832046-12 
2.720676-12 
3.010356-12 
2.654616-12 
1.810466-12 
7.428866-13 
-2. 373666-13 
-9.23277t-13 
-1.133926-12 
-9.40,6556-15 
-5.670536-13 
-3.466136-13 
-4. 770286-13 
-1.0  4  8  4  76-12 
-1.920726-12 

-2.a960.rt-l2 


-1. 209466-06 
-9.571566-07 
-3.909466-07 
3.433026-07 
1.039296-06 
1.503806-06 
1,625476-06 
1.414216-06 
9.970206-07 
5.719396-07 
3.364796-07 
4.163326-^7 
8.201826-07 
1,435886-06 
2.070926-06 
2.521006-06 
2.643226-06 
2.407076-06 
1,905206-06 
1.320036-06 
8  .582376-07 
6,766126-07 
8.259576-09 
1. 233066-06 
1.727216-06 
2.101746-06 
2.188446-06 
1.918196-06 
1.346036-06 
6.316946-07 
-1.729046-08 
-4. 196706-07 
-4.849746-97 
-2.454126-07 
1.562726-07 
5.186026-07 
6.542006-07 
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RUN  NO 


1 


PAG a  NO 


15 


TINE  P-6  P-7  P-8  P-9  P-IO 


16.500  8.65233E-11  4.298268-05  3.O3867E-06  1.54125E-03  3.81054E-0S 

16.600  1.66789E-10  4.13183E-0S  3.03554E-06  2.60466E-02  3.183196-05 

16.700  2.37208E-10  3.71350E-05  2.80724E-06  3.6O692E-02  2.35963E-05 

16.800  2.93136E-10  3.055846-05  2.33191E-06  3.308406-02  1.37891E-05 

16.900  3. 307936-10  2.197896-05  1.630276-06  4.138856-02  3.018326-06 

17.000  3.475156-10  1.204046-05  7.679276-07  5.467396-02  -7.916136-06 

17.100  3.419466-10  1.570826-06  -1.560206-07  8. 281746-02  -1.310316-05 

17.200  3.14151E-10  -8.529206-06  -1.030676-06  1.250476-01  -2.664046-05 

17.300  2.656436-10  -1.741426-05  -1.758446-06  1.751366-01  -3.276446-05 

17.400  1.993066-10  -2.440296-05  -2.275486-06  2.23S60E-01  -3.595716-05 

17.500  1.192376-10  -2.904206-05  -2.561106-06  2.608366-01  -3.600066-05 

17.600  3.048146-11  -3.111506-05  -2.633536-06  2.808546-01  -3.297046-05 

17.700  -6.128726-11  -3.060116-05  -2.534726-06  2.829966-01  -2.717516-05 

17.800  -1.501426-10  -2.760746-05  -2.309226-06  2.722996-01  -1.906586-05 

17.900  -2.302936-10  -2.230456-05  -1.986596-06  2.575876-01  -9.147476-06 

18.000  -2.964686-10  -1.488956-05  -1.572336-06  2.482586-01  2.079916-06 

18.100  -3.442586-10  -5.588526-06  -1. 051576-06  2.508776-01  1.413866-05 

18.200  -3. 704006-10  5.305776-06  -4.027026-07  2.667916-01  2.655096-05 

18.300  -3.729936-10  1.738326-05  3. 828316-07  2.9163C6-01  3.879926-05 

18.400  -3.516186-10  3.007906-05  1.284186-06  3.168666-01  5.029516-05 

18.500  -3.073836-10  4.267566-05  2.243676-06  3.328716-01  5.038246-05 

18.600  -2.428646-10  5.435496-05  3.172426-06  3.323766-01  5.838696-05 

18.700  -1.619646-10  6.429456-05  3.967806-06  3.130916-01  7.370556-05 

18.80Q  -6.969106-11  7.178726-05  4.537276-05  2.735436-01  7.591366-05 

18.900  2.814806-11  7.634836-05  4.821096-06  2.36S5S6-01  7.485766-05 

19.000  1.253046-10  7.773556-05  4.306116-05  1.978336-01  7.070416-05 

19.100  2.154856-10  7.620936-05  4.526436-06  1.6954Q6'01  6.392726-05 

19.200  2.927736-10  7.198446-05  4.050726-06  1.554126-01  5.523646-05 

19.300  3.520196-10  6.564146-05  3.460996-06  1.531316-01  4.546266-05 

19.400  3.891966-10  5.777496-05  2.830016-06  1.555046-01  3.543546-05 

19.500  4.016816-10  4.896076-05  2.205126-06  1. 531306-01  2.538366-05 

19.600  3.864386-10  3.971296-05  1.603606-06  1.378476-01  1.73802E-0S 

19.700  3.500946-10  3.043446-05  1.020436-06  1.057436-01  1,034066-05 

19.800  2.889056-10  2.170086-05  4.448016-07  5.354586-02  5.058256-06 

19.900  2.086156-10  1.380096-05  -1.215116-07  3.547406-03  1.755456-05 

20.000  1.142196-10  7.257836-06  -6.519C0E-07  -4.981536-02  5.139696-07 

20.100  1,164976-11  2.562556-06  -1.092306-06  -9.235496-02  1.801106-05 
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RUN  NO 


i 


*G£  SO 


TISE 

16.500  - 
16.600  - 

16.700  - 
16-800  - 

16- 900  - 
17.000  - 

17.100  - 

17.200  - 

17.300  - 

17.600  - 

17- 500  - 
17-600 

17.700 

17.800  - 

17- 500  - 
18.003  - 

18.100  - 

18.200  - 

18.300  - 
18.503  - 

13.501  - 

18- 600  - 
18,100  - 

15. 800  - 
18.903  - 
19.003  - 
19. 101  - 
19-200  - 
19.303  - 
19-50J  - 
19.500  - 

19.600  - 

19.700  - 

19.800  - 
19.900  - 
20.003  - 
20.100  - 


R-11 

5. 17698E-07 
3.92190E-a7 
l.S4i52E-07 
7-73259E-08 
3.S579lfc-08 
5.92221E-38 
9.12323E-08 
1.27936E-07 
1.33299E-07 
9-96551£-<lS 
4.1611SE-0S 
3-46506E-09 
l-lS13ie-03 
6.25625E-08 
2.26045E-a7 
4.65120E-07 
T.44631E-07 
1.01851E-C6 
1.244196-36 
1.39572E-06 
1-47095E-06 
1.490326-36 
1.437926-06 
1.49799E-06 
1-541826-06 
1.619846-06 
1. 711686-06 
1.7S41S6-Q6 
1.8C4345-06 
1.752676-36 
1.S31SQ6-Q6 
1.46734E-I76 
1.300.476-06 
1-17484E-C6 
1.122336-06 
1. 152765-06 
1.251026-06 


P-12 

1.541256-03 
2,604656-02 
3.606916-02 
3,808396-02 
4.138846-02 
5.467396-02 
8-28174E-02 
1.250476-01 
1.751366-01 
2.235606-01 
2.608366-01 
2.808546-01- 
2.829966-01 
2.722996-01 
2.575876-01 
2. 482586-01 
2.50S77E-01 
2.667916-01 
2.916306-01 
3.163666-01 
3.328716-01 
3.323766-01 
3.130916-01 
2.785486-01 
2.368586-01 
1. 978386-01 
1.69540E-01 
1.554126-01 
1,531316-01 
1.555046-01 
1,531306-31 
1.378476-01 
1.057436-01 
5.864576-02 
3.547356-03 
-4.981536-02 
-9.235496-02 


P-13 

-1.33439E-04 
-1.017386-04 
-3.759736-05 
4-387006-05 
1.213096-04 
1.747176-04 
1.925476-04 
1.757716-04 
1.3T45SE-04 
9.801376-05 
7-779206-05 
8.973946-05 
1. 347036-04 
2.010896-04 
2.6S9S76-04 
3.172806-04 
3.311966-04 
3.075736-04 
2.559706-04 
1.952226-04 
1,466746-04 
1.265226-04 
1.400276-04 
1.796446-04 
2. 277716-04 
2.630926-04 
2. 682706-04 
2.362016-04 
1.726066-04 
9.402346-05 
2.192416-05 
-2.492866-05 
-3.714406-05 
-1.799796-05 
1.782146-05 
4.956166-05 
5.792626-05 


P-14 

-1.334396-04 
-1.0173SE-04 
-3.759736-05 
4.387016-05 
1.213096-04 
1.747176-04 
1.925476-04 
1.757706-04 
1.374586-04 
9.801366-05 
7.779206-05 
3.973956-05 
1.347036-04 
2.010896-04 
2. 689876-04 
3.172806-04 
3.311966-04 
3.075736-04 
2.559706-04 
1.952226-04 
1.466746-04 
1.265226-24 
1.400276-04 
1.796446-04 
2.277716-04 
2.630926-04 
2.682706-04 
2.362016-04 
1.726066-04 
9.402346-05 
2.192416-05 
-2.492856-05 
-3.714396-05 
-1.799786-05 
1.782156-05 
4.956166-05 
5.792616-05 


16 

P-15 


572 


TABLE  20 

LISTINGS  OF  COMPUTER  RUNS  FOR  IMPULSIVE  SPIN-UP  RESPONSE 


RUM  MQ  2  PAGE  MQ  1 

PAMOORA.  -  Lyy«0  15  AUG  1963 

RESPOMSE  OF  TITAN  III  MODEL  TO  IMPULSIVE  SPIN-UP 


time 

SEC 

0. 

0, 

0,050 

0* 

0.100 

0, 

0.150 

0* 

0.200 

0* 

0.250 

0* 

0-300 

0* 

0,350 

0.400 

0* 

0.450 

0« 

0.500 

0* 

0.550 

0. 

0.600 

0. 

0.659 

0.700 

0* 

0.750 

0« 

O.SQO 

0, 

0.850 

0, 

0.900 

0, 

0.950 

Q. 

1.000 

0* 

1-050 

0* 

1-100 

0. 

1.150 

0. 

1.200 

0. 

1.250 

Q. 

1.300 

0« 

1-550 

0« 

1.400 

1.450 

Q. 

1,500 

0. 

1.550 

0, 

1.600 

0* 

1.650 

0* 

1.700 

0* 

1.750 

0,. 

l.SOO 

1.850 

0. 

1.900 

0« 

1-950 

Q. 

2.000 

0. 

2.050 

0. 

2.100 

0. 

2.150 

0* 

2.200 

0. 

2.250 

Q. 

2,300 

0. 

2.350 

0* 

2.400 

0. 

2.450 

0. 

2.500 

0. 

2.550 

0, 

2.600 

0, 

2.650 

0* 

2.700 

c. 

VY 

IN/SEC 


0. 

0. 

0, 

0- 

0. 

0. 

o. 

Q. 

o. 

o. 

o- 

0. 

0- 

o. 

o. 

o. 

0, 

0. 

0. 

0< 

0» 

0. 

Q. 

0. 

0. 

0. 

0. 

0- 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0, 

0. 

o, 

o. 

0. 

o. 

Q. 

0» 

Q. 

Q. 

0- 

0. 

0. 

0. 

0. 

0, 

0. 

0. 

0. 

0. 


vz 

IN/SEC 


OHEGAX 

RAO/SEC 


OHEGAY 

RAD/SEC 


OMEGAZ 

RAO/SEC 


O- 

0. 

0. 

O. 

0. 

0. 

0. 

O. 

0. 

0- 

0. 

o. 

o. 

o. 

0. 

o. 

0. 

0. 

o. 

0. 

0. 

o. 

0. 

o. 

0. 

0. 

o. 

0. 

0- 

o. 

o. 

o. 

0. 

o, 

o. 

o. 

o. 

o. 

o. 

o- 

0- 

0. 

0- 

0. 

0. 

0. 

0* 

0. 

0» 

o. 

0. 

0. 

0. 

0. 

0» 


A.9998E-01 
4.5991E-01 
A.9975E-01 
4.99566-01 
4.9939E-01 
4.9926E-01 
4.9910E-01 
4.93856-01 
4.9349E-01 
4.9806E-01 
4.9764E-01 
4.9728E-01 
4.9697E-01 
4,9663E-01 
4.96336-01 
4.9591E-0t 
4.9547E-01 
4.95096-01 
4.9481E-01 
4.9462E-01 
4.9448E-01 
4.9432E-01 
4.94126-01 
4.9395E-01 
4.93S5E-01 
4.938TE-01 
4.94006-01 
4. 94136-01 

4.94356- 01 
4.94496-01 
4.94636-01 

4.94356- 01 
4. 95176-01 
4.95586-01 
4.95036-01 
4.96376-01 
4.96696-01 
4. 96976-91 
4.97336-01 
4.97696-01 
4.93116-01 
4.93516-31 
4.93816-01 
4.93016-01 
4.99156-01 
4.99316-01 
4. 93496-01 
4. 99676-01 
4.997S6-01 
4.99786-01 
4.99676-01 
4.99506-01 
4.9334E-01 
4.99206-01 
4.9906E-01 


-0. 

-3.35786-06 
-1.09856-05 
-1.76276-05 
-1.92236-05 
-1.59966-05 
-1.22226-05 
-1.28906-05 
-1.98396-05 
-3.C339E-05 
-3.91596-05 
-4.25366-05 
-4.09316-05 
-3.88016-05 
-4.07356-05 
-4.82866-05 
-5.35456-05 
-6.63756-05 
-6.62756-05 
-6.49926-05 
-6.08906-05 
-6.05846-05 
-6.54066-05 
-7.23786-05 
-7.64686-05 
-7.44156-05 
-6.72146-05 
-5. 93616-05 
-5. 54406-05 
-5.66496-05 
-5.99206-05 
-6.C300E-05 
-5.47976-05 
-4,47226-05 
-3.47366-05 
-2.93256-05 
-2.9415E-05 
-3.1737E-05 
-3.1429E-05 
-2.53316-05 
-1. 66586-05 
-8.64636-06 
-5.97436-06 
-9.08046-06 
-1.44006-05 
-1.71976-05 
-1.52716-05 
-1.C646E-0S 
-7.97006-06 
-i.ess:E-05 
-1.91986-05 
-2.9Q566-Q5 
-3.5942fc-05 
-3.611QE-05 
-3.73056-05 


-O. 

-3.10486-09 
-7.18046-03 
-2.61616-07 
-5.77796-07 
-S-50686-07 
-8.28166-07 
-4.6853E-Q7 
-1.4S99&-07 
-4.62296-07 
-1,65666-06 
-3.22946-06 
-4. 18606-06 
-3.89766-06 
-2,82756-06 
-2.35536-06 
-3.67276-06 
-6.64826-06 
-9.73566-06 
-1.11636-05 
-1.04616-05 
-8.97816-06 
-8.83126-06 
-1.11216-05 
-1.49446-05 
-1.80996-05 
-1.88926-05 
-1.75176-05 
-1.58296-05 
-1.57456-05 
-1.76796-05 
-2.03116-05 
-2.17986-05 
-2.12986-05 
-1.95226-05 
-1.79596-05 
-1.75946-05 
-1.82366-05 
-1.89006-05 
-1. 37656-05 
-1.77806-05 
-1.65256-05 
-1.55906-05 
-1.51336-05 
-1.49116-05 
-1.46316-05 
-1.41916-05 
-1.36626-05 
-1.31476-05 
-1.27116-05 
-1.24216-05 
-1.23336-05 
-1.23856-05 
-1.23406-05 
-1.19546-05 


573 


RUN  NO 


2 


PAGE  NO 


2 


TIME  P-1  P-2  P-3  P-  A  P-5 


0*  0*  0*  0«  0«  0« 

0.050  -A-a7135E-03  3.88413E-03  2.81334E-06  3.99347E-07  -1.01574E-0* 

0.100  -1.87107E-02  1.23698E-02  5.712086-05  2.646926-06  -7.49454E-08 

0.150  -3.98232E~02  1.87109E-02  3.22242E-04  6.35814E-06  -2.29304E-07 

0-200  -6.67852E-02  1.783196-02  1.08035E-03  1.10883E-05  -4.85657E-07 

0.250  -9.93202E-02  1.027566-02  2.65041E-03  1.257786-05  -8.493516-07 

0.300  -1.381596-01  1.732066-03  5.266486-03  9.630896-06  -1.340246-06 

0-350  -1.840116-01  -1.449306-03  9.014626-03  2.692476-06  -2.003176-06 

0.400  -2.364766-01  2.776066-03  1.387606-02  -6.191656-06  -2.S9865E-06 

0.450  -2.937746-01  1.053586-02  1.983896-02  -1,510296-05  -4.080926-06 

0.500  -3,535126-01  1.532276-02  2.698866-02  -2.382996-05  -5. 579996-06 

0.550  -4.138826-01  1.271366-02  3.550176-02  -3.409006-05  -7.401006-06 

0.600  -4,743396-01  4.181756-03  4.554906-02  -4.823576-05  -9.540116-06 

0.650  -5.352436-01  -4.315986-03  5.718406-02  -6.744896-05  -1,200306-05 

0-700  -5.967686-01  -6.978646-03  7.030366-02  -9.080896-05  -1.481016-05 

0.750  -6.579636-01  -2.684246-03  8.471236-02  -1.159416-04  -1.798386-05 

0.800  -7,167246-01  4.1«222E-03  1.002376-01  -1.407436-04  -2.152666-05 

0.850  -7.707126-01  7.207406-03  1.168036-01  -1.648546-04  -2.540846-05 

0.900  -8.184866-01  2.979046-03  1.344106-01  -1.897586-04  -2.957156-05 

0.950  -8.599636-01  -6.273716-03  1.530296-01  -2.174426-04  -3.395026-05 

1-000  -8.958536-01  -1.446566-02  1.725036-01  -2.486696-04  -3.849036-05 

1.050  -9.265366-01  -1.642896-02  1.925586-01  -2.821706-04  -4.315286-05 

1.100  -9.512916-01  -1.192156-02  2.128346-01  -3.153886-04  -4.790146-05 

1.150  -9.684876-01  -5.749106-03  2.330516-01  -3.461856-04  -5.268476-05 

1.200  -9.766016-01  -3.948556-03  2.530436-01  -3.742006-04  -5,742926-05 

1.250  -9.752326-01  -9.049476-03  2.727186-01  -4.008356-04  -6.204916-05 

1.300  -9.653226-01  -1.812146-02  2.919506-01  -4.278846-04  -6.646826-05 

1.350  -9.484106-01  -2.509926-02  3,105436-01  -4.558676-04  -7.063616-05 

1.400  -9.255156-01  -2.552706-02  3.281416-01  -4.333636-04  -7.452716-05 

1.450  -8.965426-01  -1.999376-02  3.444246-01  -5.078286-04  -7.812506-05 

1.500  -8.606736-01  -1.359796-02  3.591596-01  -5.272936-04  -8.140376-05 

1.550  -8.174316-01  -1.190246-02  3.722546-01  -5.416206-04  -8.432196-05 

1.600  -7.675436-01  -1.657596-02  3.836926-01  -5.523806-04  -8.683416-05 

1.650  -7.129246-01  -2.412236-02  3.934286-01  -5. 614456-04  -8.890906-05 

1.700  -6.557776-01  -2.865336-02  4.013236-01  -5.693976-04  -9.054076-05 

1.750  -5.975346-01  -2.649396-02  4.071716-01  -5.749746-04  -9.174296-05 

1.800  -S. 384526-01  -1,901026-02  4.107946-01  -5.759656-04  -9.252966-05 

1.850  -4.781926-01  -1.147656-02  4.121436-01  -5.703866-04  -9.289866-05 

1,900  -4.168796-01  -8.913976-03  4,113056-01  -5.601226-04  -9.282926-05 

1.950  -3.558066-01  -1.218336-02  4.034336-01  -5.456386-04  -9.229686-05 

2.000  -2.971926-01  -1.737166-02  4.036346-01  -5.297816-04  -9.129226-05 

2.050  -2.431856-01  -1.891126-02  3.969266-01  -5.132466-04  -8.983076-05 

2.100  -1.949026-01  -1.395016-02  3.882736-01  -4.951256-04  -8.794516-05 

2.150  -1.522416-01  -4.553996-03  3.777126-01  -4.736236-04  -8.566696-05 

2.200  -1.146156-01  3.948306-03  3.653816-01  -4.477576-04  -8.301366-05 

2.250  -8.200146-02  7.135096-03  3,515576-01  -4.133526-04  -7.999146-05 

2.300  -5. 546136-02  4,895226-03  3.365466-01  -3.377206-04  -7.661216-05 

2.350  -3.670806-02  1.424546-03  3.2C534E-01  -3.581716-04  -7.29X046-05 

2.400  -2.706976-02  1.855566-03  3.038066-01  -3.305516-04  -6.894926-05 

2.450  -2.566516-02  8,254796-03  2.853046-01  -3.039136-04  -6.480696-05 

2.500  -3,444546-02  1.794436-02  2.632226-01  -2.765516-04  -6.055716-05 

2.550  -4.906226-02  2.559206-02  2.493186-01  -2.476026-04  -5.625626-05 

2.600  -6. 985806-02  2.774086-02  2.314346-01  -2.179756-04  -5.194656-05 

2.650  -9.725256-02  2.458206-02  2.133946-01  -1.898896-04  -4. 767246-05 

2.70Q  -1.320546-01  2.089286-02  1.959136-01  -1.654026-04  -4.349336-05 


yjh 


RUN  NO 


Z 


PAGE  NO 


3 


TIME 

P-  6 

P-  7 

p-  a  P-9 

P-10 

0. 

0. 

0. 

0.  0. 

0. 

0.050 

-1.62872E-06 

4.65973E- 

-02 

1.858616-01  -3.79963E^ 

-03 

1.31057E^ 

-01 

0.100 

-5.21625E-06 

2.05750E- 

-01 

6. 038046-01  -2.720226^ 

-02 

4.76613E^ 

-01 

0.150 

-7.97882E-06 

5.18452E- 

-01 

9.50849E-01  -7.95831E^ 

-02 

9.33867E^ 

-01 

0.200 

-7.78121E-06 

1.01415E 

00 

9.861796-01  -1.577556^ 

-01 

1.421456 

00 

0.250 

-4.77276E-06 

t. 68441c 

00 

7.108086-01  -2.526496^ 

-01 

1.537716 

00 

0.300 

-1.25159E--06 

2.483546 

00 

3.653566-01  -3.5g966E^ 

-01 

2.555016 

00 

0.350 

1.24796E-07 

3.355596 

00 

2.483396-01  -4.36732E^ 

-01 

3.355156 

00 

0.400 

-i.60760E-06 

4.267596 

00 

4.915326-01  -6.4S803E^ 

"Cl 

4.356506 

00 

0.450 

-4.98524E-06 

5.224176 

00 

9.610366-01  -8.51157E^ 

-01 

5.489526 

00 

0.500 

-7.25677E-06 

6.252796 

00 

1.357076  00  -1.128266 

00 

6.639506 

00 

0.550 

-6.50478E-06 

7.370986 

00 

1.438796  00  -1.441726 

00 

7.722966 

00 

0.600 

-3.  10914E-06 

8.560286 

00 

1.204066  00  -1.787006 

00 

8.738466 

00 

0.650 

S.68695E-07 

9.766926 

00 

•  8.901056-01  -2. 154156 

00 

9.752956 

00 

0.700 

2.02289E-06 

1.092866 

01 

7.942966-01  -2.544656 

00 

1.083506 

01 

0.750 

5. 35677E-07 

1.200796 

01 

1.049396  00  -2.969166 

00 

1.198756 

01 

0.800 

-2.28287E-06 

1.300676 

01 

1.522376  00  -3.438086 

00 

1.313176 

01 

0.850 

-3.75179E-06 

1.395186 

01 

1.913136  00  -3.951896 

00 

1.415556 

01 

0.900 

-2. 19093E-06 

1.486216 

01 

1.979416  00  -4.498746 

00 

1.498746 

01 

0.950 

1.7931ie-06 

1.572236 

01 

1.718896  00  -5.060966 

00 

1.563986 

01 

1.000 

5.789246-06 

1.648396 

01 

1.371006  00  -5.625816 

00 

1.618716 

01 

1.050 

7.446456-06 

1.709166 

01 

1. 236346  00  -8.192256 

00 

1.669846 

01 

1.100 

6.274306-06 

1.751706 

01 

1.449146  00  -6.768716 

00 

1.717576 

01 

1.150 

3.995156-06 

1.777356 

01 

1.874436  00  -7.363436 

00 

1.754656 

01 

1.200 

3.189896-06 

1.79C02E 

01 

2.203426  00  -7.974636 

00 

1.771566 

01 

1.250 

5.293826-06 

1.792966 

01 

2.207306  00  -0.587946 

00 

1.76363E 

01 

1.300 

9. 489906-06 

1.786016 

01 

1.372266  00  -9. 183056 

00 

1.734446 

01 

1.350 

1.334276-05 

1.765746 

01 

1.450106  00  -9.744706 

00 

1.693036 

01 

1.400 

1.46702E-05 

1.723166 

01 

1.247706  00  -1.026976 

01 

1.647126 

01 

1.450 

1.320316-05 

1.672056 

01 

1.399716  00  -1.076486 

01 

1.597566 

01 

1.500 

1.075826-05 

1.600466 

01 

1.765346  00  -1.123636 

01 

1.538356 

01 

1.550 

9.806336-06 

1.513996 

01 

2.033846  00  -1.168236 

01 

1.462126 

01 

1.600 

1.155126-05 

1.432416 

01 

1.960126  00  -1.208766 

01 

1.366766 

01 

1.650 

1.500086-05 

1.341946 

01 

1.552476  00  -1.243116 

01 

1.258046 

01 

1.700 

1.773606-05 

1.245356 

01 

1.069066  00  -1.26993c 

01 

1.146226 

01 

1.750 

1.777096-05 

1.139826 

01 

8.241076-01  -1.289236 

01 

1.039346 

01 

1.800 

1.506366-05 

1.0253h6 

01 

9. 497326-01  -1.302116 

01 

9.333536 

DO 

1.850 

1.  15210E-05 

9.060296 

CO 

1.29452t  CO  -1.309776 

01 

8.373976 

DO 

1.900 

9.507986-06 

7.884216 

00 

1.537616  00  -1. 312446 

01 

7.319026 

00 

1.950 

1.00221E-05 

6.778556 

00 

1.433176  00  -1.309206 

01 

6.197416 

00 

2.000 

1.193916-05 

5.757836 

cc 

9.998786-01  -1.293676 

01 

5.080516 

00 

2.050 

1.289936-05 

4.799916 

00 

5.099816-01  -1.2301S6 

31 

4.068866 

00 

2.100 

1.11377E-05 

3.875806 

00 

2.843236-01  -1.254526 

01 

3.Z3212E 

00 

2.150 

6.84164E-06 

2.984276 

00 

4.482106-01  -1.223576 

01 

2.567826 

00 

2.200 

1.99926E-06 

2.164646 

00 

8.345346-01  -1.189206 

01 

2.015276 

00 

2.250 

-1. 13158E-06 

1.477556 

00 

1.109316  00  -1.152196 

01 

1.512976 

DO 

2.300 

-1.742446-06 

9.630736- 

■01 

1.02879c  00  -1.112026 

01 

1.054556 

00 

2.350 

-1.06019E-06 

6.389706- 

■01 

6.238236-01  -1.067646 

01 

6.997356- 

■01 

2.400 

-1.361236-06 

4.546896- 

■01 

1.833236-01  -1.018726 

01 

5.325166- 

■01 

2.450 

-4. 18756E-08 

3.731116- 

■01 

3.20243C-02  -9.663466 

00 

5.993416- 

-01 

2.500 

-9. 14344E-06 

3.809026- 

■01 

2.S4626C-01  -9.125956 

00 

8.752906- 

-01 

2.550 

-1.41908E-05 

5.053216- 

■01 

7.536436-01  -3.593976 

00 

1.283936 

00 

2.600 

-1.72015E-05 

7.931946- 

■01 

1.091366  00  -3.074466 

00 

1.75483c 

00 

2.650 

-1.756196-05 

1.272926 

00 

1.057116  00  -7.560546 

00 

2.273796 

00 

2.700 

-1.659786-05 

1.928606 

00 

6.990626-01  -7.040436 

00 

2.887286 

00 

575 


RUN  NO 


2 


PAGE  NO 


A 


TIME 

0. 

0.050  - 
0.100  - 
0.153  - 
0.200  - 
0.253  - 
0.300  - 
0.350  - 
0.400  - 
0.450  - 
0.500  - 
0.550  - 
0.600  - 
0.650  - 
0.700  - 
0.750  - 
0.800  - 
0.850  - 
0.000  - 
0.950  - 
1.000  - 
1.050  - 

1.100  - 

1.150  - 
1.200  - 

1.250  - 

1.300  - 
1.350  - 

1.400  - 
1.450  - 

1.500  - 

1.550  - 
1.600  - 

1.650  - 

1.700  - 
1.753  - 
1.803  - 

1.350  - 
1.900  - 
1.953  - 
2.000  - 
2.050  - 

2.100  - 

2.150  - 
2.200  - 

2.250  - 

2.300  - 

2.350  - 

2.400  - 
2.453  - 

2.500  - 

2.550  - 
2.600  - 

2.650  - 

2.700  - 


P-11 

0. 

4.21561E-01 
1.34930E  00 
2.36297E  00 
2.01475E  00 
1.25295E  00 
3.78279E-01 
7.56408E-02 
5.32207E-01 
1.50754E  00 
2.14096E  00 
2.00433E  00 
1.21992E  00 
4. 10394E-31 
2.12265E-01 
7.a2984E-01 
1.68329E  00 
2.22246E  00 
1.99492E  00 
1.19118E  00 
4.44649E-31 
3.37191E-01 
9.495036-01 
1.80361E  00 
2.23804E  00 
1.92123E  00 
1. 10447E  00 
4.215246-01 
3.946606-01 
1.0321SE  00 
1.827496  CO 
2.1566ie  00 

1. -76160E  OC 
9.460446-31 
3.342576-31 
3.353786-01 
1.040746  00 
1.775396  00 

2. CC92SE  00 
1.556096  CO 
7.625746-01 
2.344736-01 
3.657916-31 
1.037396  00 
1.715536  OC 
1.869266  00 
1.380306  00 
6.290456-01 
1.946366-01 
4.055256-01 
1.089446  00 
1.712986  CD 
1.797936  00 
1.289256  00 
5.916396-01 


P-12 


0. 


4.838766- 

-03 

3.091396- 

-02 

7.489776- 

-02 

•  1.045566- 

-01 

7.682896- 

-02 

-3.541016- 

-02 

-2.235616- 

-Cl 

-4.766996- 

-01 

-7.56397E- 

-01 

-1.06849c 

00 

-1.439896 

00 

-1.904246 

CO 

-2.476526 

CO 

-3.141376 

CO 

-3.863396 

00 

-4.614536 

00 

-5.386646 

00 

-6.205666 

CO 

-7.088856 

CO 

-8.041616 

CO 

-9,038656 

CO 

-1,C03896 

01 

-1.100986 

01 

-1.19449c 

Cl 

-1.286C06 

01 

-1.377276 

01 

-1.468056 

Cl 

-1,555456 

01 

-1. 635406 

01 

-1.70507c 

Cl 

-1.764266 

01 

-1.814936 

Cl 

-1.859016 

Cl 

-l,89o46c 

Cl 

-1.924846 

01 

-1.94C96E 

01 

-1.94309c 

01 

-1.932226 

Cl 

-1.911266 

C'l 

-1.6329C6 

Cl 

-1.247786 

01 

-1.8C4356 

01 

-1.75C54E 

01 

-1.685916 

Cl 

-1. 612576 

Cl 

-1.534216 

Cl 

-1.453996 

01 

-1.372866 

Cl 

-1.237716 

01 

-1.203256 

01 

-1.113:26 

Cl 

-1-C22:6E 

Cl 

-9.333316 

08 

-3.510906 

CO 

P-13 

0. 

5.682646-07 

3.309136-05 

6,443776-06 

3.393366-06 
-1.454146-05 
-5.4S155E-C5 
-1.192156-34 
-2.079166-04 
-3.205966-04 
-4.6G3256-04 
-6.361776-04 
-8.552116-04 
-1.123256-03 
-1.440016-03 
-1.3:0776-03 
-2.199936-03 
-2.634336-03 
-3. 103576-03 
-3.607336-03 
-4. 141716-03 
-4.69755C-03 
-5.262306-03 
-5.823346-03 
-6.374036-03 
-6.909306-03 
-7.427476-03 
-7. 924736-03 
-8.393806-03 
-S. 825616-03 
-9.213CCE-03 
-9.553526-03 
-9.34926t-C3 
-1.010376-02 
-1.03177£-C2 
-1-04S 336-02 
-l.OtO  136-02 
-1.057796-02 
-1.069206-02 
-1.065556-02 
-1.057206-02 
-1.C4427C-02 
-1.Q255C6-02 
-1.003446-02 
-9.748796-03 
-9.410376-03 
-9.028066-03 
-8.609236-03 
-8.16X236-03 
-7.637966-03 
-7.191336-03 
-5.677926-03 
-6.155356-03 

-5.d36  95i;-Q3 

-5.134906-03 


P-14 

0. 

-2,651816-06 
-1.929326-05 
-5.73663E-CS 
-1. 190366-04 
-2.004806-04 
-3.031966-04 
-4.349406-04 
-6. 080466-04 
-8.333036-04 
-1.114626-03 
-1.448426-03 
-1.S2327E-03 
-2.250916-03 
-2.718956-03 
-3.233306-03 
-3.S1213E-03 
-4.436316-03 
-5.09964E-03 
-5.78382E-03 
-6.494296-03 
-7. 212476-03 
-7.942876-03 
-8.682446-03 
-9.421686-03 
-1.014566-02 
-1.C33926-02 
-1.149136-02 
-1. 210076-02 
-1.266576-02 
-1.31?5Ct-02 
-1.365126-02 
-1.405266-02 
-1. 43791.6-02 
-1.462576-02 
-1.479516-02 
-1.439266-02 
-1.492136-02 
-1.437916-02 
-1.476036-02 
-1.456126-02 
-1. 428396-02 
-1.393726-02 
-1.353236-02 
-1.307736-02 
-1.257546-02 
— 1.2926ac— 02 
-1. 143326-02 
-l.aSD31E-G2 
-1-014936-02 
-9.437366-03 
-3.328126-03 
-3.175556-03 
-7.531876-03 
-6.900306-03 


?7o 


P-15 


RUN  HO 


TIME 

SEC 


2.750 

2.800 

2.850 

2.900 

2.950 

3-000 

3.050 

3.100 

3.150 

3.200 

3.250 

3.300 

3-350 

3.400 

3.450 

3.500 

3.550 

3.600 

3.650 

3.700 

3.750 

3.800 

3.850 

3- 900 
3.950 
4.000 
4.050 
4.100 
4.150 
4.200 
4.250 
4.300 

4- 350 
4.400 
4.450 
4.500 
4.550 
4.600 
4-650 
4.700 
4-750 
4.800 
4-850 
4-900 
4.950 
5.000 
5.050 
5.100 
5.150 
5.200 
5.250 
5.300 
5.350 
5.400 
5.450 


VX 

IN/SEC 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0- 

0- 

o. 

0- 

0. 

0- 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0- 

0. 

0. 

0. 

0- 

0. 

0- 

0. 

0. 


VY 

IN/StC 


vz 

I>i/S£C 


0“EGAX 

RAO/sec 


PACE  HO 


CHEGAY 
RAO/ SEC 


0- 

0- 

0- 

0- 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0- 

0. 

o. 

0. 

0. 

0. 

0. 

0. 

0. 

0- 

0. 

0. 

0. 

0- 

0- 

0. 

0. 

0. 

0. 

0- 

0. 

0- 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0- 

0. 

0. 

0. 

0. 

o. 

0. 

0. 

0. 

0, 

0- 


0. 

0. 

0. 

0. 

0. 

0. 

o. 

0. 

0. 

o. 

o. 

0. 

0. 

0  . 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

c. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0- 

c. 

0- 

0. 

0. 

0. 

0. 

0. 

o. 

o. 

o. 

0. 

o. 

0. 

o. 

o. 

o. 

0. 

0. 

o. 

0. 

0. 

o. 

o. 

0. 


4.9885E-01 
4.9654E— pi 
4.9815E-01 
4.9774E-01 
4.9736E-01 
4.97036-01 
4.96726-01 
4.963?t-01 
4.95976-01 
4.95566-01 
4.95166-01 
4.9484E-CI 
4.9460E-01 
4.9441E-01 
4.9423E-01 
4.9403E-01 
4.93846-01 
4.937;£-01 
4.93666-51 
4.9373E-01 
4.9336L-01 
4.9'.0;€-01 
4.94126-01 
4.94266-01 
4.94456-01 
4.94736-01 
4.9507E-01 
4.95436-01 
4.9535E-C1 
4.961'»=-01 
4.955::-jl 
4.9684E-01 
4.972 3E-01 
4.9764F-01 
4.9305E-01 
4.9-'39£-‘31 
4.93566-01 
4.9  337E-1'1 
4.94076-01 
4.97276-01 
4.9'.s7£-QI 
4.9154E-C1 
4. 97716-01 
4-7'3:?-01 
4-4i5r'£-01 
4.9  749£-'01 
4.973:6-31 
4.97256-01 
4.9733E-01 
4.93336-01 
4-95SI£-31 
4.0^156-31 
4.975I6--1 
4.97466-01 
4.971‘.c-31 


-3.9445E-05  - 
-4.6077E-05  - 
-5.69696-05  - 
-6.6>133e-05  - 
-7.5337e-05  - 
-7.72616-05  - 
-7.6373E-05 
-7.6692E-05 
-S-1441E-05 
-3.S973E-05 
-9.55486-05 
-9.7314E-05 
-9.3416E-05 
-3.6532E-05 
-8.09886-05 
-7.90426-05 
-7.9577E-05 
-7.8801E-C5 
-7.32726-05 
-6.2599E-05 
-4.9793E-05 
-3.9;'14E-05 
-3.24946-05 
-2.8  3256-35 
-2.46316-05 
-1.652  >£-05 
-4.a23‘E-C5 
7.9::-.£-06 
1.70336-05 
2-<;  337E.-05 
2.1C7'5E-C5 
2. 12556-05 
2.411A6-35 
2.946  J£-05 
3.4141E-35 
3.4531£-05 
2. 932  76 -:5 
2.'.441£-05 
i.is:.-.E-a5 
5.:'72  7E-06 
7 .403  3£-37 
-4.413':E-C6 
-1.34436-05 
-2. 71 3 -£-05 
-4.3283E-05 
-5. 936  36-05 
-7.33466-05 

-S.7342E-05 
-9.633  76-05 
-1.12136-34 
-1.266  3E-34 
-1,554  46-04 
-1.45536-34 
-1.4S52E-34 


CHEGAZ 
RAD/ SEC 

•1.1232e-05 
-l,0773£-05 
-1.0945E-05 
-1.1831E-05 
-1.2767E-05 
-1.2S50E-05 
-1.1787E-05 
-1.0341E-05 
-9.8313E-06 
-1.09SSE-05 
-1-3167E-05 
-1.4730E-05 
-1.4397E-05 
-1. 24336-05 
-1.05536-05 
-1.05216-05 
-1.26176-05 
-1.53136-05 
-1-65246-05 
-1.5355E-05 
-1.2356E-05 
-1. 1105E-05 
-1.145  36-05 
-1.34246-05 
-1.52016-05 
-1.52036-05 
-1.33556-05 
-1.1P046-05 
-9.63l7e-Q6 
-9.34906-06 
-1. 06826-05 
-1.09336-05 
-1.C0266-O5 
-3.36256-06 
-6.83626-06 
-6.C016E-06 
-5.73176-06 
-5.51556-06 
-4.98456-06 
-4.15616-06 
-3.26766-06 
-2.49126-06 
—  1. 83  966-06 
-1.27456-06 
-7.97626-07 
-3.  93106-07 
37256-03 
75346-37 
.634  76-06 
49396-06 
65726-06 
74?6t-06 
2. <151 16-06 
3.22646-00 
4. 4? 5 16-06 


7. 

7. 

1. 

2. 

2. 

2. 


RUN  NO 


2 


PAS£  NO 


6 


TIME  P-1  P-2  P-3  P-4  P-5 


2.750  -1.74520E-01  2.I0358E-02  1-79106E-01  -1.450336-04  -3.943346-05 

2,.800  -2.236586-01  2.639196-02  1.630076-01  -1.275626-04  -3.571476-05 

2.850  -2.774896-01  3.388376-02  1.477166^01  -1.111206-04  -3.223856-05 

2.900  -3.340186-01  3.850936-02  1.334186-01  -9.475056-05  -2.907546-05 

2.950  -3.921506-01  3.723966-02  1.203376-01  -7.922056-05  -2.622426-05. 

3.000  -4.518366-01  3.132556-02  1.086456-01  -6.647596-05  -2.367966-05 

3.050  -5.133506-01  2.524196-02  9.838186-02  -5.816496-05  -2.144616-05 

3.100  -5.762826-01  2.314696-02  8.946746-02  -5.436596-05  -1.953626-05 

3-150  -6.390716-01  2.565016-02  8.178196-02  -5.349166-05  -1.795576-05 

3.200  -6.994506-01  2.939996-02  7.525966-02  -5.343326-05  -1.668886-05 

3.250  -7. 554676-01  2.976646-02  6.991596-02  -5-306056-05  -1.569496-05 

3.300  -8.062316-01  2.447986-02'  6.579256-02  -5.292466-05  -1.492246-05, 

3.350  -8.521036-01  1.537856-02  6.286206-02  -5.463546-05  -1.432756-05 

3.400  -8.933626-01  6.939166-03  6.097196-02  -5.940346-05  -1.388586-05 

3.450  -9.297566-03  2-783886-03  5.987236-02  -6.687106-05  -1.358746-05 

3.500  -9.599596-01  2.919836-03  5.930956-02  -7.512936-05  -1.342066-05 

3.550  -9.822296-01  3.841476-03  5-91047E-02  -8.19056E-05  -1.335746-05 

3.600  -9.95424E-01  1.36749E-03  5.917196-02  -8.600866-05  -1.335216-05 

3.650  -9.996456-01  -6.043926-03  5.944806-02  -8.793056-05  -1.335516-05 

3.700  -9,959716-01  -1.608836-02  5.980326-02  -8.915766-05  -1.332936-05 

3.750  -9.8553-36-01  -2.442156-02  6.000176-02  -9.073476-05  -1.325616-05 

3.800  -9.686616-01  -2.801196-02  5.974576-02  -9.219406-05  -1.312696-05 

3.850  -9.447286-01  -2.741796-02  5.877006-02  -9.167086-05  -1.292486-05 

3.900  -9.129176-01  -2.622746-02  5.691476-02  -8.712036-05  -1.261236-05 

3.950  -8.731866-01  -2.815756-02  5.411996-02  -7.769846-05  -1.213456-05 

4.000  -8.267216-01  -3.411146-02  5.034936-02  -6.425406-05  -1.143396-05 

4.050  -7.754966-01  -4.148376-02  4.550866-02  -4.856386-05  -1.046846-05 

4.100  -7.212826-01  -4.620986-02  3.941776-02  -3.190556-05  -9.215626-06 

4.150  -6.648846-01  -4.591616-02  3.187376-02  -1.406616-05  -7.663866-06 

4.200  -6.062096-01  -4.169896-02  2.274226-02  6. 457616-06  -5.796336-06 

4.250  -S. 450786-01  -3.717936-02  1.201556-02  3.122636-05  -3.583156-06 

4.300  -4.821476-01  -3.562316-02  -2.107756-04  6.054686-05  -9.884726-07 

4.350  -4.191716-01  -3.740406-02  -1.382256-02  9.309126-05  2.011816-06 

4.400  -3.584056-01  -3.977446-02  -2.876416-02  1.267366-04  5.414916-06 

4.450  -3.0160X6-01  -3.907476-02  -4.534696-02  1.599756-04  9.189856-06 

4.500  -2.493836-01  -3.361326-02  -6.268306-02  1.928276-04  1.329056-05 

4.550  -2.014836-01  -2,496476-02  -8.159746-02  2.265416-04  1.767336-05 

4.600  -1.576656-01  -1. 671246-02  -1.015906-01  2.623506-04  2.230446-05 

4.650  -1.185026-01  -1.166576-02  -1.223736-01  3.002156-04  2.715326-05 

4.700  -8.551346-02  -9.746746-03  -1.436886-01  3.385546-04  3.217746-05 

4.750  -6.042566-02  -3.173366-03  -1.653256-01  3.751396-04  3.731276-05 

4.800  -4.420036-02  -3.743496-03  -1.871696-Cl  4.034816-04  4.247736-05 

4.850  -3.658326-02  4.601096-03  -2.090986-01  4.386486-04  4.758906-05 

4.903  -3.651916-02  1.493026-02  -2.309156-01  4.668756-04  5.258256-05 

4.950  -4.310086-02  2.331746-02  -2.523256-01  4. 943086-04  5.741476-05 

5.000  -5.629586-02  2.895776-02  -2.729906-01  5. 208196-04  6.205546-05 

5.050  -7,687536-02  3,085216-02  -2.926276-01  5.448416-04  6.647126-05 

5.100  -1.056066-01  3.227576-02  -3.110586-01  5.643226-04  7.061596-05 

5.150  -1.423496-Oi  3.599506-02  -3.231926-01  5.730726-04  7,443646-05 

5.200  -1.857946-01  4.255136-02  -3.439456-01  5.864826-04  7.788786-05 

5.250  -2. 340276-01  4.983046-02  -3. 581636-01  5.910576-04  8.094656-05 

5.300  -2.855046-01  5.471006-02  -3.706446-01  5.931456-04  8.361046-05 

5.350-3.396576-01  5.545496-02-3,811506-01  5.928416-04  8.588516-05 

5.400  -3.966666-01  5.293386-02  -3.895466-01  5.889136-04  8.776686-05 


5.450  -4.565906-01  5.005306-02  -3.958146-01  5.797926-04  8.923566-05 


570 


RUN  NO 


2 


PAGE  NO 


7 


TIME 

P-  6 

P-  7 

P-  8 

P-  9 

P-10 

2.750 

-1.65068E-05 

2.706266 

00 

3.231826- 

-01 

-6.510246 

00 

3.658346 

00 

2.800 

-1.86341E-05 

3.547856 

00 

2.576726- 

-01 

-5.980506 

00 

4.608766 

00 

2.850 

-2.24224E-05 

4.427176 

00 

6.006056- 

-01 

-5.471636 

00 

5.692626 

00 

2.900 

-2.5fl359E-05 

5.360236 

00 

1.141756 

00 

-5.001586 

00 

6.821126 

00 

2.950 

-2.69162E-05 

6.382156 

00 

1-520896 

00 

-4.575116 

00 

7.919226 

00 

3.000 

-2.52656E-05 

7.508126 

00 

1.502926 

OO 

-4.182896 

00 

8.969966 

00 

3.050 

-2.23202E-05 

8.708636 

00 

1.158996 

00 

-3.811256 

00 

1.001286 

01 

3.100 

-2.02172E-05 

9.918356 

00 

8.133336- 

-01 

-3.454966 

00 

1.109826 

01 

3.150 

-2.014166-05 

1.107236 

01 

7.946006- 

-01 

-3.123206 

00 

1-223416 

01 

3.200 

-2. 14255E-05 

1.214186 

01 

1.181666 

00 

-2.834066 

00 

1.336666 

01 

3.250 

-2.208456-05 

1-314306 

01 

1.739826 

00 

-2.601506 

00 

1.440836 

01 

3.300 

-2.036176-05 

1.411116 

01 

2.098216 

00 

-2.424886 

00 

1.529336 

01 

3.350 

-1.608516-05 

1.506046 

01 

2.033786 

00 

-2.288896 

00 

1.601506 

0  1 

3.900 

-1.07993E-05 

1.596086 

01 

1.643526 

00 

-2.174156 

00 

1.661946 

01 

3.450 

-6.584086-06 

1-674916 

01 

1.271396 

00 

-2.070326 

00 

1.715836 

01 

3.500 

-4.480816-06 

1-736796 

01 

1.244056 

00 

-1.981576 

00 

1.764106 

01 

3.550 

-3.736706-06 

1.780046 

01 

1.618066 

00 

-1.920356 

00 

1.802076 

01 

3.600 

-2.436936-06 

1.807636 

01 

2.133706 

00 

-1.894156 

00 

1.822606 

01 

3.650 

9. 768466-07 

1-824376 

01 

2.41276E 

00 

-1.895486 

00 

1.821256 

01 

3.700 

6.476276-06 

1.832746 

01 

2.249366 

00 

-1.903096 

00 

1.799496 

01 

3.750 

1.244436-05 

1.830736 

01 

1.770006 

00 

-1.893586 

00 

1.763446 

01 

3.800 

1.688916-05 

1.813326 

01 

1.338086 

00 

-1.854696 

00 

1.719316 

01 

3.850 

1.893086-05 

1.776406 

01 

1.274916 

00 

-1.790216 

00 

1.668946 

01 

3.900 

1,941846-05 

1.720286 

01 

1.6U39E 

00 

-1.712736 

00 

1.609056 

01 

3.950 

2.02163E-05 

1.649896 

01 

2.062576 

00 

-1.629836 

00 

1.534546 

01 

4.000 

2.27233E-05 

1.571676 

01 

2.246266 

00 

-1.534476 

00 

1.443316 

01 

4.050 

2.67681E-05 

1.489356 

01 

1.978406 

00 

-1,407126 

00 

1.338826 

01 

4.100 

3.07238E-05 

1.401986 

01 

1.417166 

00 

-1.228056 

00 

1.228476 

01 

4.  150 

3.27393E-05 

1.305716 

01 

9.435276- 

-01 

-9,904566- 

•01 

1.119076 

01 

4.200 

3. 213276-05 

1,197876 

01 

8.688306- 

-01 

-7.042216- 

-01 

1.012936 

01 

4.250 

2.987686-05 

1.080326 

01 

1.194526 

00 

-3.873056- 

■01 

9,075306 

00 

4.300 

2,781866-05 

9.593556 

00 

1.610246 

00 

-5.128826- 

-02 

7.989936 

00 

4.350 

2.724466-05 

8.422076 

00 

1.733186 

00 

3.077996- 

•01 

6.864736 

00 

4.400 

2.789876-05 

7-328876 

00 

1.404746 

00 

7.062706- 

-01 

5.741876 

00 

4.450 

2.819966-05 

6.304596 

00 

8.154636- 

-01 

1.159636 

00 

4.694556 

00 

4.500 

2.647656-05 

5.311276 

00 

3.603186- 

-01 

1.669596 

00 

3.783496 

00 

4.550 

2.226436-05 

4.325056 

00 

3.351106- 

-01 

2.221386 

00 

3.023036 

00 

4.600 

1.666696-05 

3.367486 

00 

7.080226- 

-01 

2.793506 

00 

2.382436 

00 

4.650 

1 . 152276-05 

2.501046 

00 

1.143586 

00 

3.372376 

00 

1.820616 

00 

4.700 

8.023226-06 

1.791936 

CO 

1.261686 

00 

3.960676 

00 

1.326666 

00 

4.750 

5.850356-06 

1.268676 

00 

9.322956- 

■01 

4.572696 

00 

9.349946- 

-01 

4,800 

3.483026-06 

9.082386- 

-01 

3.777346- 

•01 

5.220266 

00 

7.037016- 

-01 

4.850 

-5.753816-07 

6.606216- 

-01 

2.506626- 

■03 

5.900146 

00 

6.735316- 

-01 

4.900 

-6.600126-06 

4.926556- 

-01 

8.127486- 

•02 

6.592566 

00 

8.391596- 

■01 

4.950 

-1.339456-05 

4.173266- 

-01 

5.459766- 

■01 

7.272226 

00 

1.154526 

00 

5.000 

-1.916576-05 

4,856906- 

-01 

1.037396 

00 

7.923216 

00 

1.567366 

00 

5-050 

-2.284516-05 

7.475146- 

-01 

1.182206 

00 

3.546396 

00 

2.056066 

00 

5-100 

-2.483786-05 

1.211016 

00 

8.813366- 

•01 

9.153606 

00 

2.640336 

00 

5-150 

-2.663816-05 

1-832836 

00 

3.896156- 

•01 

9.753146 

00 

3.358526 

00 

5-200 

-2.961946-05 

2.546286 

00 

1.149426- 

•01 

1.033806 

01 

4.229476 

00 

5-250 

-3.393496-05 

3.305996 

00 

3.066446- 

•01 

1 .088616 

01 

5.228766 

00 

5-300 

-3.836806-05 

4.114786 

00 

8.590156- 

•01 

1.137216 

01 

6.297296 

00 

5.350 

-4, 123726-05 

5-011876 

00 

1.392076 

00 

1.178266 

01 

7.375136 

00 

5,400 

-4.164926-05 

6.031676 

00 

1.544346 

00 

1.212266 

01 

B. 434406 

00 

5,450 

-4,014156-05 

7.165206 

00 

1.251996 

00 

1.240776 

01 

9.486266 

00 

579 


RUr4 
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PAGE  NO 


B 


TIME  P-11  P-12  P-13  P-IA  P-15 

2.750  -2.5088gE-01  -7.74337E  00  -4.65e02E-03  -6.28875E-03 

2.800  -5.31230E-01  -7.02101E  00  -A.20985E-03  -5.7089gE-03 

2.850  -1.21528E  00  -6.327006  00  -3.79110E-03  -5.172006-03 

2.900  -1.77867E  00  -5.66059E  00  -3.A0301E-03  -5.68396E-03 

2.950  -1.79756E  00  -5.061796  00  -3.06950E-03  -4.Z646SE-03 
3.000  -1.27515E  00  -6.69914E  00  -2.73622E-03  -3.84976E-03  . 

3.050  -6.312616-01  -4.050196  00  -2.467326-03  -3.49720E-03 

3.100  -3. 733586-01  -3.689746  00  -2.242486-03  -3.188276-03 

3.150  -7.040016-01  -3.394816  00  -2.056496-03  -2.927346-03 

3.200  -1.369246  00  -3.142276  00  -1.901896-03  -2.717546-03 

3.250  -1.860956  00  -2.925186  00  -1.772846-03  -2.556396-03 

3.300  -1.811846  00  -2.755586  00  -1.667296-03  -2.437796-03 

3.350  -1.275906  00  -2.651596  00  -1.586086-03  -2.350146-03 

3.400  -6.800826-01  -2.619226  00  -1.529766-03  -2.285926-03 

3.450  -4.897446-01  -2.643016  00  -1.495736-03  -2.241536-03 

3.500  -8.497576-01  -2.692576  00  -1.477886-03  -2.216416-03 

3.550  -1.478106  00  -2.739896  00  -1.469156-03  -2.208996-03 

3.600  -1.88966E  00  -2.774116  00  -1.464906-03  -2.213326-03 

3.650  -1.772676  00  -2.802416  00  -1.464556-03  -2.218956-03 

3.700  -1.225636  00  -2.836856  00  -1.470136-03  -2.214216-03 

3.750  -6.747456-01  -2.877656  00  -1.482756-03  -2.190296-03 

3.800  -5,407716-01  -2.905816  00  -1.499606-03  -2.143206-03 

3.850  -9.156616-01  -2.890926  00  -1.513756-03  -2.072016-03 

3.900  -1.497566  00  -2.807966  00  -1,516746-03  -1.974996-03 

3.950  -1.829616  00  -2.650146  00  -1.501976-03  -1.846656-03 

4.000  -1.653826  00  -2.428176  00  -1.466386-03  -1.677986-03 

4.050  -1,105906  00  -2.156786  00  -1.409026-03  -1.459846-03 

4.100  -6.042576-01  -1.839226  00  -1.327866-03  -1.186766-03 

4.150  -5,237676-01  -1.46171E  00  -1.217416-03  -8.584296-04 

4.200  -9.086576-01  -1.001976  00  -1.069066-03  -4.778396-04 

4.250  -1,445516  00  -4.451786-01  -6.741536-04  -4.750206-05 

4.300  -1.709006  00  2.051166-01  -6.276606-04  4.331046-04 

4.350  -1.492086  00  9.293286-01  -3.296786-04  9. 669806-04 

4.400  -9.601436-01  1.705466  00  1.608646-05  1.556336-03 

4.450  -5.176276-01  2.523366  00  4.056406-04  2.199136-03 

4.500  -4.934236-01  3.388726  00  8.371826-04  2.888176-03 

4.550  -8.902496-01  4.313946  00  1.310826-03  3.613286-03 

4.600  -1.388926  00  5.303236  00  1.825776-03  4,365106-03 

4.650  -1.599336  00  6.343456  00  2.377336-03  5.137416-03 

4.700  -1.360986  00  7.407806  00  2.956086-03  5.926556-03 

4.750  -8.615346-01  8.469346  00  3.550066-03  6.728266-03 

4.800  -4.863296-01  9.513866  00  4.148576-03  7.534826-03 

4.850  -5.193266-01  1.054246  01  4.744746-03  8.334576-03 

4.900  -9.277056-01  1.156196  01  5.335226-03  9.114406-03 

4.950  -1.393366  00  1.257116  01  5.917366-03  9. 863346-03 

5,000  -1.562156  00  1.355356  01  6.486266-03  1.057456-02 

5.050  -1.315646  00  1.448156  01  7.033986-03  1.124446-02 

5.100  -8.567896-01  1.533036  01  7.551716-03  1.186956-02 

5.150  -5.479706-01  1,608856  01  8.033116-03  1.244416-02 

5.200  -6.304136-01  1.676016  01  8.476256-03  1.295946-02 

5.250  -1.042176  00  1.735426  01  8.882736-03  1.340696-02 

5.300  -1.471766  00  1.787246  01  '  9.254306-03  1.378056-02 

5.350  -1.601326  00  1.830346  01  9.589806-03  1.407886-02 

5.400  -1.349496  00  1.862756  01  9.884456-03  1.430356-02 

5.450  -9.282036-01  1.882976  01  1.013206-02  1.445656-02 
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TIME 

VX 

VY 

vz 

OHEGAX 

OMEGAY 

OMEGAZ 

SEC 

IN/SEC 

IN/SEC 

IN/SEC 

RAO/SEC 

RAD/SEC 

RAD/SEC 

5.500 

0. 

0. 

0. 

4.9681E-01 

-1.5010E-04 

5.82776-06 

5.550 

0. 

0. 

0. 

4.9644E-01 

-1.5282E-04 

6.26546-06 

5.600 

0. 

0. 

0. 

4.9604E-01 

-1. 5713E-04 

5.43386-06 

5.650 

0. 

0. 

0. 

4.9564E-01 

-1.6093E-04 

4.04446-06 

5.700 

0. 

0. 

0. 

4.95296-01 

-1.6121E-04 

3.39206-06 

5.750 

0. 

0. 

0.  ■ 

4.9500E-01 

-1.56276-04 

4.21576-06 

5.800 

0. 

0. 

0. 

4.9476E-01 

-1.47036-04 

5.92346-05 

5.850 

0. 

0. 

0. 

4.9455E-01 

-1.3639E-04 

6.96646-06 

5.900 

0. 

0- 

0. 

4.94346-01 

-1.2702E-04 

6.  14516-06 

5.950 

0. 

0. 

0. 

4.9414E-01 

-1.1947E-04 

3.7262E-06 

6.000 

0. 

0. 

0. 

4.9398E-01 

-1. 1180E-04 

1.32996-06 

6.050 

0. 

0. 

0. 

4.93896-01 

-1.0124E-04 

6.00936-07 

6.  100 

0. 

0. 

0. 

4.9388E-01 

-8. 64076-05 

1.79006-06 

6.150 

0. 

0. 

0. 

4.9395E-01 

-6.85446-05 

3.50376-06 

6.200 

0- 

0. 

0. 

4.9405E-01 

-5.0757E-05 

3. 87356-06 

6.250 

0. 

0. 

0. 

4.9417E-01 

-3.58016-05 

2.17576-06 

6.300 

0. 

0. 

0. 

4.9429E-01 

-2.41586-05 

-5.88366-07 

6.350 

0. 

0. 

0. 

4.9446E-01 

-1.38566-05 

-2.51376-06 

6.600 

0. 

0. 

0. 

4.9469E-01 

-2.17386-06 

-2.41306-06 

6.450 

0, 

0. 

0. 

4.94996-01 

1.20756-05 

-7.47536-07 

6.500 

0. 

0. 

0. 

4.95346-01 

2.  7..4  7E-05 

S. 60216-07 

6.550 

0. 

0- 

0. 

4.9571E-01 

4.C827e-05 

1.C4256-06 

6.600 

0. 

0. 

0. 

4.9606E-01 

4.96546-05 

-2.2450t-07 

6.650 

0. 

6. 

0. 

4.9539E-01 

5.37766-05 

-1.74226-06 

6.700 

0. 

0. 

0. 

4.95736-01 

5.54266-05 

-2.2014e-06 

6.750 

0. 

0. 

0. 

4.9?10E-01 

5. 7394E-05 

-1.24936-06 

6.800 

0. 

0. 

0. 

4.97506-01 

6.C8176-95 

3.70176-07 

6.850 

0. 

0. 

0. 

4.9790E-01 

6.42356-05 

1.58386-06 

6.900 

0. 

0. 

0. 

4.9827E-01 

6.4735E-C5 

1.89276-06 

6.950 

0. 

0. 

0. 

4.9359E-01 

6.C182E-05 

1.63356-06 

7.000 

0. 

0. 

0. 

4.9865E-01 

5.38786-05 

1.5070l-06 

7.050 

0. 

0. 

0. 

4.99076-01 

3.934-E-05 

1.92136-06 

7.100 

0. 

0. 

0. 

4.9/29E-01 

2.546-»£-35 

2.74536-06 

7.150 

0. 

0. 

0. 

4.9950E-01 

1.93356-05 

3.578C6-06 

7.200 

0. 

0. 

0. 

4.9963E-01 

1.C567E-05 

4. 16366-06 

7.250 

0. 

0. 

0. 

4.9980E-01 

-4.85926-07 

4.53356-06 

7.300 

0. 

0. 

0. 

4.99846-01 

-1.55556-05 

4.84016-06 

7.350 

0. 

0. 

0. 

4.99816-01 

-3. 39S;&-C5 

5. 14456-06 

7.400 

0. 

0. 

0. 

4-9972E-01 

-5.3053E-05 

5.40026-06 

7.450 

0. 

0. 

0. 

4.99626-01 

-6.9947E-05 

5. 586  16-06 

7.500 

0. 

0. 

0. 

4.9951E-01 

-3.36436-05 

5.  76966-06 

7.550 

0. 

0. 

0. 

4,9936E-01 

-9.55376-05 

5.99956-06 

7.600 

0. 

0. 

0. 

4.9316E-01 

-1.C315E-04 

6.  18116-06 

7.650 

0. 

0. 

0- 

4.9889E-01 

-1.22996-04 

6. 13276-06 

7.700 

0. 

0. 

0. 

4.9856E-01 

-1.39256-04 

5.80696-06 

7.750 

0. 

0. 

0. 

4.9S21E-01 

-1. 54256-04 

5.41686-06 

7.800 

0. 

0. 

0. 

4.97866-01 

-l.t531E-04 

5.25796-06 

7.850 

0. 

0. 

0. 

4.9753E-01 

-1. 71686-04 

5.  3535t:-06 

7.900 

0. 

0. 

0. 

4.9720E-01 

-1.74956-04 

5. 30966-06 

7.950 

0. 

0. 

0. 

4.9684E-01 

-1. 77736 -C4 

4.6U36-C6 

8.000 

0. 

0. 

0. 

4.96466-01 

-1. 81566-04 

3. 19726-06 

8.050 

0. 

0. 

0. 

4.9605E-Q1 

-1.65646-04 

1.60666-06 

8. 100 

0. 

0. 

0. 

4.95656-01 

-1.67436-34 

6.5426C-07 

8.150 

0. 

0. 

0. 

4.9535E-01 

-1.64566-04 

6.35246-07 

8.200 

0. 

0. 

0. 

4.95086-01 

-1.76766-04 

9.31926-07 

?8i 
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TIME 

5.500  - 

5.550  - 

5.600  - 

5.650  - 

5.700  - 

5.750  - 

5.800  - 

5.850  - 

5.900  - 

5.950  - 
6.000  - 
6.050  - 
6.100  - 

6.150  - 
6.200  - 

6.250  - 

6.300  - 
6.350  - 

6.400  - 

6.450  - 

6.500  - 

6.550  - 

6.600  - 

6.650  - 

6.700  - 

6.750  - 

6.800  - 

6.850  - 

6.900  - 

6.950  - 
7.000  - 
7.050  - 

7.100  - 

7.150  - 

7.200  - 

7.250  - 

7.300  - 
,7.350  - 

7.400  - 

7.450  - 

7.500  - 

7.550  - 
7.600  - 

7.650  - 

7.700  - 

7.750  - 
7.800  - 

7.850  - 

7.900  - 

7.950  - 
8.000  - 
8.050  - 

8.100  - 

3.150  - 

8.200  - 


P-  1 

5. 18566E-01 
5.80714E-01 
6.40841E-01 
6.9739QE-01 
7.49905E-01 
7.98642E-01 
8.436688-01 
8.84159E-01 
9. 18477E-01 
9-44957E-01 
9.6279aE-01 
9.72354E-01 
9.74605E-01 
9.70232E-01 
9-59035E-01 
9-40148E-01 
9.12885E-01 
8.77534E-01 

а.  35474E-01 
7.88512E-01 
7.37971E-01 

б. 842318-01 
6.27083E-01 
5.66599E-01 
S.Q3814E-01 
4.40673E-01 
3.79271E-01 
3.209e5E-01 
2.66160E-01 
2. 14594E-01 
1.66413E-01 
1.2263TE-C1 
8.49770E-02 
5,501448-02 
3.341548-02 
1.978158-02 
1.325238-02 
1,337378-02 
2,054068-02 
3.566668-02 
5.934478-02 
9.116718-02 
1.297458-01 
1.734138-01 
2.210628-01 
2.724618-01 
3.278068-01 
3.868928-01 
4.485508-01 
5.108268-01 
5.717538-01 
6.301228-31 
6.856608-01 
7.384838-01 
7,882788-01 


P-  2 

4.904588-02 
5.011928-02 
5.113808-02 
4.940068-02 
4.376798-02 
3.553418-02 
2.739588-02 
2.137288-02 
1,732258-02 
1.318278-02 
6.704098-03 
-2.716098-03 
-1.352708-02 
-2.319828-02 
-3.011628-02 
-3.470968-02 
-3.895748-02 
-4.471208-02 
-5.217828-02 
-5,972496-02 
-6.513336-02 
-6.726878-02 
-6.686428-02 
-6.534086-02 
-6.574038-02 
-6. 652098-02 
-6.663538-02 
-6.428898-02 
-5.885668-02 
-5.135406-02 
-4.363178-02 
-3.696418-02 
-3.115248-02 
-2.481628-02 
-1.660108-02 
-6.325528-03 
4.521786-03 
1.515226-02 
2.369516-C2 
3.0SC436-C2 
3.771048-02 
4.541226-02 
5.380236-02 
6.17C07E-02 
6.772246-02 
7.123196-02 
7.293226-02 
7.381636-02 
7.469906-02 
7.535626-02 
7.478196-02 
7.201056-02 
6.688136-02 
6. 014886-02 
5.288836-02 


P-  3 

-4.000176-01 
-4.022228-01 
-4.024308-01 
-4.005908-01 
-3.966668-01 
-3.907188-01 
-3.829208-01 
-3.735128-01 
-3.627128-01 
-3.506668-01 
-3.374688-01 
-3.232288-01 
-3.081478-01 
-2.925148-01 
-2.766498-01 
-2.608148-01 
-2.451748-01 
-2.298328-01 
-2.148998-01 
-2.005548-01 
-1.870328-01 
-1. 745598-01 
-1.632726-01 
-1.531926-01 
-1.442768-01 
-1.364918-01 
-1.298638-01 
-1.244608-01 
-1.203198-01 
-1.173778-01 
-1.154638-01 
-1.  143796-01 
-1.139318-01 
-1.140156-01 
-1.145658-01 
-1.154806-01 
-1.165748-01 
-1.175306-01 
-1.182216-01 
-1.182826-01 
-1.176376-01 
-1.162086-01 
-1.138916-01 
-1.105168-01 
-1.058648-01 
-9.974108-02 
-9.204598-02 
-8.277918-02 
-7.199228-02 
-5.971728-02 
-4.533238-02 
-3. 059258-02 
-1.369978-02 
4.643178-03 
2.423806-02 


P-  4 

5.648638-04 
5.450708-04 
5.223668-04 
4.984428-04 
4.737028-04 
4.472698-04 
4.179998-04 
3.857108-04 
3.516748-04 
3.180068-04 
2.863968-04 
2.571808-04 
2.294288-04 
2.019886-04 
1,746628-04 
1.486178-04 
1.257108-04 
1.072628-04 
9.320278-05 
3.225528-05 
7.300308-05 
6.501658-05 
5.917688-05 
5.695158-05 
5.918316-05 
6.532288-05 
7.369558-05 
8.258828-05 
9. 132538-05 
1.005098-04 
1.112468-04 
1.239688-04 
1.377588-04 
1.506948-04 
1.609688-04 
1.679008-04 
1-721008-04 
1.746528-04 
1.759686-04 
1.751978-04 
1.706508-04 
1.609118-04 
1.457778-04 
1.263228-04 
1.04031E-C4 
7.968848-05 
5.2859C8-C5 
2.236918-05 
-1.260648-05 
-5.168538-05 
-9.331168-05 
-1.356538-04 
-1. 776728-04 
-2.195586-04 
-2.621946-04 


P-  5 

9.026278-05 
9.082678-05 
9.092628-05 
9.057718-05 
8.980048-05 
8.860738-05 
8.699718-05 
8.496818-05 
8.25344E-05 
7.973558-05 
7.663148-05 
7-328688-05 
6.975708-05 
6.608628-05 
6.231698-05 
5.850428-05 
5.471988-05 
5.104278-05 
4.754138-05 
4.426078-05 
4.122308-05 
3.843998-05 
3.592688-05 
3.370648-05 
3.179988-05 
3.021208-05 
2.892388-05 
2.789818-05 
2.709538-05 
2.648308-05 
2.606318-05 
2.581158-05 
2.571356-05 
2.573308-05 
2.562368-05 
2.594398-05 
2.606746-05 
2.618128-05 
2.627188-05 
2.631166-05 
2.625408-05 
2.604288-05 
2,562738-05 
2.497258-05 
2.405576-05 
2.285518-05 
2.133818-05 
1.946236-05 
1.713728-05 
1.449058-05 
1. 137558-05 
7.866008-06 
3.992046-06 
-2.206746-07 
-4.750608-06 
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TIME 

P-  6 

P-  7 

P-  8 

P-  9 

P-10 

5.500 

-3.82307E-05 

8.356166 

00 

7.980586- 

-01 

1.266986 

01 

1.055756 

01 

5.550 

-3.72268E-05 

9.522526 

00 

5.930636- 

-01 

1.286566 

01 

1.165566 

01 

5.600 

-3.72278E-05 

1.062156 

01 

8.562506- 

-01 

1.297766 

01 

1.276966 

01 

5.650 

-3.70615E-05 

■1.165356 

01 

1.666566 

00 

1.302866 

01 

1.377976 

01 

5.700 

-3.52057E-05 

1.265606 

01 

1.961666 

00 

1.299336 

01 

1.669266 

01 

5.750 

-3.09725E-05 

1.365966 

01 

2.063516 

00 

1.288586 

01 

1.566666 

01 

5.800 

-2.50693E-05 

1.666976 

01 

1.726166 

00 

1.272866 

01 

1.611826 

01 

5.850 

-l.fa9909E-05 

1.556726 

01 

1.255236 

00 

1.253866 

01 

1.667766 

01 

5.900 

-1.60639E-05 

1.636096 

01 

1.066236 

00 

1.231666 

01 

1.715526 

01 

5.950 

-1.03321E-05 

1.693306 

01 

1.333256 

00 

1.206966 

01 

1.752886 

01 

6.000 

-6.67351E-06 

1.735896 

01 

1.893126 

00 

1.17261b 

01 

1.775366 

01 

6.050 

-1.73222E-06 

1.766766 

01- 

2.336296 

00 

1. 136126 

01 

1.779336 

01 

6.100 

5.01738E-06 

1.789756 

01 

2.331966 

00 

1.091826 

01 

1.766556 

or 

6.150 

1.27736E-05 

1.806206 

01 

1.899286 

00 

1.067976 

01 

1.736156 

01 

6.200 

1.99857E-05 

1.805186 

01 

1.376606 

00 

1.006256 

01 

1.692366 

01 

6.250 

2.56692E-05 

1.787186 

01 

1.163576 

00 

9.606036 

00 

1.661666 

01 

6.300 

2.92325E-05 

1.768666 

01 

1.613156 

00 

9.157126 

00 

1.580756 

01 

6.350 

3. 23868E-05 

1.692666 

01 

1.911686 

00 

8.683766 

00 

1.507656 

01 

6.600 

3. 62086E-05 

1.626296 

01 

2.265566 

00 

8. 1336CE 

00 

1.620616 

01 

6.650 

6.  111386-05 

1.556676 

01 

2.121916 

00 

7.690126 

00 

1.321176 

01 

6.500 

6.627776-05 

1.677516 

01 

1.595966 

00 

7.213586 

00 

1.213316 

01 

6.550 

5.023136-05 

1.391686 

01 

1.028876 

00 

6.773866 

00 

1.103666 

01 

6.600 

5.196056-05 

1.293076 

01 

8.086826- 

■01 

6.368536 

00 

9.938656 

00 

6.650 

5.156896-05 

1.181796 

01 

1.069696 

00 

5.933136 

00 

8.865666 

00 

6.700 

5.022266-05 

1.063066 

01 

1.506516 

00 

5.605796 

00 

7.763026 

00 

6.750 

6.92266E-05 

9.665196 

00 

1.763816 

00 

5.239566 

00 

6.62576E 

00 

6.800 

6.896756-05 

3.316286 

03 

1.560136 

00 

6.902696 

00 

5.515616 

00 

6.850 

6.860696-05 

7.268656 

CO 

9.909966- 

■01 

6.616806 

00 

6.657606 

00 

6.900 

6.687606-05 

6.207636 

00 

6.355826- 

-01 

6.391596 

00 

3.699156 

00 

6.950 

6. 291296-05 

5. 159326 

00 

2.635566- 

-Cl 

6.218356 

00 

2.666726 

00 

7.000 

3. 702576-05 

6.111566 

CO 

5.696976- 

-01 

6.076826 

00 

1.957376 

00 

7.050 

3.066156-05 

3. 119586 

00 

1.01732c 

00 

3.950636 

00 

1.352906 

00 

7.  100 

2.669256-05 

2.256016 

00 

1.25603c 

00 

3.837756 

00 

8.630186- 

-01 

7.150 

•  1.950206-05 

1.565676 

CO 

1.032266 

CO 

3.751536 

00 

6.606676- 

-01 

7.200 

1.676606-05 

1.060966 

00 

6.353656- 

-01 

3.706006 

00 

1.776666- 

-01 

7.250 

9.088356-06 

6.365796- 

-Cl 

6.37675E- 

•03 

3. 70Z66E 

00 

8.682516- 

-02 

7.300 

1.792126-06 

3.119536- 

-Cl 

-6.032766- 

-02 

3.726296 

00 

1.713376- 

-01 

7.350 

-6.690226-06 

6.n28866- 

-C2 

3.  185526- 

-01 

3. 76570E 

00 

6.196286- 

-01 

7.600 

-1.507566-05 

-6.866866- 

-02 

8.333396- 

-01 

3.767056 

00 

7.975586- 

-01 

7.650 

-2.213156-05 

1.392926- 

-C2 

1.09385c 

00 

3.725656 

00 

1.281796 

00 

7.500 

-2.752776-05 

2.951626- 

-01 

8.935326- 

-01 

3. 692316 

00 

1.869106 

00 

7.550 

-3. 199266-05 

7.519276- 

-01 

6.071366- 

-01 

3.659906 

00 

2.572856 

00 

7.600 

-3.666326-05 

1.327076 

00 

3.303866- 

-02 

3.627616 

00 

3.606626 

00 

7.650 

-6.213776-05 

1.967876 

00 

8.868256- 

-02 

3. 57852E 

00 

6.356366 

00 

7.700 

-6.795106-05 

2.665666 

CO 

5.665116- 

•01 

3.639026 

00 

5.396506 

00 

7.750 

-5.287676-05 

3.653536 

00 

1.13182c 

00 

3.366036 

00 

6.682866 

00 

7.800 

-5.580006-05 

6.372976 

00 

1.397706 

CO 

3. 165976 

00 

7.581356 

CO 

7.850 

-5.653036-05 

5.629186 

CO 

1.208726 

00 

2.910536 

00 

8.680636 

00 

7.900 

-5.587956-05 

6.576766 

00 

7.681276- 

•01 

2.652916 

CO 

9.781686 

00 

7.950 

-5.501156-05 

7.761986 

00 

6.762296- 

-01 

2.376306 

00 

1.088766 

01 

8.000 

-5.653156-05 

8.866906 

00 

6. 187336- 

-01 

2.C6C636 

00 

1.198666 

01 

8.050 

-5.602616-05 

9.960306 

CO 

1. 165196 

00 

1.091896 

00 

1.303976 

01 

8.  100 

-5.238676-05 

1-099236 

01 

1.707966 

00 

1.253916 

00 

1.601316 

01 

8.150 

-6.86836E-C5 

1.205706 

01 

1.931936 

00 

7.690236- 

-01 

1.687696 

01 

8.200 

-6.289906-05 

1.313216 

01 

1.703936 

00 

2.61696E- 

-01 

1.561576 

01 

583 


RUN  NO 


2 


PAGE  NO 


12 


TIME  P-11 

P-12 

P“13 

P-14 

5.500  -6.7A352E- 

-01 

1.890896 

01 

1.032816-02 

1.453756-02 

5.550  -7.89643E- 

-01 

1.887846 

01 

1.047206-02 

1,454396-02 

5.600  -1.18947E 

00 

1.875576 

01 

1.056596-02 

1.447356-02 

5.550  -1.57368E 

00 

1.855096 

01 

1.051146-02 

1.432686-02 

5-700  -1.56013E 

00 

1.826206 

01 

1.060766-02 

1.410866-02 

5.750  -1.39933E 

00 

1.788066 

01 

1.055016-02 

1.382626-02 

5.800  -1.0067CE 

00 

1.740286 

01 

1.043456-02 

1.348706-02 

5.850  -7.92243e- 

-01 

1.683816 

01 

1.025936-02 

1.309626-02 

5.900  -9.22065E- 

-01 

1.620766 

01 

1.002786-02 

1.265706-02 

5.950  -1.29511E 

00 

1.553526 

01 

9.747086-03 

1.217286-02 

6.000  -1.62626E 

00 

1.483586 

01 

9.424526-03 

1.164976-02 

5.050  -1.66761E 

00 

1.411286 

01 

9.065556-03 

1.109716-02 

6.100  -1.39618E 

00 

1.336286 

01 

8.673266-03 

1.052666-02 

5.150  -1.02507E 

00 

1.258706 

01 

8.250796-03 

9.948546-03 

6.200  -8.39973E- 

-01 

1.179766 

01 

7.804266-03 

9. 370906-03 

6.250  -9.72684E- 

-01 

1.101546 

01 

7.343856-03 

8.798976-03 

6.300  -1.31232E 

00 

1.026536 

01 

6.881956-03 

8.237526-03 

6.350  -1.59138E 

00 

9.556866 

00 

6.429736-03 

7.692936-03 

6.400  -1.59378E 

00 

8.891536 

00 

5.994346-03 

7.173646-03 

6.450  -1. 317686 

00 

8.263816 

00 

5.578916-03 

6.688596-03 

6.500  -9.71755E- 

-01 

7.671816 

00 

5.184956-03 

6.244716-03 

6.550  -8.117596- 

-01 

7.123346 

00 

4.815306-03 

5.845336-03 

6.600  -9.45628E- 

-01 

6.633656 

00 

4.475186-03 

5.490606-03 

6.650  -1.25554E 

00 

6.216686 

00 

4.170536-03 

5.179526-03 

6.700  -1.493086 

00 

5.876696 

00 

3.904936-03 

4.911996-03 

6.750  -1.47080E 

00 

5.606366 

00 

3.677516-03 

4.689316-03 

6.800  -1.20277E 

00 

5.392876 

00 

3.483596-03 

4.512806-03 

6.850  -a.a8910E- 

-01 

5.226926 

00 

3.317656-03 

4,381676-03 

6.900  -7.59155E- 

-01 

5.107926 

00 

3.176496-03 

4.291806-03 

6.950  -8-99025E- 

-01 

5.041566 

00 

3.060276-03 

4. -236476-03 

7.000  -1. 18889E 

00 

5.031696 

00 

2.970846-03 

4.208416-03 

7.050  -1.399836 

00 

5.072996 

00 

2.908536-03 

4.201746-03 

7.100  -1.35939E 

00 

5.149906 

00 

2.870706-03 

4.212456-03 

7.150  -1.122586 

00 

5.242746 

00 

2.851436-03 

4.237066-03 

7.200  -8.48130E-01 

5.335056 

00 

2.845286-03 

4.270696-03 

7.250  -7.51961E-01 

5.423246 

00 

2.849496-03 

4.306086-03 

7.300  -9.01597E- 

-01 

5.504026 

00 

2.864596-03 

4.334266-03 

7.350  -1.17899E 

00 

5.577016 

00 

2.892136-03 

4.346556-03 

7.400  -1.37428E 

00 

5.633396 

00 

2.931486-03 

4.336236-03 

7.450  -1.34612E 

00 

5.55633E 

00 

2.977906-03 

4.298826-03 

7.500  -1.126096 

00 

5.526946 

00 

3.023406-03 

4.230856-03 

7.550  -8.902986- 

-01 

5.531846 

00 

3.059686-03 

4.128036-03 

7.600  -8.23144E- 

-01 

5.367176 

00 

3.080786-03 

3.984436-03 

7.650  -9.785256- 

-01 

5.135836 

00 

3.083586-03 

3.793226-03 

7.700  -1.242716 

00 

4.840676 

00 

3.065766-03 

3.548516-03 

7.750  -1.423916 

00 

4.478666 

00 

3.023066-03 

3.246896-03 

7.800  -1.398006 

00 

4.040576 

00 

2.947966-03 

2.887636-03 

7.850  -1.199576 

00 

3.516376 

00 

2.831186-03 

2.471516-03 

7-900  -9.917016- 

-01 

2.901996 

00 

2,664846-03 

1.999176-03 

7.950  -9.403826- 

-01 

2.202516 

00 

2.445206-03 

1.470446-03 

8.000  -1.090066 

00 

1.429426 

00 

2.172906-03 

8.849586-04 

8.050  -1.333386 

00 

5.941316- 

-01 

1.850866-03 

2.438096-04 

8.100  -1.495136 

00 

-2.973956- 

-01 

1.481346-03 

-4.492126-04 

8.150  -1.464696 

00 

-1.244876 

00 

1.064736-03 

-1. 187596-03 

8.200  -1.276916 

00 

-2.248896 

00 

6.007346-04 

-1.963366-03 

5Sii 
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TIME 

vx 

VY 

V2 

ONEGAX 

GMEGAY 

OMcGAZ 

SEC 

IN/SEC 

iH/sec 

Ui/SEC 

RAO/ SEC 

RAO/sec 

RAO/sec 

8.250 

0. 

0. 

0- 

4.g4S5E-0I 

-1.65806-04 

4.4015E-07 

8.300 

0. 

0- 

0* 

4.9463E-01 

-1.54706-04 

-1.45556-06 

8,350 

0. 

0. 

0. 

4.94426-01 

-1.45006-04 

-4.21476-06 

8-400 

0. 

0. 

0. 

4.9423E-01 

-1.35946-04 

-6.45396-06 

8.450 

0. 

0- 

0. 

4.9409E-01 

-1.25126-04 

-7.09246-06 

8.500 

Q. 

0« 

0. 

4.94036-01 

-1. 10526-04 

-6.28036-06 

8.550 

0. 

0. 

0. 

4.94046-01 

-9.22316-05 

-5.38436-06 

8.600 

0. 

0, 

0. 

4.94116-01 

-7.25716-05 

-5.84196-06 

8.650 

0« 

0. 

0. 

4.94206-01 

-5.44716-05 

-7.92416-06 

8-700 

0. 

0« 

4,94316-01 

-3.94146-05 

-1.04556-05 

8-750 

0* 

0. 

0* 

4.94456-01 

-2.65016-05 

-1.17606-05 

8.800 

0* 

0. 

0* 

4.94636-01 

-1.33666-05 

-1.10456-05 

8.850 

0. 

0. 

0. 

4.94836-01 

1.77586-06 

-9.02546-06 

8.900 

0. 

0. 

4.95196-01 

1.85536-05 

-7,29336-06 

8.950 

0. 

0. 

0. 

4.95536-01 

3.45536-05 

-7.01126-06 

9.000 

0. 

0^ 

0. 

4.95836-01 

4.70296-05 

-7.97526-06 

9.050 

0, 

0* 

0. 

4. 96206-01 

5.48686-05 

-8.92476-06 

9.  100 

0  • 

0. 

0. 

4.9653E-01 

5.92396-05 

-8.62636-05 

9.150 

0. 

0. 

0. 

4.95876-01 

6.27566-05 

-6.85796-06 

9.200 

“  . 

0. 

0* 

4.97246-01 

6.69646-05 

-4.46666-06 

9.250 

0. 

0. 

4.97636-01 

7.14676-05 

-2.58046-06 

9.300 

G. 

0, 

0. 

4.98006-01 

7.39976-05 

-1.71046-06 

9.550 

c* 

0* 

3* 

4.93336-31 

7.22056-05 

-1.45936-06 

9.430 

C  6 

0^ 

3. 

4.93616-01 

6.54646-05 

-1.14686-06 

9.450 

c. 

0. 

c. 

4.98356-01 

5.53456-35 

-2.02046-07 

9.50-: 

0* 

0, 

3. 

4,99066-01 

4.44336-05 

1.22916-06 

9.55C 

V  • 

0* 

0* 

4.93276-01 

3.'-4l3E-05 

2.67356-06 

9.600 

-  • 

0. 

0. 

4.93466-01 

2.48936-05 

3-75356-06 

9.650 

0. 

0. 

0. 

4.99606-01 

1.38546-35 

4.45326-36 

9.700 

0. 

0* 

c. 

4.99636-01 

-6.42326-07 

4.9551E-C6 

9.750 

0. 

0« 

0. 

4.93636-01 

-1. 83256-05 

5-A335b-06 

9.800 

o. 

0. 

0. 

4.99626-01 

-3.88846-35 

5.5932E-C6 

9.853 

0* 

0* 

4.99536-01 

-5.81776-35 

6.24 IA£— 

9.900 

0. 

0. 

0. 

4.99426-01 

-7.5C<i5e-35 

6. AA 536-36 

9.950 

c. 

0. 

0* 

4.99296-01 

-S.98A.:it-35 

6.52536—36 

10.000 

c. 

0. 

0- 

4.93116-01 

-1.C4426-04 

6.52976-06 

10-050 

0- 

0* 

0. 

4.958^6-01 

-1.2C5C6-04 

5.45786-06 

RUM  HO 


2 


PAGE  HO 


14 


TIME 

8.250  - 

8.300  - 

8.350  - 

8.400  - 

8.450  - 

8.500  - 

8.550  - 
8.800  - 

8.650  - 

8.700  - 

8.750  - 
8.800  - 

8.850  - 

8.900  - 
8.950  - 
9.000  - 
9-050  - 
9.100  - 
9-150  - 
9.200  - 
9-250  - 

9.300  - 

9.350  - 

9.400  - 

9.450  - 

9.500  - 

9.550  - 
9.600  - 

9.650  - 

9.700  - 

9.750  - 
9.803  - 

9.850  - 

9.900  - 
9-950  - 

10-000  - 
10-050  - 


P-  1 

8.33872E-01 

5- 73537E-01 
9.05795E-01 
9.30095E-OI 
9.46S37E-01 
9.56732E-01 
9.60020E-01 
9.56155E-01 
9.44216E-01 
9.237HE-01 
8-95135E-01 
3.598406-01 

а.  19326E-01 
7-74497E-01 
7.25430E-01 

б. 7212aE-01 

6- 14753E-01 
5.546416-01 
4.937056-01 
4.337666-01 
3.753336-01 
3.20297E-01 
2.670036-01 
2. 164SSE-01 
1-700406-01 
1.293676-01 
9.583046-02 
6.989196-02 
5.118616-02 
3.916586-02 
3.379156-02 
3.571996-02 
4.534376-02 
6.455016-02 
9. 128436-02 
1.247636-01 
1.636676-01 


P-  2 

4.569686-02 
3. 832866-02 
3- 002576-02 
2.024396-02 
9. 179766-03 
-2-30911E-03 
-1.3292SE-02 
-2.337516-02 
-3. 283706-02 
-4.223306-02 
-5.179656-02 
-6.114266-02 
-6.949086-02 
-7.619946-02 
-3.116546-02 
-3.477596-02 
-3.747926-02 
-3.934366-02 
-8.999626-02 
-8.389016-02 
-8.579216-02 
-8.094596-02 
-7.437406-02 
-6.796806-02 
-6.022396-02 
-5.136756-02 
-4.116786-02 
-2.979296-02 
-1,776986-02 
-5.671406-03 
6.229036-03 
1.803156-02 
2.995066-02 
4.195296-02 
5.360566-02 
6.427346-02 
7.353006-02 


P-  3 

4.435266-02 
6.629066-02 
8.841626-02 
1.111176-01 
1.342396-01 
1.575426-01 
1.307236-01 
2.034826-01 
2.255856-01 
2-468766-01 
2.672356-01 
2.365116-01 
3.044916-01 
3.209236-01 
3.356136-01 
3.484246-01 
3.593296-01 
3.683316-01 
3.754066-01 
3.804816-01 
3. 334716-01 
3. 643456-01 
3.831726-01 
3.6GIQ36-01 
3.753136-01 
3.689406-01 
3.610736-01 
3.517976-01 
3.412516-01 
3.296596-01 
3.173066-01 
3.044636-01 
2.913566-01 
2.781196-01 
2.648376-01 
2.513276-01 
2.391676-01 


P-  4 

-3.060846-04 
-3.505756-04 
-3.939636-04 
-4. 344106-04 
-4.709646-04 
-5.038976-04 
-5.341326-04 
-5.621886-04 
-5.874756-04 
-6. 084746-04 
-6.236696-04 
-6.325136-04 
-6.356926-04 
-6.344966-04 
-6.297906-04 
-6.213716-04 
-6. 082136-04 
-5.393966-04 
-5.650176-04 
-5.363566-04 
-5.052026-04 
-4.728246-04 
-4.393956-04 
-4.042856-04 
-3.659926-04 
-3.279326-04 
-2,387876-04 
-2.512726-04 
-2.166456-04 
-1.349526-04 
-1.554356-04 
-1.274746-04 
-1.013726-04 
-7.338376-05 
-5.996766-05 
-4.633376-05 
-3,852546-05 


P-  5 

9.569656-06 
1.463156-05 
1.986916-05 
2.520546-05 
3. 056876-05 
3.590366-05 
4. 116926-05 
4.632736-05 
5.133366-05 
5.613156-05 
6.066716-05 
6.490006-05 
6.830936-05 
7.238806-05 
7.562856-05 
7.851196-05 
8.100776-05 
3.303486-05 
8.472406-05 
8.592266-05 
8.668306-05 
8.702466-05 
6.692736-05 
3.633466-05 
8.539216-05 
8.396476-05 
8.213926-05 
7.996586-05 
7.749466-05 
7.476396-05 
7.182346-05 
6.372046-05 
6.559746-05 
6.226546-05 
5.90T096-G5 
$.598746-05 
5-305826-05 


RUN  NO 


2 


PAGE  NO 


15 


TIME 

P-  6 

P-  7 

P-8  P-9 

P-10 

8.250 

-3.59650E-05 

1.41677E 

01 

1.258246  00  -3.067816- 

-01 

1.624296 

01 

8.300 

-2.91039E-05 

1.50925E 

01 

9.928516-01  -8.731456- 

-01 

1.676476 

01 

8.350 

-2.29484E-05 

1.585706 

01 

1.159796  00  -1.469496 

00 

1.717666 

01 

8.400 

-1.71435E-05 

1.646136 

01 

1.669946  00  -2.110836 

00 

1.745856 

01 

8.450 

-1.07013E-05 

1.694496 

01 

2.162896  00  -2.801046 

00 

1.758556 

01 

8.500 

-2.84568E-06 

1.734806 

01 

2.286716  00  -3.526746 

00 

1.754326 

01 

8.550 

6.30796E-06 

1.767376 

01 

1.969766  00  -4.264026 

00 

1.733746 

01 

8.600 

1. 57531E-05 

1.788076 

Cl 

1.474446  00  -4.992786 

00 

1.698946 

01 

8.650 

2. 42o79E-05 

1.791226 

Cl 

1.152176  00  -5.707556 

00 

1.652256 

01 

8.700 

3. 12471E-35 

1.773836 

01 

1.339696  00  -6.416546 

00 

1.594876 

01 

8.750 

3. 7C577C-05 

1.737916 

01 

1.792256  00  -7. 129776 

00 

1.526576 

01 

8.300 

'!6537£— 05 

1.689116 

01 

2.182216  00  -7.345666 

00 

1.446656 

01 

8.850 

4.-7520E-05 

1.632676 

01 

2.185086  00  -8.546566 

00 

1-355346 

01 

8.900 

5.523186-05 

1^569926 

01 

1.770806  00  -9.206846 

00 

1.254606 

01 

8.950 

6.  !G26iE-05 

1.497996 

01 

1.225836  00  -9.30T25E 

00 

1.1477SE 

01 

9.000 

6. 510066-05 

1.412356 

01 

9.302266-01  -1.034476 

01 

l.C383ie 

01 

9.05C 

S.69476E-05 

1.313486 

01 

1.063786  00  -1.082986 

01 

9.234726 

00 

9.103 

0. 7Q424E-05 

1.203686 

01 

1.468906  00  -1. 127476 

01 

8- 190476 

00 

9. 150 

6.64034E-05 

1 .090346 

01 

1.775456  00  -1.168016 

01 

7.101596 

00 

9.200 

6. 57858E-05 

9.793496 

00 

1.689366  00  -1.203196 

01 

6.025596 

00 

9.250 

6. 509496-05 

8.723906 

00 

1.220536  00  -1.231086 

01 

4.984246 

00 

9.300 

6. 346476-05 

7.67C566 

00 

6.742426-01  -1.250536 

01 

4.010406 

00 

9.350 

5.993676-05 

6. 601156 

00 

4. 140216-01  -1.262096 

01 

3.136216 

00 

9.400 

5.421696-05 

CO 

5.810746-01  -1.267546 

01 

2.38106E 

00 

9.450 

4.693466-05 

4 . 

00 

9.876236-01  -1.268616 

01 

1.748166 

00 

9.500 

3.920996-05 

3.486056 

00 

1.265196  00  -1.265816 

01 

1.231836 

00 

9.550 

3. 186266-05 

2,664836 

00 

1.151826  00  -1.258176 

01 

8.300146- 

-01 

9.600 

2.4566CC-05 

1.996556 

00 

6.946426-01  -1.244296 

01 

5.523406- 

-01 

9.650 

1. 746376-05 

1.448756 

00 

2.119156-01  -1.223646 

01 

4.179586- 

-01 

9.700 

6.839616-06 

9.837556- 

•01 

4.561496-02  -1.19726c 

01 

4.445796- 

•01 

9.750 

-1. 152086-06 

5.954246- 

-01 

2.973796-01  -1.167276 

01 

6.369156- 

-01 

9.800 

-1. 177586-05 

3.196586- 

-01 

7.521o76-0l  -1.135536 

01 

9.830066- 

•01 

9.850 

-2. 186846-05 

2.107306- 

-01 

1.047236  00  -1. 102546 

01 

1.461146 

30 

9.900 

-3.061416-05 

3.018646- 

-01 

9.538616-01  -1.067456 

01 

2.052216 

00 

9.950 

-3.804946-05 

5.8063CE- 

•01 

5.531566-01  -1.029076 

01 

2.748426 

00 

10.000 

-4.491826-05 

9.9804  36- 

•Cl 

1.707996-01  -9.872126 

00 

3.551956 

00 

10.050 

-5. 199186-05 

1.504086 

00 

1.231586-01  -9.432256 

00 

4.464736 

00 

5S7 


RUN  NO 
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15 


TIME 

8.250  - 

8.300  - 

8.350  - 

8.400  - 

8.450  - 

8.500  - 
8.550  - 
8.600  - 

8.550  - 

8.700  - 

8.750  - 
8.800  - 

8.850  - 

8.900  - 

8.950  - 
9.000  - 
9.050  - 
9.100  - 
9.150  - 
9.200  - 

9.250  - 

9.300  - 

9.350  - 

9.400  - 

9.450  - 

9.500  - 

9.550  - 
9.600  - 
9.650  - 

9.700  - 

9.750  - 
9.800  - 

9.850  - 

9.900  - 

9.950  - 
10.000  - 
10.050  - 


P-ll 


P-12 


P-13 


P-14 


1.08230E  00 
1.03180E  00 
1. 16414E  00 
1.37959E  00 
1.51749E  00 
1.47727E  00 
1.29191E  00 
1. 10037E  00 
1.04191E  00 
1.15260E  00 
1.34077E  00 
1.45785E  00 
1.41000E  00 
1.22682E  00 
1.03717E  00 
9.71831E-01 
1.06654E  00 
1.23728E  00 
1.34474E  00 
1.29873E  00 
1.12‘.69E  00 
9.43017E-01 
8.789580-01 
9.69517E-01 
I.13722e  00 
1.2490  IE  OC 
1.21576E  00 
1.05821E  00 
8.90652e-01 
8.35380E-01 
9. 31578E-01 
1.10671E  00 
1.23102E  00 
1. 214430  00 
1.07351E  00 
9. ie799E-Jl 
8.  72041E-01 


-3.3Q480E 

00 

-4.40003E 

00 

-5. 516788 

00 

-6.63807E 

00 

-7..75264E 

00 

-a.85525E 

00 

-g.94223E 

00 

-1.10060E 

01 

-1.20325E 

01 

-1.30041E 

01 

-1.39048E 

01 

-1.47251E 

01 

-1.54622E 

01 

-1.61160E 

01 

-1.66838E 

01 

-1.71580E 

01 

-1.752866 

01 

-1.778786 

01 

-1.79350E 

01 

-1.79764E 

01 

-1.792156 

01 

-1.777746 

01 

-1.75472E 

01 

-1.723076 

01 

-1.683036 

01 

-1.535416 

01 

-1.58166E 

01 

-1.523426 

01 

-1.462086 

Cl 

-1.398476 

01 

-1.333C2E 

01 

-1.266276 

01 

-1.199196 

01 

-1.133246 

01 

-1.069986 

01 

-1.010626 

01 

-9.556366 

00 

9.11169E-05 
-4.58285E-04 
-1.03801E-03 
-1.63754E-03 
-2.24890E-03 
-2. 86595E-03 
-3.48907E-03 
-4.11193E-03 
-4.72974E-03 
-5.33460E-03 
-5.91894E-03 
-6.47811E-03 
r7.01100E-03 
-7.51825E-03 
-7.99923E-03 
-8.45016E-03 
-8.86457E-03 
-9.235838-03 
-9.55967E-03 
-9.83483E-03 
-1.00613E-02 
-1.02380E-02 
-1.03609E-02 
-1.04247E-02 
-1.04251E-02 
-1.03618E-02 
-1.02335E-02 
-1.00615E-02 
-9.83653E-03 
-9.56773E-03 
-9.25822E-03 
-8.91262E-03 
-8.53835E-03 
-8.14792E-03 
-7.75152E-03 
-7.35913E-03 
-6.97653E-03 


-2.76873E-03 
-3.59691E-03 
-4.44157E-03 
-5.29603E-03 
-6.15128E-03 
-5.99714E-03 
-7.82299E-03 
-8.61949E-03 
-9.37928E-03 
-1.00956E-02 
-1.07662E-02 
-1. 13818E-02 
-1.  19369E-02 
-1.24253E-02 
-1.2842SE-02 
-1.31865E-02 
-1.34569E-02 
-1.36545E-02 
-1.37790E-02 
-1.38300E-02 
-1.38075E-02 
-1.37132E-02 
-1.35509E-02 
-1.33263E-.02 
-1.30459E-02 
-1.27152E-02 
-1.23394E-02 
-1. 19237E-02 
-1. 14747E-02 
-1. 10009E-02 
-1.05119E-02 
-1.00171E-02 
-9.52485E-03 
-g.04182E-03 
-8.57386E-03 
-8.12705E-03 
-7.70816E-03 


P-15 


588 


TABLE  21 

LISTINGS  OF  COMPUTER  RUNS  FOR  RESPONSE  TO  INITIAL  DEFORMATION 


RUN  NO  3 

PAGE 

NO 

1 

PANDORA  -  LVV420  15  AUG  1963 

RESPONSE  OF  TITAN  III  MODEL  TO  INITIAL  DISPLACEMENTS 

IN  ITS  1ST 

MODE 

TINE 

VX 

VY 

vz 

OHEGAX 

OMEGAY 

OHEGAZ 

SEC 

IN/SEC 

IN/SEC 

IN/SEC 

RAD/SEC 

RAD/SEC 

RAO/SEC 

0. 

0. 

0. 

0. 

3. 1607E-08 

-7.5956E-09 

4.8966E-13 

O-lOO 

0. 

0. 

0. 

-3.4335E-23 

-5.6986E-23 

2.2879E-23 

0.200 

0. 

0. 

0. 

3.5930E-20 

2.8402E-21 

-3.3608E-23 

0.300 

0. 

0. 

0. 

-4.6006E-20 

-1.8905E-21 

-5.9059E-23 

0.400 

0. 

0. 

0. 

-9.1603E-21 

5.6151E-22 

-8.0869E-23 

0.500 

0. 

0. 

0. 

2.5081E-20 

2.7815E-21 

-4.0275E-23 

0.600 

0. 

0. 

0. 

-1 .3041E-20 

5.0833E-22 

-4.49696-23 

0.700 

0. 

0. 

0. 

-1.7665E-20 

2.0467E-22 

-2.6333E-23 

0.800 

0. 

0. 

0. 

6.7122E-2L 

1.6087E-21 

-9.4643E-24 

0.900 

0. 

0. 

0. 

-1 .32046-22 

1.0621E-21 

-1. 54456-23 

1.000 

0. 

0. 

0. 

-9.8119E-21 

3. 1537E-22 

-3.7387Er23 

1.100 

0. 

0. 

0. 

-1.5407E-21 

6. 5736E-22 

-5.8698E-23 

1.200 

0. 

0. 

0. 

9.5621E-22 

6. 591 lE-22 

-8.9278E-23 

1.300 

0. 

0. 

0. 

-2.8005E-21 

3.0510E-22 

-7.6623E-23 

1.400 

0. 

0. 

0. 

-1.9120E-21 

2.6902E-22 

-7.03166-23 

1.500 

0. 

0. 

0. 

-6.8320E-22 

2.9053E-22 

-6.52996-23 

1.600 

0. 

0. 

0. 

-8.6971E-22 

2.5799E-22 

-6.5449E-23 

1.700 

0. 

0. 

0. 

-7.2262E-22 

2.67976-22 

-6.3629E-23 

1.800 

0. 

0. 

0. 

-1 .4168E-2 1 

2.3444E-22 

-5.6943E-23 

1.900 

0. 

0. 

0. 

-1.3776E-21 

2.3701E-22 

-5.4815E-23 

2.000 

0. 

0. 

0. 

-2.6744E-22 

2.7902E-22 

-4.82266-23 

2.100 

0. 

0. 

0. 

-7.2223E-22 

1.8931E-22 

-5.15016-23 

2.200 

0. 

0. 

0. 

-1 .0682E-21 

5.8901E-23 

-5. 3456E-23 

2.300 

0. 

0. 

c. 

4.1439E-22 

-I.CC77E-23 

-5.29886-23 

2.400 

0. 

0. 

0. 

1.19426-21 

-1.6722E-22 

-5.  1057E-23 

2.500 

0. 

0. 

0. 

1.0ai7F-2l 

-4. 1324E-22 

-3.73806-23 

2.600 

0. 

0. 

0. 

2.2426E-21 

-5.9921E-22 

-8. 38366-23 

2.700 

0. 

0. 

0. 

3.58876-21 

-7.7C62E-22 

-9. 11266-23 

2.800 

0. 

0. 

0. 

3.3103E-21 

-9.8487E-22 

-9.93116-23 

2.900 

0. 

0. 

0. 

4,2  3636-21 

-1.13926-21 

-6. 90066-23 

3.000 

0. 

0. 

0. 

5.C501E-21 

-1.20376-21 

-5.a225E-23 

3.  100 

0. 

0. 

0. 

5.0672E-21 

-1.23766-21 

-1.95776-23 

3.200 

0. 

0. 

0. 

4.6380E-21 

-1.21346-21 

-1.9857E-23 

3.300 

0. 

0. 

0. 

4.3  373E-21 

-1 .0942E-21 

-1.29456-23 

3.400 

0. 

0. 

0. 

3.8257E-21 

-9.20376-22 

-5. 50376-24 

3.500 

0. 

0. 

0. 

2.80196-21 

-7.16986-22 

-1.20106-23 

3.600 

0. 

0. 

0. 

1.8389E-21 

-4.7236E-22 

-2.5300E-23 

3.700 

0. 

0. 

0. 

9.2397E-22 

-2.11596-22 

-4. 1781E-23 

3.800 

0. 

0. 

0. 

-l.llOlE-22 

3.11146-23 

-2. 1249E-23 

3.900 

0. 

0. 

0. 

-1.C310E-21 

2.48456-22 

-3.2438E-23 

4.000 

0. 

0. 

0. 

-1.7C41E-21 

4.31516-22 

3.2839E-25 

4.100 

0. 

0. 

0. 

-2.2239E-21 

5.6353E-22 

-1.3349E-24 

4.200 

0. 

0. 

0. 

-2.5812E-21 

6.4257E-22 

2. 33596-23 

4.300 

0. 

0. 

0. 

-2.7029E-21 

6.75656-22 

1.96336-23 

4.400 

0. 

0. 

0. 

-2.6625E-21 

6.6863E-22 

9.9917E-24 

4.500 

0. 

0. 

0. 

-2.5279E-21 

6.32066-22 

3.48936-24 

4.600 

0. 

0. 

0. 

-2.3286E-21 

5.81576-22 

-3.2947E-24 

4.700 

0. 

0. 

0. 

-2.1228E-21 

5.31146-22 

-3.83886-24 

4.800 

0. 

0. 

0. 

-1.9695E-21 

4.9261E-22 

-9.16286-24 

4.900  ■ 

0. 

0. 

0. 

-1.9306E-21 

4.75276-22 

-7.4921E-24 

5.000 

0. 

0. 

0. 

-1.9341E-21 

4.83526-22 

-7.4096E-24 

5.100 

0. 

0. 

0. 

-2.C671E-21 

5.1658C-22 

-1.16UE-23 

589 


RUN  NO 


3 


PAGE  NO 


2 


TIME 

'0. 

0.100  - 
0.200  - 
0.300  - 
0.400  - 
0.500  - 
0.600 
0.700 
0.800 
0.900 
1.000 
1.100 
1.200 

1.300 

1.400 

1.500 
1.600 

1.700 
1.800 

1.900  - 
2.000  - 
2.100  - 
2.200  - 

2.300  - 

2.400  - 

2.500  - 
2.600  - 

2.700  - 

2.300  - 

2.900  - 
3.000  - 

3.100 

3.200 

3.300 

3.400 

3.500 

3.600 

3.700 

3.800 

3.900 
4.000 

4.100 

4.200 

4.300 

4.400  - 

4.500  - 

4.600  - 

4.700  - 

4.800  - 

4.900  - 
5. COO  - 

5.100  - 


P-  1 

0. 

7.91742E-14 
4.89893E-14 
2.04699E-14 
3.60898E-14 
2.55284E-14 
6.66803E-15 
1.32001E-14 
1.67673E-14 
3.73197E-14 
4.87219E-14 
4. 78094E-14 
5.25619E-14 
5.62014E-14 
4.928116-14 
4.080816-14 
3. 369136-14 
2.151386-14 
6.571286-15 
6.202476-15 
1.881236-14 
3.186056-14 
4.195356-14 
4.864336-14 
5.314126-14 
5.427916-14 
5.127066-14 
4.522896-14 
3.660956-14 
2.531336-14 
1.231726-14 
1.214216-15 
1.473046-14 
2.744126-14 
3,827846-14 
4.66C656-14 
5.203386-14 
5.410596-14 
5.264146-14 
4.782696-14 
3.996886-14 
2.950726-14 
1. 715036-14 
3.  717576-15 
9.961616-15 
2.300986-14 
3.456486-14 
4. 389426-14 
5.041056-14 
5.  368386-14 
5.350176-14 
4.988616-14 


P-  2 

0. 

5.836366-14 

2.436196-15 

-4.276046-14 

1.583156-14 

2.012376-14 

-2.119886-14 

-4.951646-15 

1.613586-14 

-3.942886-15 

-8.583676-15 

7.677756-15 

3.972106-15 

-4.876396-15 

2.075396-15 

5.241716-15 

-7.072466-16 

-9,654476-17 

3,552946-15 

1.20494e-15 

-6.488266-16 

1.18158E-15 

8.680316-16 

-1.072976-15 

-8.821626-16 

-5.680146-16 

-1.713766-15 

-2.182656-15 

-1.817826-15 

-2.091796-15 

-2.403346-15 

-2.00..33E-15 

-1.620366-15 

-1.445366-15 

-9.141056-16 

-1.99C17E-16 

3.425266-16 

9.209596-16 

1.605576-15 

2.139926-15 

2.511876-15 

2.825376-15 

2.977106-15 

2.895056-15 

2.653676-15 

2.26243t-l5 

1.685116-15 

9.744856-16 

1.963416-16 

-6.306796-16 

-1.460926-15 

-2.220316-15 


P-  3 

-2. 018876-04 
-2.009616-04 
-1.981916-04 
-1.936036-04 
-1.872396-04 
-1.791566-04 
-1.694316-04 
-1.581506-04 
-1.454196-04 
-1.313536-04 
-1.160836-04 
-9.974696-05 
-8.249616-05 
-6.448856-05 
-4.588926-05 
-2.686896-05 
-7.602156-06 
1.173446-05 
3.096326-05 
4.990806-05 
6.839496-05 
8.625426-05 
1.033226-04 
1.194426-04 
1.344666-04 
1.4S257E-04 
1.6C687E-C4 
1.716436-04 
1.810256-04 
1.887456-04 
1.947346-04 
1.939366-04 
2.013136-04 
2.018436-04 
2.005216-04 
1,973606-04 
1.923876-04 
1.856506-04 
1.772106-04 
1.671436-04 
1.5554  36-04 
1.425166-04 
1.281826-04 
1.126726-04 
9.612756-05 
7.870146-05 
6.055336-05 
4.134966-05 
2.276206-05 
3.465566-06 
-1.586266-05 
-3.504536-05 


P-  4 

3.530096-14 
3.503886-14 
3.404706-14 
3.209306-14 
2.953466-14 
2.660366-14 
2.366766-14 
2.138286-14 
1.945346-14 
1.679906-14 
1.383846-14 
9.338286-15 
3. 723316-15 
-1.626086-15 
-7. 192006-15 
-1.1643CE-14 
-1.583696-14 
-1.920196-14 
-2.346516-14 
-2.836956-14 
-3.239596-14 
-3.625496-14 
-4.093266-14 
-4.478146-14 
-4.809736-14 
-5.046576-14 
-5. 165006-14 
-5.226666-14 
-5.246886-14 
-5.240456-14 
-5.222686-14 
-5.216766-14 
-5.208626-14 
-5.171806-14 
-5.081386-14 
-4.931876-14 
-4.763116-14 
-4.533416-14 
-4.249206-14 
-3. 927006-14 
-3.598386-14 
-3.275676-14 
-2.941636-14 
-2.627816-14 
-2.311536-14 
-1.984856-14 
-1.539746-14 
-9.949956-15 
-4.265616-15 
1.112516-15 
5.494196-15 
9.688086-15 


P-  5 

4.549926-08 
4.529056-08 
4. 466626-08 
4.363226-08 
4.219786-08 
4.037636-08 
3.818446-08 
3.564216-08 
3.277296-08 
2.960306-08 
2.616146-08 
2.247996-08 
1,859216-0.8 
1 .453376-08 
1,034206-08 
6.055436-09 
1.713296-09 
-2.644576-09 
-6.978166-09 
-1.124776-08 
-1.541416-08 
-1 .943906-08 
-2.328566-08 
-2,691866-08 
-3.030466-08 
-3.341256-08 
-3.621406-08 
-3.868316-08 
-4.079746-08 
-4.253736-08 
-4.388706-08 
-4.483406-03 
-4.536976-08 
-4.548926-08 
-4.519136-08 
-4.447886-08 
-4.335826-08 
-4.183986-08 
-3.993766-08 
-3. 766896-08 
-3.505476-08 
-3.211886-08 
-2.888836-08 
2.539276-08 
-2.166426-08 
-1. 773696-08 
-1.364686-08 
9.431616-09 
5.129856-09 
7.810296-10 
3.574956-09 
7.898136-09 


?90 


RUN  NO 


3 


PAGE  NO 


3 


TIME 

0. 

0.100 
0.200 
0.300 
0.400 
0.500  - 
0.600 
0.700 
0.800  - 
0.900 
1.000 
1.100  - 
1.200  - 

1.300 

1.400  - 

1.500  - 
1.600  - 

1.700  - 
1.800  - 

1.900  - 
2.000  - 
2.100  - 
2.200  - 

2.300  - 

2.400 

2.500 
2.600 

2.700 
2.800 

2.900 
3.000 

3.100 

3.200 

3.300 

3.400 

3.500 

3.600 

3.700  - 

3.800  - 

3.900  - 
4.000  - 

4.100  - 

4.200  - 

4.300  - 

4.400  - 

4.500  - 

4.600  - 

4.700  - 

4.800 

4.900 
5.000 

5.100 


P-  6 


P-  7 


P-  8 


P-10 


0. 

■5<,24749E-18 
1.67454E-19 
4.42065E-18 
1.20954E-18 
1.54923E-18 
2. 34357E-18 
6.75247E-19 
1.35213E-ia 
5.04842E-19 
7.75154E-19 
8.99179E-ig 
6.345968-19 
4.20975E-20 
7.82404E-19 
1. 16991E-18 
6.89380E-19 
8.31744E-19 
1. 18216E-18 
9.01154E-19 
6.46130E-19 
6.81604E-19 
4.43380E-19 
2.54365E-20 
2.08297E-19 
4.58469e-19 
8.43077E-19 
1. 12904E-18 
1.29973E-18 
1.479656-18 
1.58496E-18 
1.538856-18 
1.41360E-18 
1.220216-18 
9.09484E-19 
5.158076-19 
8.98215E-20 
3.70453E-19 
8.44251E-19 
1.27873E-18 
1.64869E-18 
1.939716-18 
2. 119306-18 
2.165786-18 
2.078466-18 
1.856046-18 
1.501386-18 
1.034876-18 
4.845046-19 
1.206086-19 
7.434706-19 
1.341936-18 


0. 

1.427846-12 

-9.050746-13 

4.034266-13 

6.606596-13 

4.683966-13 

-1.017426-13 

-2.319496-13 

-3.069586-13 

-6.745986-13 

-8.859806-13. 

-8.805946-13 

-9.684546-13 

-1.036246-12 

-9.183586-13 

-7.680256-13 

-6.383846-13 

-4.193146-13 

-1.485536-13 

8.725936-14 

3.205426-13 

5.621286-13 

7.530126-13 

8.833606-13 

9.733996-13 

1.003026-12 

9.575366-13 

8.553416-13 

7.046196-13 

5.037096-13 

2.693036-13 

2.213546-14 

-2.273626-13 

-4.649036-13 

-6.711206-13 

-8.337736-13 

-9,450266-13 

-9.961056-13 

-9.828536-13 

-9.076806-13 

-7.752836-13 

-5.93C656-13 

-3.731236-13 

-1.298936-13 

1.217186-13 

3.657786-13 

5.863796-13 

7.696456-13 

9.041386-13 

9.811296-13 

9.956776-13 

9.470146-13 


0. 

-3.332486-12 
-1.485096-13 
2.460376-12 
-9.014886-13 
-1.184096-12 
1.  187376-12 
2.699936-13 
-9.628006-13 
1.788796-13 
4.676166-13 
-4.618116-13 
-2. 553326-13 
2.736856-13 
-1.026496-13 
-2.796866-13 
7.577866-14 
6.381686-14 
-1.374146-13 
-8.646436-16 
1.128896-13 
6.970986-15 
1. 180856-14 
1.096386-13 
8.301516-14 
4.059116-14 
7.981396-14 
8.315296-14 
3.811046-14 
3.088716-14 
3.272296-14 
3.123656-16 
-2.508416-14 
-3.031126-14 
-4.672446-14 
-6.631016-14 
-7.079836-14 
-7.113376-14 
-7.456646-14 
-6.925556-14 
-5.620266-14 
-4.378436-14 
-2.894316-14 
-9.264176-15 
9.892836-15 
2.689616-14 
4.362226-14 
5.795406-14 
6.746236-14 
■7.293836-14 
7.442836-14 
7.072026-14 


7.967496-03 
7.930946-03 
7. 821636-03 
7.640566-03 
7.339396-03 
7.070426-03 
6.686586-03 
6.241406-03 
5,738966-03 
5.183866-03 
4.581206-03 
3.936526-03 
3.255716-03 
2.545046-03 
1.811026-03 
1.060386-03 
3.000196-04 
-4.630976-04 
-1.221966-03 
-1.969626-03 
-2.699216-03 
-3.404036-03 
-4.077626-03 
-4.713796-03 
-5.306726-03 
-5.850976-03 
-6.341536-03 
-6.773916-03 
-7.144146-03 
-7.448836-03 
-7.685186-03 
-7.851026-03 
-7.944836-03 
-7.965746-03 
-7.913586-03 
-7.788816-03 
-7.592586-03 
-7.326696-03 
-6.993586-03 
-6.596316-03 
-6.138536-03 
-5.624426-03 
-5.058716-03 
-4.446596-03 
-3.793676-03 
-3.105956-03 
-2.389746-03 
-1.651606-03 
-8.983036-04 
-1,367696-04 
6,260206-04 
1.383066-03 


0. 

1.459586-12 
8.815256-13 
3.430946-13 
6.555066-13 
4.626026-13 
-1.414356-13 
-2.494486-13 
-3.045306-13 
-6.864196-13 
-8.908676-13 
-8,629756-13 
-9.484366-13 
-1.013336-12 
-8.788846-13 
-7.202116-13 
-5.903086-13 
-3.652786-13 
-9.109646-14 
1.389406-13 
3.655286-13 
5.998006-13 
7.769976-13 
8.906226-13 
9.646186-13 
9.764936-13 
9.  122616-13 
7.941206-13 
6.304996-13 
4.194476-13 
1.798966-13 
-6.641646-14 
-3.098426-13 
-5.358576-13 
-7.248616-13 
-8.659266-13 
-9.526026-13 
-9.770926-13 
-9.369356-13 
-8.366006-13 
-6.823446-13 
-4.830396-13 
-2.523356-13 
-5.683156-15 
2.415746-13 
4.733706-13 
6.741726-13 
8.311406-13 
9.342916-13 
9.766746-13 
9.554876-13 
8.722896-13 


591 


RUN  NO 


P*G€  NO 


4 


TIME  P-ll  P-12 

0.  0.  7.967<.‘5E-03 

O.lOO  -3.58316E-12  7.'>JC94t-03 

0.200  -2.0798ir-l3  7.fl2163L--Ci 

0.300  2.50532E-12  7.6AC36f-C3 

0.400  -1.0U96E-12  7.38939E-C3 

0.500  -1.246061-12  7.07C42t-03 

0.600  1.24774t-12  6.68653e-03 

0.700  2.76369E-13  6.24140C-C3 

0.800  -9.66479t-13  5. 736960-03 

0.900  2.619411-13  5.1*13860-03 

l.OOO  5.488891-13  4.53l20r.-C3 

1.100  -4. 11289E-13  3.936520-03 

1.200  -1.66bB8C-13  3.2iS71E-C3 

1.300  3.73685E-n  2.54‘.04l-i.3 

1.400  -3.87lC0f-14  1.4lir.2t-C3 

1.500  -2.18815f-13  1 .060  l-*! -C  3 

1.600  1.401641,-13  3.6C*j19i  34 

1.700  9.5llClf-14  -'..63.,97t 

1.800  -1.321831-1  3  -1.221971-03 

1.900  -2.779221-15  -1 .9r.  J62E-03 

2.000  8.762001-14  -2 . 7.  »-,2  If -0  » 

2.100  -4.600631-14  -3. 49., 031 -C3 

2.200  -5.C5497f-14  -4  .C  7  f..21 -C  3 

2.300  3.8P951t-14  -4 . 7 1 3 7  •!- 0 3 

2.400  -1.1195  71-15  -5.3C<  731.-03 

2.500  -4.471921-14  -5.155971-03 

2. 600  ?.34?98t-19  -<..341531-r'3 

2.700  1. 177821  -14  -6.77>91t-'  3 

2.800  -2.212031-14  -7.I4414E  53 

2.900  -9.68321E15  -7.44-n<t-03 

3.009  1.1831  81-14  -7.63,1  31-03 

3.103  -1.779191-15  -7.i<5102f.-C3 

3.200  -5.35430E-1>  -7.  744831-03 

3.300  1.074431-14  -7.96514:,  2.5 

3.400  9.8571  30-15  -7.91  j5Ht-:3 

3.500  3.0140.41  15  -7.730,..!^  .3 

3.600  9,045151-15  -7.5925?i  '3 

3.700  l.24«75i-t4  -  7.32o<.9i-;;3 

3.800  7.143.371-15  -6.99359i-v3 

3.900  6.332701-15  -6.596511  0.3 

4.000  e.2609U-l5  -<..l  3I'53E-03 

4.100  4.8I966C-li  -4.6 24471-03 

4.200  l,123e0r-15  -5. '•58711  C3 

4.300  6.181021-16  -4 .446591- -I 

4.400  -1.452671-15  -  3.77367l:-.:3 
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4.600  -6.405241-14  -2.38<#74t -03 

4.700  -T.187  79E-15  - 1 .651 60i -(.3 

4.800  -8.79B44E-15  -8.955.  31-04 

4.900  -9.42088C-15  - 1 . 36  76“t-<74 

5.000  -8.740781-14  ,5.7602i  l  C4 

5.100  -8.09257t-l5  l.38>.,6l-03 
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5. 201291-06  5.261291-06 
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4.O7583H-06  4.07888E-06 
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2.002:.51-06  2. 002551-06 

1  .42499( -'■6  1.424991-06 

1.34  )541-07  .3.  34  3541-07 

2.  »6t'>7i.-'i7  2.360671-07 

-3.54  3«5i:  27  -3,643851-07 
-9.614141-'.  7  -1.614941-07 

■  1.44  <  72.1-06  -1.549 711 -06 
-2.123241-06  -2.123851-06 
-/.6  7.14  3' -06  -2. 678431.-06 

-  3.2'  !44i.-C‘5  -3.27)8441-06 

-3.  .I1-C6  -3.  709011-06 

4.1  75491-06  -4.175561.-06 
.4'.i7  'l-36  -4,603791-06 
-4.9>.972,.-,-'6  -4.989781-06 
•).  3  lo'.'l-f  6  -->.330001-06 
•5.6.1311-06  -  ). 621311-06 
-v.HMT-),.  06  -5,86107,1-06 
-6.0<.7f2»  26  -6.04  7021-06 
6.177511-76  -6.177511-06 
!..2->132l  06  -7.. 251321-06 
-6.2(.7  7i<.'06  -7,,2677e«.-06 
-7..??7)74r-06  -5.22674E-06 
7..123',6e-<.6  -.5.12  8561-06 
5.1/4161-7)6  -5.974161-06 
7<,4  l5t-06  -  >.764951-06 
-5.  255.;-(!6  -5.502851-06 

-5.l70,i6l-''6  -5,19.3261-06 

■  4.Mr.05t-.06  -4.33005n-06 
-4.425537-74  -4.425511-06 
-3.1-2411 -76  -  3,980411-06 

3.498761-06  -  3.498761  -06 
-2.915021-06  -2.985021-06 
-2.4'.  i>(0..-06  -2.443901-06 
-1.87i.M5r,-06  -1.880351-06 
-I.2)l5it-C6  -1.299551-06 

-  7.07,,?  31-.57  -7.068231-07 
-1 .07/.16C -'•■7  -1.076151-07 

4.925791-.77  4.  125791-07 

1.02.125K-06  1.3388251-06 
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1.0  CWIPONENT  BREAKDOWN  OF  SATURN  MODEL 


1.1  Introduction 


For  the  purpose  of  analysis,  the  Saturn  Model  was  divided  into  eight  (8)' 
component  structures.  Each  of  these  con^ponent  structures  was  then  analyzed 
independently  by  methods  applicable  to  that  particular  type  of  structure.  The 
selection  of  constraints  for  each  of  these  component  structures  was  based  on 
the  idealized  constraints  imposed  by  adjacent  component  structures  such  that 
each  separate  analysis  was  compatible  with  the  idea  of  eventually  coupling  the 
component  structures  as  described  in  Section  5*1*3«  ISiis  final  coupling  process 
is  presented  in  Section  3*0  of  this  Appendix. 


1.2  Saturn  Model  Components 


•nie  conponent  structures  into  which  the  Saturn  Model  was  divided,  their 
idealized  constraints,  and  their  \init  designations  are  presented  below.  It 
should  be  noted  that  a  completely  darkened  area  indicates  a  portion  of  the 
vehicle  which  was  considered  rigid  for  the  purpose  of  aiding  in  the  final  cou¬ 
pling  of  the  cooponents. 


(1) 


Upper  (third)  Stage  and  second  stage 
adapter  cantilevered  from  second 
stage.  Designated  as  (U). 


(2) 


Middle  (second)  Stage  cantilevered 
from  a  rigid  first  stage  adapter. 
Designated  by  (m). 


(3) 


Adapter  for  first  stage  supported 
on  the  rigid  spider  beam.  Designated 
as  (a). 
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FIGURE  115  SATURN  SA-1 

launch  vehicle 


(4)  Spider  Beam  supported  on  eight  simple 
supports  (points  of  contact  with  center 
lox  tank).  Designated  by  (s). 


|ml 


(5)  lex  ®ank  in  center  of  cluster  canti¬ 
levered  from  outrigger.  Designated 
by  (L). 


(6) 


Fuel  (Banks  in  outer  cluster  simply 
supported  on  spider  beam  and  out¬ 
rigger.  Designated  as  (F). 


(7) 

4 


Lox  Ibinks  in  the  outer  cluster  pinned 
at  bottom  and  free  at  top.  Designated 
as  (T). 


FIGURE  116  COMPONENTS  OF  SATURN  MODEL 
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(8)  Outrigger  and  engines  considered  as 
a  rigid  body.  Designated  as  (r). 


2.0  ANALYSIS  OF  INDIVIDUAL  COMPONENTS 

2.1  Upper  Stage  (u) 


2.1.1  Collocation  Point  Geometry  for  Upper  Stage 

One  of  the  basic  assumptions  in  the  analysis  of  the  Upper  Stage  was  that 
this  portion  of  the  vehicle  could  be  represented  by  nine  (9)  collocation  points. 
These  points  were  spaced  equidistant  along  the  x  axis  (neutral  axis)  as  shown 
in  Figure  117. 


FIGURE  117  COLLOCATION  POINT  GEOMETRY 


The  X  coordinates  (body  stations)  of  the  assumed  collocation  points  are 
presented  in  Table  22. 

2.1.2  Analysis  of  Upper  Stage 

The  analysis  of  the  Upper  Stage  was  based  on  the  assumption  that  the 
elastic  behavior  of  this  portion  of  the  vehicle  could  be  determined  through 
the  use  of  equivalent  beam  theory.  The  use  of  this  theory  allowed  the 
structure  of  this  stage  to  be  presented  as  a  beam  as  shown  in  Figure  ll8. 
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FIGURE  118  EQUIVALENT  BEAM 


The  analysis  of  this  equivalent  beam  allowed  for  not  only  a  different 
total  mass  in  each  bay,  but  also  the  addition  of  concentrated  mass  items.  This 
allowed  the  consideration  of  the  lead  ballast  weights  as  point  loads.  This  con¬ 
sideration  displays  itself  in  the  computation  of  the  point-mass  matrix  of  the 
kinetic  energy  expression. 

The  kinetic  energy  of  the  equivalent  beam  was  expressed  in  matrix  form 
as. 


where 


T  -  (Il-l) 


[Aul  [Tj'lAj.lTl-  (II-2) 


where  [k\  was  a  function  of  the  individual  bay  (see  Paragraph  5. 1.2. 2)  such 
that 


J  !  ■',  V  t 

IV*;  *:  V 


vv  V  V 


(11-3) 


where 


was  the  total  mass  of  the  ith  bay, 

was  the  jth  concentrated  mass  in  the  ith  bay  (perhaps  it 
should  be  noted  that  Equation  II-3  is  somewhat  general 
in  that  if  any  particular  bay  did  not  have  a  oonoentrated 
mss,  then  the  suaiaation  tern  was  negiectel  or  zero), 
calculated  from  the  position  of  the  *  concentrated  mas 
in  the  i^^  bay  by  the  relation. 


'  - 


(II-4) 
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such  that  the  matrix  distributed  the  jth  concentrated  mass  di^raholically 
between  four  collocation  poinns  (two  to  either  side  of  the  bay  in  which  it  was 
located).  The  [Al^ matrix  in  Equation  II-3  was  a  non-dimensional  matrix  which 
distributed  the  total  mass  of  the  i'^h  bay  between  four  collocation  points  (two 
points  on  either  side  of  the  i*'^  cay).  Due  to  the  absence  of  a  fourth  point 
in  the  case  of  the  first  and  last  bays,  the  elements  of  this  matrix  varied. 
This  variation  is  sho^^n  below. 


(II-5) 
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The  remaining  term  in  expression  was  a  non-dimensional  matrix  which 

positioned  the  distributed  mass  of  the  i*'^  bay  in  the  final  point-mass  matrix 
[Ay],  This  matrix  is  presented  in  ifeble  22. 


Tiie  strain  energy- stored  in  the  equivalent  beam  was  expressed  in  terms  of 
the  applied  loads 


(II-6) 


where  [Eq]^  the  collocation  point  influence  coefficient  matrix  for  the  Upper 
Stage,  was  determined  from  El  and  Gk  slice  data  (presented  in  Table  30), 
throvigh  the  use  of  the  complerentary  strain  energy  method  presented  in  Section 
5.1. 1.2  of-  this  report.  This  collocation  point  influence  coefficient  Esatrix 
for  the  Upper  Stage  is  presented  in  Table  22. 

®ie  modes  of  the  Upper  Stage  (cantilevered  at  x  =  :^  =  125.306)  and  their 
respective  eigenvalues  were  calculated  by  the  iteration  of  the  expression. 


6C1 


L£ulAuH<f}  = 


(II-7) 


These  inodes  and  their  respective  frequencies  are  presented  in  Table  22. 

2.2  Middle  Stage  (l«t) 

2.2.1  Collocation  Point  Geometry  For  Middle  Stage 

In  the  interest  of  additional  accuracy,  in  the  analysis  of  the  Middle 
Stage  the  number  of  collocation  points  was  increased  to  fifteen  (six  points 
more  than  were  used  in  the  analysis  of  the  Upper  Stage).  These  points  were 
spaced  equidistant  along  the  x  axis  as  shown  in  Figure  119* 


FIGURE  119  COLLOCATION  POINT  GEOMETRY  FOR  MIDDLE  STAGE 


The  X  coordinates  of  the  Middle  Stage  collocation  points  are  presented  in 
Iteble  23. 

2.2.2  Analysis  of  Middle  Stage 

The  analysis  of  the  Middle  Stage  was  somewhat  complicated  by  the  structure 
found  in  the  adapter  portion  of  the  stage  (that  portion  of  the  stage  between 
body  stations  193.3^5  and  211.320).  Hiis  portion  of  the  stage  did  not  lend 
itself  to  an  analysis  based  on  equivalent  beam  theory  while  the  remaining  por¬ 
tion  did.  It  was  therefore  decided  that  the  analysis  of  the  Middle  Stage  should 
consist  of  two  parts;  (l)  an  analysis  of  the  entire  structure  based  on  equivalent 
beam  theory  in  which  the  adapter  portion  of  the  stage  was  considered  rigid,  and 
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(2)  an  analysis  of  the  adapter  as  an  independent  structure  based  on  complementry 
strain  energy  methods.  It  is  the  first  part  of  the  analysts  which  will  be  pre¬ 
sented  here . 

The  assumption  that  the  adapter  is  rigid  and  the  assumptions  implied  by 
the  use  of  the  equivalent  beam  theory  lead  to  the  idealization  of  the  Middle 
Stage  structure  shown  in  Figure  120. 


z 


r~ 


^3.345 


FIGURE  120  EQUIVALENT  BEAM 


In  the  analysis  of  this  equivalent  beam  it  was  considered  extremely  ad¬ 
vantageous  to  allow  for  the  treatment  of  structural  items  such  as  ring 
stiffeners,  radial  members,  plates,  and  tank  caps  as  concentrated  mass  items. 
This  allowance  was  made  in  the  con5)utation  of  the  collocation  point-mass  matrix 
in  the  expression  for  kinetic  energy. 

The  kinetic  energy  of  this  equivalent  beam  for  the  Middle  Stage  was  ex¬ 
pressed  in  matrix  form  as. 


(II-8) 


where 

(Av,1  =  ^  (II-9) 

i=i 


where  [a]^  was  a  function  of  the  individual  bay. 

The  final  point  mass  matrix  for  the  liLddle  Stags  is  presented  in  Table 
23.  It  should  be  noted  that  the  assimiption  that  the  adapter  portion  of  the 
stage  was  rigid  has  had  no  effect  whatsoever  on  the  analysis  thus  far.  This 
assung)tion  has  no  bearing  on  the  calculation  of  [a^] . 
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The  strain  energy  stored  in  the  equivalent  beam  was  expressed  in  terms 
of  applied  loads,  asj 

[EmIiPm}  (II -10) 


where  [e^],  the  collocation  point  influence  coefficient  matrix  for  the  liiddle 
Stage,  was  determined  from  El  and  GA  slice  data  (presented  in  Thble  30)  through 
the  use  of  the  con^pleroentary  strain  energy  n^thod  presented  in  Section  5*1*1*2 
of  this  report.  This  coDJLocation  point  influence  coefficient  matrix  for  the 
Middle  Stage  is  presented  in  Table  2k. 

The  modes  of  the  I>liddle  Stage  and  their  respective  frequencies  were  deter¬ 
mined  from  the  iteration  of  the  expression] 

L£Mll.AMKtf}  =  (ll-ll) 

These  modes  and  their  respective  frequencies  are  presented  in  Table  2k.  These 
modes  are  actually  for  the  Middle  Stage  cantilevered  at  x  =  Xj^^  =  211.320,  but 
due  to  the  rigidity  of  the  adapter  section,  they  will  appear  as  though  the 
stage  were  cantilevered  at  x  =  193* 3^5* 


One  of  the  basic  assumptions  in  the  analysis  of  the  adapter  was  that  the 
elastic  behavior  of  this  portion  of  the  Middle  Stage  could  be  described  through 
the  use  of  two  degrees-of -freedom  (^  and  0^).  These  degrees-of -freedom  ai'e 
shown  in  Pigvire  121. 


FIGURE  121  DEGREES-OF-FREEDOM  FOR  ADAPTER 
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As  may  "be  noted^  the  degrees-of -freedom  selected  here  are  only  those  of  primary 
Iniportance.  With  respect  to  the  final  analysis^  and  ^ adequately  dsscrihe 
the  e3astic  behavior  of  the  adapter. 

2. 3-2  Analysis  of  the  Adapter 

i?he  analysis  of  the  adapter  was  based  on  the  complementary  strain  energy 
method  as  presented  in  Section  5-l*l-2  of  this  report.  Generalized  loads  were 
applied  to  an  idealized  version  of  the  adapter  structure  as  shown  in  Figure  122. 


FIGURE  122  GENERALIZED  ADAPTER  LOADS 


The  strain  energj,'  stored  in  the  tension  members^  compression  members,  and  the 
conical  shell  was  written  in  terms  of  the  generalized  loads,  Zp,  and  0^ 
(associated  with  the  ^neralized  coordinates  and  ),  with  the  result 

that  the  total  strain  energy  stored  in  the  adapter  was  wi’itten  as. 


ir- 


(11-12) 


vhere 


CSa] 


was  found  to  be. 


« C 


I  ■O-' 


MiiiSf 


(11-13) 
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It  should  be  noted  that  the  mass  of  the  adapter  was  included  In  the  mass  of 
the  Middle  Stage  and  therefore  need  not  be  considered  in  this  analysis. 

2.4  Spider  Beam  (s) 

2.4.1  Collocation  Point  Geometry  for  Spider  Beam 

The  primary  interest  in  the  selection  of  collocation  points,  and  general¬ 
ized  coordinates,  for  the  Spider  Beam  was  the  fact  that  this  member  coupled 
together  the  motions  of  the  adapter,  the  center  lox  tank,  and  the  four  outer 
lox  taiiks.  With  this  consideration  in  mind,  eight  (8)  collocation  points  and 
eleven  (ll)  generalized  coordinates  (the  three  additional  coordinates  were  used 
to  describe  the  rigid  body  displacements)  were  chosen  and  are  shown  in  Figures 
123  and  124,  respectively. 


FIGURE  123  COLLOCATION  POINT  GEOMETRY  FOR  SPIDER  BEAM 


It  should  be  noted  that  only  the  three  rigid  body  displacements  are  displace¬ 
ments  (of  a  point  in  the  plane  of  the  supports). 


FIGURE  124  GENERALIZED  COORDINATES  FOR  SPIDER  BEAM 
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2.4.2  Analysis  of  Spider  Beam 


The  analysis  of  the  Spider  Beam  was  Based  on  the  complementary  strain 
energy  method  presented  in  Section  5fl.l-2  of  this  report.  Generalized  loads, 
associated  with  the  generalized  coordinates  sho^■m  in  Figure  124  were  applied 
to  the  structure,  and  the  strain  energy  stored  in  each  structural  member  written 
in  terms  of  these  loads.  These  expressions  for  strain  energy  in  the  individual 
members  were  then  combined  to  form  an  expression  for  the  total  strain  energy 
stored  in  the  Spider  Beam,  which  wasj 


U  = 


Zi 


(II-14) 


where  [Eo]  is  the  structural  influence  coefficient  matrix  presented  in  Table 

25. 
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The  kinetic  energy  of  the  Spider  Beam  was  written  in  terms  of  the  general¬ 
ized  velocities  and  appeared  in  matrix  form  as, 


where 


T 


Ssis^HAs] 


fe' 

is 

©5 


iAs] 


0 

0. 

'■  0 

71.67 

71.67 

M33.  65 


(11-15) 


(II-16) 


2.5  Center  Lox  Tank  (L) 

2.5.1  Collocation  Point  Geometry  for  Center  Lox  Tank 


In  the  analysis  of  the  Center  Lox  Ifenk,  fifteen  (15)  collocation  points 
were  selected  to  represent  this  portion  of  the  vehicle.  These  points  were  placed 
equidistant  along  the  x  axis  as  shown  in  Figure  125 • 


i^.7  Xt-  _  9W|' 
|4 


IS2  it-.ZV. 


5J7  350.40-) 


(11-17) 


FIGURE  125  COLLOCATION  POINT  GEOMETRY  FOR  CENTER  LOX  TANK 
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The  X  coordinates  (hody  stations)  of  these  points  are  presented  in  Table  26. 
2.5.2  Analysis  of  Center  Ldx  Tank 

The  analysis  of  the  Center  Lox  Tank  was  based  on  the  ass’jmption  that  the 
elastic  behavior  of  this  portion  of  the  vehicle  could  be  determined  through 
the  use  of  equivalent  beam  theory.  This  assumption  lead  to  the  idealization 
of  the  structure  shown  in  Figure  126. 


K 


i 


FIGURE  126  EQUIVALENT  BEAM 


In  this  analysis j  it  was  considered  advantageous  with  respect  to  accuracy  to 
consider  structural  members  such  as  ring  stiffeners,  tank  caps,  and  plates  as 
concentrated  weight  items.  This  consideration  was  made  in  the  computation  of 
the  point-mass  matrix  used  in  the  expression  for  kinetic  energy.  The  kinetic 
energy  for  this  equivalent  beam  was  expressed  in  matrix  form  as. 


=  HKl'rA.HK} 


(II-IT) 


where 


[Aj=f 


(11-18) 


where  [a]^  vas  a  function  of  the  individual  bay.  This  final  point-mass  is 
presented  in  Table  26. 

The  strain  energy  stored  in  the  equivalent  beam  was  expressed  in  terms  of 
the  applied  loads,  as: 


u  =  HR.  He- Hr.} 


(11-19) 
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■where  [e^],  the  collocation  point  influence  coefficient  matrix,  was  de-termined 
from  El  and  GA  slice  data  (presen'ted  in  Table  30)  through  the  use  of  the  com- 
plemen'tary  strain  energy  method  presen'ted  in  Section  of  this  report. 

This  collocation  point  influence  coefficient  matrix  for  the  Center  Lox  Tank  is 
presented  in  Table  27* 

The  mode  shai)es  for  the  Cen'ter  Lox  Tank  were  de-termined  by  the  iteration 
of  the  expression. 


(11-20) 


The  mode  shapes  for  the  Cen'ter  Lox  Tank  cantilevered  at  x  =  x^^^  =  350.409  and 
their  respective  frequencies  are  presen'ted  in  Tbble  27. 

2.6  Fuel  Tanks  (F) 

2.6.1  Collocation  Point  Geometry  for  Fuel  Tanks 


Each  of  the  Fuel  Tanks  were  analyzed  on  the  basis  of  fifteen  (I5)  colloca¬ 
tion  points.  These  points  were  equally  spaced  along  the  x  axis  (neutral  axis) 
as  shOTm  in  Figure  127.  These  points  vrere  chosen  in  preparation  for  an 
analysis  based,  on  equivalent  beam  theory.  It  was  thought  that  due  to  the 
absence  of  both  axial  loading  and  In-ternal  pressure,  the  application  of  thin 
shell  vibration  theory  was  not  necessary. 


C15,’53T  23i,on  33l.tn  350.117 


FIGURE  127  COLLOCATION  POINT  GEOMETRY 
FOR  FUEL  TANK 
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It  should  b6  noted  that  the  collocation  point  selection  and  resulting 
analysis  was  the  same  for  each  of  the  four  Fuel  Tanks •  Although  a  small 
asymmetry  did  exist  in  the  complementary  bending  planes,  it  was  found  that 
this  condition  did  not  appreciably  affect  the  final  results  and  w’as  therefore 
ignored. 

2.6.2  Analysis  of  Fuel  Tanks 

The  analysis  of  each  of  the  four  Fuel  Tanks  was  based  on  the  equivalent 
beam  theory.  This  assumption  implied  that  the  elastic  behavior  of  the  Fuel 
Tanks  could  be  detezmiined  by  analyzing  a  beam  with  the  same  mass  distribution 
along  the  x  axis  and  identical  stiffness  in  the  x-z  plane.  This  idealized, 
equivalent  beam  is  shown  in  Figure  128. 


FIGURE  128  EQUIVALENT-BEAM  FOR  FUEL  TANK 


In  this  analysis  of  the  Fuel  Tanks,  structural  items  such  as  ring  stiffeners, 
tank  caps,  plates,  and  fittings  were  considered  concentrated  masses.  This 
consideration  was  incorporated  in  the  computation  of  the  point-mass  matrix 
which  appeared  in  the  expression  for  kinetic  energy.  The  kinetic  energy  was 
also  expressed  in  terms  of  the  generalized  velocities,  Pp^,  as; 


(11-21) 


where  [Ap],  the  point-mass  matrix,  v/as  expressed  as; 

:Ap]  =£  (11-22) 

i=i 

where [a] was  a  function  of  the  individual  bay.  This  final  point -mass  matrix 
is  presented  in  teble  28. 

The  strain  energy  stored  in  the  equivalent  beam  was  expressed  in  terms  of 
the  generalized  loads,  Pp^,  associated  with  the  generalized  coordinates. 


6ll 


U  = 


(11-23) 


Where  the  collocation  point  influence  coefficient  matrix  for  the  Fuel  Tank^ 
on  two  simple  supports  (as  shown  in  Figure  128^  was  derived  by  first 
calculating  an  influence  matrix  for  the  beam  cantilevered  at  x  =  x;j_^  =  350. TIT- 
Using  complementary  strain  energy  principles  these  influence  coefficients  were 
transformed  from  cantilevered  restraints  to  simply  supported  constraints.  This 
transformation  process  was  expressed  in  matrix  form  as.; 


[£f] 


tTy( 


lariu*ae« 

c(Mftlclrat4i 


][T] 


(11-24) 


The  transformation  matriXj[T],  was  derived  from  equilibrium  conditions  on  the 
loads  and  support  reactions. 

The  mode  shapes  for  the  Fuel  Tanks  were  determined  through  the  iteration 
of  the  expression 


[EFltApKif}  = 


(ri-25) 


It  should  be 'noted  that  the  mode  shapes  for  each  of  the  four  Fuel  Tanks  were 
identical,  and  that  the  mode  shapes  presented  in  Table  29  are  for  one  tank. 

It  should  also  be  noted  that  these  mode  shapes  were  for  the  Fuel  Tank  on  two 
simple  supports. 

2.7  Outrigger  (r) 

2.7.1  Degrees -of -Freedom  for  Outrigger 

The  assumptions  that  the  Outrigger  was  rigid  and  limited  to  plane  motion 
restricted  the  structure  to  three  degrees -of -freedom  (*g,  and  6p)  as  shown 

in  Figure  129.  Also  shown,  for  reference  purposes,  in  Figure  129  are  the  dis¬ 
placements  of  the  Outrigger  center  of  mass  (  ^  and  ^  ) . 
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FIGURE  129  OUTRIGGER  DcGREES-OF-FREEDOM 


2.7*2  Outrigger  Anal;ysis 

The  analysis  of  the  Outrigger  was  based  on  the  assumption  that  this  por¬ 
tion  of  the  structure  was  a  rigid  body  limited  to  plane  motion.  The  kinetic 
energy  of  this  body  was  expressed  in  terms  of  ^  and  4’  (deflections  of  the  center 
of  mass)  and  0 (rotation  of  the  body)  as^ 


T 


+klRe" 


(11-26) 


Noting  the  relations, 

1  =  i'R  -  -X(()9r 

©  -  ©R 

it  was  seen  that, 

i  f  X  —  Xr)  ©jj 


(II-2T) 


(11-28) 


and  that 


(11-29) 
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The  combination  of  Equations  11-26^  lI-27>  11-28,  and  11-29  resulted  in  an 
expression  for  kinetic  energy  in  terms  of  fp,  and  0^  . 

T  =  Mr  (-V"  Sr  +  ■^r  )  (II-30) 


vhich  was  then  expressed  in  matrix  form  as. 


-r  =  ah  4 

Mr 

0 

0 

0 

Mr 

-MRfS-Xpl 

0 

■M^fx  -Xijl 

iRt  Mr  (x-Xr7^ 

.Ok 

(11-31) 


where  iv^  was  the  total  mass  of  the  Outrigger  (269.3  Ibm) 

I  +  Mj^(x-Xp)^  was  the  moment  of  inertia  about  point  R  (it664l.5  Ibjjj-in^) 

-%(x-Xj^)  was  the  first  moment  about  point  R  ( 1901.0  Ib^j-in). 

Equation  II-3I  was  then  written  in  final  matrix  form  as, 

(11-32) 

where 

(11-33) 
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TABLE  22 

UPPER  STAGE  (U)  MASS,  STIFFNESS,  AND  CANTILEVERED  MODES 


COLLOCATION  POINT  GEOMETRY 

BAY  LENGTH  ■  15.663  INCHES 

COLLOCATION  X-COORDINATE 

POINT  IINCHES  FROM  NOSE) 


2 

3 


6 

7 

e 

9 


1.56630E  01 
3.13260E  01 
A.69890E  01 
6.26520E  01 
7.a3160E  01 
9.39780E  01 
1.096A1E  02 
1.25306E  02 


COLLOCATION  POINT  MASS  MATRIX 
(TOTAL  MASS  ■  B7B.58S  LftM) 
(BALLAST  TANK  FILLED  WITH  WATER) 


COLL. 


NT 

1  2 

3 

4 

5 

6 

7 

8 

9 

7.210I5C-01  A.OUIlE-01 

>1.09422E>01 

4.21Ba0£-03 

-0. 

4.0UIIE-01  2.4A1S9E  00 

-2.32715E  00 

•1.9309AE  00 

2.048S8E-01 

'1.09422E-01  -2.327t6E  00 

3.909t3E  01 

1.10699E  01 

•6.482316  00 

4.5U75E- 

01 

0. 

0. 

0. 

4.2ltB0E>03  -1.9309AE  00 

1.10699E  01 

1.2Se76E  02 

3.714036  01 

•9.034936 

00 

4.523186-01 

0. 

0. 

0.  2.0486«E>0} 

'6.4«231E  00 

3.713986  01 

2.0S'$69E  02 

3.23490E 

01 

•8.901486  00 

4.385506-01 

0. 

0.  0. 

A.5UTS6-Ot 

•9.034936  00 

3.234856  01 

2.025616 

02 

3.746416  01 

-4.595216 

00 

2.097166-01 

0.  0. 

0. 

4.$23U6*01 

•8.908686  00 

3.746366 

01 

1.048326  02 

-5.715266 

00 

-9.070446-01 

0.  0> 

0. 

0. 

4.385506-01 

-4.595286 

00 

•5.715296  00 

2.872636 

01 

2.362716  00 

2.097846 

•02 

-5, 070446-01 

2.362716 

00 

3.264416  00 

COLLOCATION  POINT 

STRUCTURAL  INFLUENCE  COEFFICIENTS  MATRIX 


COLL. 


POINT 

1 

2 

3 

4 

5 

6 

7 

8 

1 

2.920416-04 

1.939186-04 

1.038196-04 

6.696536-09 

3.740166-09 

1.614526-05 

5.987356-06 

1.997016-06 

0. 

2 

1.939186-04 

1.216666-04 

8.596296-05 

9.642616-05 

3.224286-05 

1.428986-03 

S. 049116-04 

1.491766-04 

0. 

3 

1.038196-04 

8.596296-09 

6.T3064E-05 

4.988686-05 

2.708396-05 

1.243446-05 

4.511006-06 

1.386916-06 

0. 

4 

6.696936-09 

9.642616-09 

4.988686-05 

3.53*766-05 

2.192506-05 

1.057896-05 

3.972826-06 

1.211266-06 

0. 

9 

3.740166-09 

3.224286-09 

2.708396-05 

2.192506-05 

1.676626-05 

8. 723516-06 

3.434656-06 

1.176016-06 

0. 

6 

1.614926-05 

1.428986-05 

1.243446-09 

1.057896-09 

8.723516-06 

6.867966-06 

2. 896446-06 

1. 070766-06 • 

0. 

7 

9.987396-04 

9.04918E-06 

4.91T00E-06 

3.972826-06 

3.434656-06 

2.896446-06 

2.358296-06 

9.699146-07 

0. 

8 

1.997016-06 

1.491766-06 

1.386916-06 

1.281266-06 

1.176016-06 

1.070766-06 

9.655146-07 

8.602646-07 

0. 

MOOAL  DATA 

CANTILEVEREO  AT  X  -  12S.306 


COLL. 

POINT 

1ST  MODE 
27.28  CPS 

ZNO  MODE 
89.04  CPS 

3R0  MODE 
174.16  CPS 

4TH  MODE 
273.08  CPS 

1 

9.64243606-02 

1.67968616-01 

2.44228166-01 

5.47891096-01 

2 

8.11956706-02 

1.18382756-01 

1.43695986-01 

2.18270236-01 

3 

6.63169966-02 

7.46471836-02 

7,33776946-02 

4.ll97221t-02 

4 

5.08697236-02 

2.55715696-02 

-7.81733966-03 

-5,27693976-02 

5 

3.42417246-02 

-2,33437006-02 

-3.83951166-02 

3.27235316-02 

6 

1.78340816-02 

-4.19272076-02 

3.32203386-02 

6.19116866-04 

7 

6. 96494566-03 

-2.34268396-02 

3.29636256-02 

-3.17801406-02 

8 

2.34682016-03 

-9,81*09196-03 

1.42397166-02 

-1.53880126-02 
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TABLE  24 

41DDLE  stage  (M)  INFLUENCE  COEFFICIENTS  AND  MODES  CANTILEVERED  WITH 

RIGID  ADAPTER 


TABLE  25 

SPIDER  BEAM  (S)  COLLOCATIOH  POINT  STRUCTURAL  INFLUENCE  COEFFICIENTS  MATRIX 


cott. 


M)IKI 

1 

2 

3 

4 

5 

4 

7 

4 

'1 

4.07S6445(-C5 

4.600779SE-C& 

5.713COS9E-C4 

4-.02l^4ao£-a6 

4«434ta25£-04 

4.ll2524COE>04 

S.7I3QO59E-04 

4.40077 9«E'04 

2 

4.*OQ77««|>C6 

4.09S&465E>0S 

6.600779SE-O4 

5^t30O89E-04 

4.<25240C£-04 

4.436St2S£-04 

4, 1252400 E-04 

S,7130e59£'04 

3 

5.7l300S9f'06 

4.4C07793E-06 

4.0954465E-C3 

4.6007798E-06 

5.7130059E-06 

4.«2S24GC£-04 

4.436SS25E-C4 

4.f2S2400€'«4 

4 

4U2S2400C-C6 

5.71300S9E-06 

6.t00779aE-04 

4.099644SE>05 

4.40O779a£-04 

S.713C0S9E'04 

4,a2S2400£-04 

4.434t«25£<-M 

5 

4.434l<25E-06 

4.a2$24COE-04 

S.713C0S9E-C4 

4,4C07?9»£H>4 

4.09S444S£'OS 

4.4Ca779i£>04 

5*7l3C059e-C4 

4. •252400 £-04 

i 

4.l2S2400t*0«> 

4.434«(2SC-04 

4.8252400£'>C4 

5.7130O59E-04 

4.400779<£'04 

4.09S44&SE-0$ 

4.400774SE>04 

5.71300S9E-e4 

7 

5.7I3eCS9e'0» 

4,<2524C0EH)4 

4.4344325E'e6 

4«42524.00E>04 

S.7t3CCS9E>04 

4.4C0779£E-04 

4.0<5E44SE'05 

4.4007794C-04 

• 

4.&OQ774IE-C4 

5.7130059e-04 

4.a2524O0E-O4 

4«434S«2S£>Q4 

4.S252400£-04 

5.7130059£>04 

4.409r79aE>C4 

4.09544450-05 

« 


‘10 

II 


6l8 


TABLE  26 

CENTER  LOX  TANK  (L)  MASS  MATRIX 
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•3.«0194E-01  4.8A99AE-01 


TABLE  27 

CENTER  LOX  TANK  (L)  CANTILEVERED  INFLUENCE  COEFFICIENTS  AND  MODES 


o  o  o  o  o  o 


O  O  O  o  o  o  o 
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TABLE  28 

FUEL  TANKS  (F)  MASS  MATRIX 


621 


.A90««E~03  -L.40904l*#i 


TABLE  29 

FUEL  TANKS  (F)  SIMPLY  SUPPORTED  INFLUENCE  COEFFICIENTS  AND  MODES 
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TABLE  30 

BENDING  AND  SHEAR  RIGIDITY  OF  BEAM-LIKE  COMPONENTS 


El  SLICE  DATA 


CA  SLICE  DATA 


SLICE  BOUNOAAIES 
X'COOADINATE  X-COOAOINATE 


SLICE  VAL()E(S> 

£1  VALUE  El  VALUE 


SLICE  BOUNDARIES 
X>CDORDlNATE  X-COOROINATE 


SLICE  VALUEISI 
6A  VALUE  CA  VALUE 


UPPER  STAGE 

0. 

2.S00000QE  00 

l.OOOOOOOE  OS 

1.5000000E  06 

2.5000000E  oa 

S.OOOOOOOE  00 

1.5000000E  06 

6.5000000E  06 

9.0000000E  00 

2.0000000E  01 

6.5000000E  06 

2.5000000C  08 

2.00000QOE  01 

3.000000QE  01 

2.9000000E  OB 

6.2S00000E  OS 

3.0000000E  01 

S.AOOOQOOE  01 

6.2SOOOOOE  0« 

l.OOOOOOOE  09 

3.6000000E  01 

A.4000000E  01 

l.OOOOOOOE  09 

l.SSOOOOOE  09 

A.AQCOOOOE  01 

•.8000000E  01 

1.8900000E  09 

l.SSOOOOOE  09 

8.8000000E  01 

l.OOQOOOOE  02 

A.0500000E  09 

S.OOOOOOOE  09 

l.OOQOOOOE  02 

1.0700000E  02 

S.OOOOOOOE  09 

l.OSSOOOOE  10 

1.0700000E  02 

l.llOOOOOE  02 

l.OSSQOOOE  10 

1.3000000E  10 

l.llOOOOOE  02 

1.1700000E  02 

1.3000000E  10 

l.SSOOOOOE  10 

l«17QOOOOE  02 

1.2930600E  02 

1.6SOQOOOE  10 

2.2000000E  10 

nlOOLE 

STAGE 

1.172AA00E  02 

1.2128I00E  02 

9.7399999E  OS 

1.0326e37E  09 

1.212BB00E  02 

1.2S30900E  02 

1.0326S37E  09 

1.9AT9AS0E  09 

1.2530400E  02 

1.A231000E  02 

3.332A611E  10 

3.1A7AaS2E  10 

I.A:31000E  02 

1.9931300E  02 

3.167ASS2E  10 

2.9SS6S92E  10 

1.S9313Q0E  02 

1.7A31700E  02 

2.9SS6592E  10 

2.8A6973SE  10 

1.76317Q0E  02 

1.9332000E  02 

2.SA69738E  10 

2.731A321E  10 

1.9332000E  02 

2.U32000E  02 

9.9999998E  IS 

9.999999SE  IS 

CENTER  LOX  tank 

2.1A73200E  02 

2.2529200E  02 

A.lA3e36AE  09 

A.lA3e36AE  09 

2.2924200E  02 

2.3160200E  02 

2.AS0S693E  09 

2.A505693E  09 

2.316Q200E  02 

3.0023200E  02 

I.SS082S6C  09 

1.5S0e2$6£  09 

3.002320aE  02 

3.30U200E  02 

1.9A12973E  09 

1.9A12973E  09 

3.3011200E  02 

3.3936200E  02 

2.922333AE  09 

2.922333AE  09 

3.3936200E  02 

3.30A0900E  02 

1.670e696E  09 

1.670669eE  09 

FUEL 

TANKS 

2.1593700E  02 

2.31077QQE  02 

1.76iaOS2E  06 

1.76180S2E  06 

2.3107700E  02 

2.6A27700E  02 

9,7030S99E  05 

9.7030599E  05 

2.t>A27700E  02 

2.9797699E  02 

1.0S8AA02E  06 

1.05SAA02E  06 

2.97976S9E  02 

3.3167700E  02 

1.U6S619E  06 

I.IA65619E  06 

3.31A7700E  02 

3.380(i700E  02 

1.76180S2E  06 

1.7618052F  06 

3.3806700E  02 

3.S071700E  02 

9.a83A0SlE  06 

9.083A051E  06 

UPPER 

STAGE 

0. 

2.5000000E 

00 

3.SOOOOOOE 

OS 

l.OOOOOOOE 

06 

2.S000000E 

00 

S.OOOOOOOE 

00 

l.OOOOOOOE 

06 

I.ISOOOOOE 

06 

S.OOOOOOOE 

00 

2.0000000E 

01 

I.ISOOOOOE 

06 

2.5000000E 

06 

2.0000000E 

01 

S.OOOOOOOE 

01 

2.SOOOOOOE 

06 

3.AOOOOOOE 

06 

3.0000000E 

01 

3.6000000E 

01 

3.4000000E 

06 

A.OOOOOOOE 

06 

3.6000000E 

01 

4.AOOOOOOE 

01 

6.0000000E 

06 

A.8500000E 

06 

A.AOOOOOOE 

01 

S.SOOOOOOE 

01 

0 

0 

0 

0 

0 

06 

A.8500000E 

06 

S.6000000E 

01 

l.OOOOOOOE 

02 

1.4S50000E 

07 

1.6600000E 

07 

l.OOOOOOOE 

02 

1.0700000E 

02 

1.6600000E 

07 

1.7750000E 

07 

1.0700000E 

02 

l.llOOOOOE 

02 

1.7750000E 

07 

l.SASOOOOE 

07 

l.llOOOOOE 

02 

i.noooooE 

02 

l.SASOOOOE 

07 

1,9450000E 

07 

I.ITOOOOOE 

02 

1.2530600E 

02 

1.9450000E 

07 

2.1850000E 

07 

NlOOLE  STAGE 

U1726600E 

02 

1.212S800E 

02 

3.3100000E 

06 

5.3S83003E 

06 

1.212SS00E 

02 

1.2530900E 

02 

S.35S3003E 

06 

6.6205924E 

06 

1.2S30900E 

02 

UA231000E 

02 

A.6110508E 

07 

4.6110S08E 

07 

UA23100'OE 

02 

1.5931300E 

02 

4.6110S0SE 

07 

4.611050SE 

07 

0 

0 

02 

U7631700E 

02 

4.6110S0SE 

07 

4.6I10SOSE 

07 

1.7631700E 

02 

1.9332000E 

02 

A.6110508E 

07 

4.6110S08E 

07 

1.9332000E 

02 

2.1132000E 

02 

9.9999998E 

IB 

9.9999998E 

18 

CENTER  LOX  TANK 

2.1A73200E 

02 

2.2S29200E 

02 

1. 98375926 

07 

1.983rS92E 

07 

2.2S29200E 

02 

2.3160200E 

02 

8.337S920E 

06 

8.3375920E 

06 

Z.3160200E 

02 

3.0023200E 

02 

5.28792868 

06 

5.2879266E 

06 

3.0023200E 

02 

3.3011200E 

02 

6.613052SE 

06 

6.6130525E 

06 

3.30U200E 

C2 

3.393&200E 

02 

9.931  J59AE 

06 

9.9313594E 

06 

3.3936200E 

02 

3.SOA0900E 

02 

A.053B160E 

06 

4.0538160E 

06 

FUEL 

TANKS 

2.15937001 

02 

2.3I07700E 

02 

2.29A2403E 

08 

2.2942403E 

06 

2.31077006 

02 

2.6A27700E 

02 

I.2669718E 

08 

1. 2669718k 

08 

2.6A27700E 

02 

2.97916996 

02 

l.3ai8S58E 

08 

1. 38185586 

08 

?,9797699C 

02 

3.3167700E 

02 

I.A966905E 

08 

1.4966905k 

08 

3.3167T00E 

02 

3.38067006 

02 

2.29A2A03E 

08 

2.2942403k 

08 

3.3806700E 

02 

3.5u7l700e 

02 

5.30169A0E 

08 

5.3016940E 

OS 
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3-0  COUPLING  OF  SATURN  MODEL  CCMPONENT  MODES 


3*1  Introduction 


The  ultimate  goal  of  this  analysis  of  the  Saturn  Model  was  to  detennine 
the  mode  shapes  and  natui-al  frequencies  of  the  1/5  scale  model.  The  basic 
idea  behind,  breaking  the  model  down  into  component  structures  was  the  reduc¬ 
tion  of  the  nimnber  of  degrees -of -freedom  used  in  the  final  coupling  process. 

It  can  be  seen  that  the  component  structures  of  the  model  liave  been  allowed 
a  total  of  251  degrees-of -freedom.  The  manipulation  of  matrices  of  this  size 
would  be  very  difficult  not  only  in  computation,  but  also  in  the  mere  analytical 
expressions  preceding  the  computation.  It  will  be  seen  here  tliat  this  number 
of  degrees-of -freedom  can  be  reduced  to  2k  through  the  use  of  component  modes 
as  generalized  coordinates. 

3.2  Vehicle  Without  Outer  Lox  Tanks 

For  the  purpose  of  this  final  coupling  analysis,  an  intermediate  vehicle 
configuration  was  defined  and  analyzed  through  the  use  of  its  component  struc¬ 
tures  modes.  This  intermediate  configuration  was  defined  as  the  "Center  Lox 
Tank  Vehicle"  and  consisted  of  the  entire  Saturn  Model  with  only  the  Outer  Lox 
Tanks  removed.  This  configuration  was  selected  because  it  essentially  eliminated 
all  major  redundant  load  paths.  Physically,  this  allowed  any  component  structure 
to  store  strain  energy  without  forcing  adjacent  structures  to  also  store  strain 
energy,  (if  the  Outer  lox  Tanks  had  been  left  in,  then  strain  energy  in  one 
tank  would  have  forced  strain  energy  into  the  Spider  Beam,  Center  Lox  Tank, 
and  other  outer  Lox  Tanks . )  Analytically,  this  selection  of  configuration 
allowed  a  much  simpler  intermediate  coupling  analysis. 


H  h 


FIGURE  130  VEHICLE  WITHOUT  OUTER  LOX  TANKS 
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3.2.1  Components  of  Vehicle  Vfithout  Outer  Ldx  Tanks 


For  the  purpose  of  the  analysis  of  the  Vehicle  Without  Outer  Lox  Tanks ^ 
the  configuration  shown  in  Figure  130  was  divided  into  four  component  struc¬ 
tures.  These  component  structures  were  then  analyzed  independently  to  obtain 
their  mode  shapes  which  were  then  used  as  generalized  coordinates  in  the  final 
coupling  analysis  of  the  Vehicle  Without  Outer  Lox  Tanks. 

The  first  component  selected  was  the  same  as  that  shown  in  Figure  117 
(Upper  Stage,  U)  and  analyzed  in  Section  2.1  of  this  appendix.  This  analysis 
resulted  in  the  determination  of  mode  shapes  as  a  9  ^  matrix,  which  are 
presented  in  Table  32.  It  may  be  recalled  that  the  kinetic  energy  of  the  Upper 
Stage  was  written  as 


(11-34) 


The  second  component  selected  was  the  portion  of  the  Vehicle  Vfithout  Outer 
Lox  Tanlts  shown  in  Figure  131,  the  elastic  Middle  Stage  and  rigid  Upper  Stage. 


m 

y';': 

■  'C-- 


FIGURE  131  SECOND  COMPONENT  OF 
VEHICLE  WITHOUT  OUTER  LOX  TANKS 


The  kinetic  energy  of  this  component  was  written  as 


T  =  tTuM]'[Aj[TuM])nt5M}  (11-35) 

where  generalized  velocities  of  (m). 

[Am)  was  the  collocation  point  mass  matrix  of  (m)  derived  in 
Section  2.2. 

[XjM  3  was  a  geometric  transformation  matrix  which  related  the  rigid 
motion  of  the  Upper  Stage  to  the  elastic  motion  of  the  Middle 
Stage,  and[Aulwas  the  collocation  point  mass  matrix  of  the 
Upper  Stage  derived  in  Section  2.1  of  this  appendix. 

Tlie  mode  shapes  of  this  component  of  the  Center  Lox  Tank  Vehicle  were  deter¬ 
mined  through  iteration  of  the  expression. 
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(11-36) 


where  [Ej^]was  the  collocation  point  structural  influence  coefficient 
matrix  derived  in  Section  2.2,  and 

[^j^lwas  the  15  x  2  mode  shape  matrix  for  this  portion  of  the  Vehicle 
(presented  in  Table  32). 

QJie  third  component  selected  was  that  portion  of  the  Vehicle  Without  Outer 
Lox  Tanks  shown  in  Figure  132,  the  elastic  adapter  (A)  and  the  rigid  Middle  and 
Upper  Stages. 


FIGURE  132  THIRD  COMPONENT  OF 
VEHICLE  WITHOUT  OUTER  LOX  TANKS 


The  kinetic  energy  of  this  third  portion  was  written  in  matrix  notation  as, 
T  “  +  [Tu^]'[Au1[Tu^]'){{),^}  (11-37) 


where  ^ 


(II-3B) 


and  where . 


iky 


was  the  matrix  of  generalized  velocities  of  (A),  and 
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[TM^]  was  a  geometric  transformation  matrix  which  related 
the  rigid  motion  of  the  Middle  Stage  to  the  Elastic 
motion  of  the  Adapter  (Note;  all  the  transformation 
matrices  used  in  this  Section  are  presented  in  Table 

31  )• 

The  mode  shapes  of  this  third  component  of  the  Vehicle  Without  Outer  Lox  Tanks 
were  determined  through  iteration  of  the  expression. 


4  (TuJ'[Au][t^a1){(c}  =  \  (ir-39) 


where  [%.!  the  collocation  point  influence  matrix  for  the 
Adapter j  (a)  (derived  in  Section  2,  3>  and 

^"Pa^  was  a  2  X  1  mode  shape  matrix  for  this  portion  of 
the  Center  lox  Tank  Vehicle  (presented  in  Table  32). 

The  fourth  component  of  the  Center  lox  Tank  Vehicle  was  the  Center  Lox 
Tank  itself  with  all  other  components  attached  to  it  as  rigid  members  as  shown 
in  Figure  133*  Two  rigid  body  modes  were  included,  unit  translation  and  unit 
pitch  about  the  top  of  the  spider  beam. 


;  (K)  jCkjj 


(U 


(3) 


FIGURE  133  FOURTH  COMPONENT  OF  VEHICLE  WITHOUT 
OUTER  LOX  TANKS 


The  kinetic  energy  of  the  fourth  and  final  component  of  the  Center  lox  Tank 
Vehicle  was  expressed  in  matrix  form  as. 


T—  K}  f  [AlI  4  (TulI  (AyKTy^l  4  t 'slI  (AslC''si.] 

+  4  (T^l]'CAr][TrJ 

4  ^  [Tpu  j'IApKTfJ^ 


(Il-ho) 
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where , 


[t^J  =  [TMslTii.]  (Il-4l) 


and^  [Tj4s]  was  a  geometric  transformation  matrix  which 
related  the  motion  of  the  rigid  Middle  Stage  (m)  to  the 
motion  of  the  Spider  Beam  (s),  and 

t-^Lslwas  a  geometric  transformation  matrix  which  related 
the  motion  of  the  rigid  Spider  Beam  (S)  to  the  elastic 
motion  of  the  Center  Lox  Tank  (l), 

and  where. 


Ct,J=  [T.mITmu]  (11-42) 


and  where. 


[Tf,3  =  [Tfs3tT,J  +  (TppITrJ  (11-43) 

where  [Tj.g]was  a  geometric  transformation  matrix  which 
related  the  motion  of  the  rigid  Fuel  Tanlt  (F) 
to  the  motion  of  the  Spider  Beam  (S). 

[T™1  was  a  geometric  transformation  matrix  which 
related  the  motion  of  the  rigid  Fuel  Tank  (f) 
to  the  motion  of  the  Outrigger  (R),  and 

[t  ]was  a  geometric  transformation  matrix  which 
related  the  motion  of  the  Outrigger  to  the  motion 
of  the  Center  Lox  Tank, 

and  where,  was  the  collocation  point  mass  matrix  for  the 

Center  Lox  Tank  (derived  in  Section  2.5  ), 

was  the  collocation  point  mass  matrix  for  the 
Spider  Beam  (derived  in  Section  2.4  ), 

tv  was  the  collocation  point  mass  matrix  for  the 
Outrigger  (derived  in  Section  2.7), 

[Aj.]  was  the  collocation  point  mass  matrix  for  the 
Fuel  Tanks  (derived  in  Section  2.6  ),  and 

was  a  matrix  of  generalized  velocities  for  the 
Center  Lox  Tank. 
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The  mode  shapes  of  the  fourth  component  of  the  Vehicle  Without  Outer  Lox 
Tanks  were  determined  through  iteration  of  the  expression. 


[E.l([A.l  +  [T,j'[Aj[TuJ  +  [TsLr[Asl[T,J 

+  [TMj'LAMltTMj  +  [Trl1'[Ar][TrJ 

+  +  tTRj-'lAplLTpj] -[(p>  = 

where  [^lI  collocation  point  structural  influence 

coefficient  matrix  for  the  Center  Lox  Thnk  (derived 
in  Section  of  this  part  of  the  report),  and 

[^•lI  was  a  15  X  10  mode  shape  matrix  for  this  fourth 
component  of  the  Center  Lox  Tank  Vehicle  (presented 
in  Table  32 ) .  It  should  perhaps  be  noted  that  two 
of  these  modes  were  rigid  body  modes  while  the  re¬ 
maining  eight  were  elastic  modes. 

3*2.2  Modes  of  Vehicle  Without  Outer  Lox  Tanks 

The  mode  shapes  and  natural  frequencies  of  the  entire  Vehicle  Without 
Outer  lox  Tanks  were  determined  in  much  the  same  manner  as  were  the  mode  shapes 
and  frequencies  of  its  components.  The  kinetic  energy  of  the  Vehicle  was 
expressed  as  the  sura  of  the  kinetic  energies  of  its  parts  and  appeared  in 
matrix  form  as, 

T  =  ^  +  {p5y[A.l{fe} 
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It  should  perhaps  be  noted  that^J>}-  represents  the  generalized  coordinates  of 
a  component.  Each  of  these  generalized  coordinate  matrices  were  then  related 
to  modal  coordinates,  ,  by  the  relations; 


rl4iA  4lBplAc«Mat«  wotlM 

of  (n)  4m  to  of  (o) 

■ottM  of  (M)  rvUtlT*  to  (H) 


or  (I.) 


were  then  defined  by  the  relation. 


( 11-46) 

>  MtmJIW  - 

Moau  rlfli  4i>pln— ato  olMtU  ti«»ljrtaU 

>  MtiM  of  (M)  rolatlf*  of  (M) 

(11-48) 

=  iTsJ-IfjJ 

(11-49) 

(11-50) 

(11-51) 

(11-52) 

(11-53) 

(11-54) 

{pul  -  [fuK-^^u} 

(11-55) 

entire  Center  Lox  Tank 

Vehicle, 

{<^m} 


(11-56) 
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Attention  should  he  celled  to  the  endi<lfi  modal  coordinates.  As 

Shown  in  Figure  134,  the  modal  coordinates  {q'P}-v7ere  associated  with  Fuel 
Tanks  number  1  and  3,  and  the  modal  coordinafes }_were  associated 
with  Fuel  Tanks  2  and  4  respectively.  This  constraint  restricted  the  Fu  1 
Tanks  to  symmetric  motion. 


(*) 


ipn  = 


FIGURE  134  MODAL  COORDINATES  OF  FUEL  TANKS 


The  generalized  coordinates  of  each  part  of  the  vehicle  were  then  stressed 
in  terms  of  the  modal  coordinates {Og} by  combining  expressions  11-46  through 
11-55  with  expression  11-56  in  the  loUowing  manner: 

(11-57) 

[lo],  (o]....[o],  ffhl] 

(s)  (4>sD<Jb}  (11-58) 

(41  =  (-^5.1$ J  =  [(O).  -  to],  (TsJlfj] 
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(M) 


[4m]  =  [toi,  [(<^1,  Mcf j,  [0], ...  [o],  rT„j[(f  j] 


(11-59) 


(U) 


[4ol  = 


(II-61) 


(R) 


(§r]  =  1^°^'  fTRlllftl] 


(11-62) 
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(FI) 


(11-63) 


[$?']  -  ([0],[ol[oX  [((),],  [01  [Ol,[T,J[(f,l] 


(F2) 


X  ^  }  ( 11-64 ) 


(F3) 


(11-65) 


(P4) 


=  [lol,Lol.Lo1,[o],[ol,lt|>FljT>Jl(pj] 


Such  that  the  kinetic  energy  was  expressed  in  terms  of  the  modal  coordinates 
•{Qg}-  by  combining  Equations  II-5T  through  11-66  with  11-45  as  shown  in  Equation 
11-67  below. 

T  =  4  {%,}'  ( J(A  j[4)j  + 

t  [4>ur(AuMJ  - 
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This  expression  was  then  written  in  terms  of  the  individual  modal  mass  matrices 
as^ 

+  [Mj  +  a[M'''l+[Mr]^[Mn){<i»}  (11-68) 


where  the  modal  mass  matrix  of  a  component  was  expressed  in  the  following 
generic  form 


(11-69) 


The  sum  of  the  individual  modal  mass  matrices  was  defined  as  the  "Center  Lox 
Tank  Vehicle"  modal  mass  matrix,  Cl%]  ,  such  that  the  kinetic  energy  of  the 
complete  "Center  Lox  Tanl!;  Vehicle"  was  finally  written  as, 

T  =  (II-TO) 


where  [Mg]  was  the  modal  mass  matrix  for  the  Center  Lox  Tank 
Vehicle,  and 

was  the  modal  coordinate  matrix  for  the  Center  Lox 
Tank  Vehicle 

The  strain  energy  stored  in  the  Center  Lox  Tank  Vehicle  was  written  in  matrix 
form  as. 


(11-71) 


where  [Fg],  the  modal  stiffness  matrix  for  the  Center-  Lox  Tank  Vehicle,  was; 


z. 


(11-72) 
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TABLE  31 

GEOMETRIC  TRANSFORMATION  MATRICES  FOR  THI 
ELASTICALLY  UNCOUPLED  COMPONENTS 


<j£'3MeTftiC  fRiMSFORMATI— *  PpjH 
OlSPLA-CgMSMSS  OF  ^TAiE  13 

oispaacemehts  cf  siA*e 


Sei'f-TRK  TPajcsfCpKaI  fftOw 
‘-!SPLirf>«F\r‘  -F  mIOT^E  STA5£  fO 
OlfPlA'-EMF^TS  :F  AOtPlER 


S. OOSITC  00  1.40163E  01  -2.0S929E  01  2.S11A3E  00  3. 

1.«213«E  00  1«4L2S«£  01  -l.709a3E  01  2.2A806E  00  O, 

1.23I02E  00  1«22A09E  01  -l.S\03U  01  1.92«69£  00  O. 

1. 134^6  00  l.OlSSaE  01  >l.2«a90£  01  t.*0133£  00  0. 

1.47Q«7E  00  <.4«559E  OO  *l.02L44E  01  1.2T79bE  00  O. 

l.0«727e  00  6.ST779E  OO  '7.&1943E  OO  9.S457U-01  0. 

T. 02720E-dl  4.49023E  00  -S.02Sl7e  00  4.31224E-01  0. 

3.201446^1  2.M2S4E  OO  -2.4305SE  00  3.018S7E-01  O. 

>4.347T«E>02  9.14422E-01  1.44407E*01  •‘1.S5515E-02  0. 

GEOMETRIC  TRAKSFORMATIC\  FACH 
OISPLACEMEKIS  Or  KI03ie  STATE  Tv 
OISPVACEmEMS  Cf  SPlCfft  PEA'* 


;  OO  l.•T4«0E  01 


:  00  «.2O30OE  01 
;  00  7.S3I20C  01 


1  l.OOOOOE  OO  7.40790E  01 

2  l.OOOOOE  OO  6.93410E  01 

3  l.OOOOOE  OO  4.24430E  01 

4  l.OOOOOE  OO  S.S9290E  01 

5  l.OOOOOE  GO  4.92O70E  01 

4  l.OOOOOE  00  4.24M0E  01 

7  l.OOOOOE  OO  3.57700E  01 

»  l.OOOOOE  OO  2.90520E  01 

9  l.OOOOOE  OO  2.2J340E  01 

10  l.OOOOOE  00  1.94140E  01 

11  l.OOOOOE  OO  4.49S00E  00 

12  l.OOOOOE  00  2.1SOOOE  00 

13  l.OOOOOE  00  -4.53IC1OE  00 

14  l.OOOOOE  00  •1.12S40E  01 

15  l.OOOOOE  00  ~1.79750E  01 

GECNEIRIC  TRAhSFORMATlOM  FROM 
DISPI.ACEWEMS  OF  SPIOER  SEAH  TO 
OISPtACEMES'TS  OF  CEHIER  lOX  TAMC 
COlUMl 


CEONEIRIC  TRASSF3R-4II 
E)ISPLACEN£MS  cf  Fv‘  V 

OISPlACcNSMS  3F  wOf 


:  00  4.t«7S0E  01 

;  00  5.5tS70€  01 
CO  4.t4390E  01 
i  00  4.17210E  01 
i  00  3.50030E  01 

:  00  2.82450E  01 

:  00  2.15470E  01 

:  00  1.44490E  01 

:  00  4.131001  CO 

:  00  1.41200E  00 

|-H  FR>« 

TASA  TO 
TPI5GER 


'E  00  >3.0S144Ep«1  4.«3959E-e7  0. 

ic-ol  -1.44iaiE>0l  2.25004E*02  0. 


2,14499E>02  0. 

•  .SI79-TE>02  0, 


1.3031QE-01  O. 
2.14740E-OT  0. 


Z.79170E-01  0. 

3.43407E-01  O. 


4.Q403TE-C1  0. 

4.72447E*01  0. 


S.34091E-O1  0. 

4.Q1324e-01  0. 


4.45734E-01  0. 

7.30184E-Oi  0. 


7.94414E»0l  0. 

8.59046E-01  0.. 


O.2l4eiE>0l  0. 


GEC.ofTRIC  lRAKSFaR.HATIQM  FROM 
DISPcACE»EMS  OF  FUEL  tA^C  TO 
OISPLACEhEMS  of  SPIOFR  SCAM 


9.7I5S0E-O1  0. 


9.14t20EH>t  0. 

t.49490E-01  0. 


7.1324QE-01  0. 

7.20I3QE-01  0. 


4.S4393E-01  0. 

S.91943E>01  0. 


5.27333E-01  0. 

4.43  103E'>0t  0. 


3.«i*74E-01  0. 

3.34244E-01  0, 


2. 444141^1  0. 

2.053t4E-0l  0. 


1.409S4»>01  0. 

7.4314IE-02  0. 


QSaM^tRlC  TRAXSFORNATl-N  FRCH 
CISPIACENENTS  CF  CaTRI'jER  TO 
ri5»LACEM?\TS  CF  CENTER  CCX  TASC 
CQtywM 


3.05123E-02  -3.123341-01  1.24202E  00 

-2.23344E-02  1.474S5E-01  -l.2552lt-01 
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TABLE  32 

COMPONENT  MODES  OF  S'EHICLE  WITHOUT  OUTER  LOX  TANKS 


FIRST  CCHFOHEKT 
FOOES  OF  !U} 


COLL. 

FOIHT 

1ST  NOOE 
27«28  CFS 

2NO  NCOS 
89.04  C?S 

3R0  NODE 
T7A.16  CFS 

ath  node 
273.08  CFS 

i 

9.6A24380E-O2 

I.G79&S61E-01 

2.4422ai6E-01 

5.A789109E-01 

2 

a.ll95£70E-02 

l.ia38275C-01 

l.A364S9a£-01 

2.1827023EH>1 

3 

S.&316996E-02 

7.4647163E-02 

7.3377694E-02 

4.1197221E-02 

4 

5.08&9722E-02 

2.S571S69E-02 

-7.S173396E-03 

-5.2769397E-02 

5 

3.A241724E-02 

-2.33A37CCE-02 

-3.8395116E-02 

3.2723531E^2 

6 

1.7&3A031E-02 

-A.1927207E-O2 

3.322033aE>02 

6.19tl8*«E-04 

7 

6.9849A56E*03 

-2.3A2Sa39e-02 

3.296362SE-02 

-3.17801 SOE-02 

S 

2.3A6e201E*03 

-9.S1409S9E-03 

1-42397UE-02 

-l-S3e8012£-02 

THIRD  CCFPffsEHT 

nccss  OF  UI  WITH  (HI  AHO  (Ut  RIGID 

1ST  KJ06 
CfS 

1  5.1A43069E-OS 

2  2.0«S8C93E-0A 


SECOND  CONFONENT 
NODES  OF  IH}  IflTH  (UJ  RIGID 


COLL. 

POINT 

1ST  NODE 
1-4.35  3PS 

2N0  MODE 

*9.95  CFS 

001 

1.0368178E-02 

3.90024jW  m 

2 

8.1357344E-«9 

4.2U7826E-0t 

3 

5.549tN344-<J3* 

4.6145614E.02 

4 

A-5>4»Wie-03 

4.1368621E-02 

S 

3.8723S26E-03 

3.8501314E-02 

* 

2.879100SE-03 

3.1178227C-02 

7 

2.16293S6E-03 

2.S5&23S2E-02 

< 

1.S32139SE-03 

1.98S1100E-02 

9 

9.9S27779E-04 

1.4268540E-02 

10 

5.6116235E-04 

9.0626127E-03 

11 

2.3887028E-04 

A.5Z61999E-D3 

12 

3.7481(H3E-0S 

9.22A9S80E-04 

13 

8.O882670E'*t3 

8.9&51839E«12 

14 

2.0572589E*13 

2.3409387E-12 

FOURTH  CQMFONEhT 

NOOES  OF  (t)  VITK  ALL  OTHER  CO«F&NENTS  RtCIO 


COLL. 

POINT 

1ST 

0  CFS 

2N0  HCOe 
0  CFS 

3*0  N0C6 
14.67  CPS 

4TH  NQOE 
70.92  CFS 

STH  NQOE 
214,58  CFS 

6TH  N006 
519.59  CFS 

7TH  MODE 
881.54  CFS 

STH  NOOE 
1226  CFS 

1 

l.OOOCCOCE 

c« 

-5.00000COE 

00 

4,23529556-02 

-1.12012446-02 

-8.0286235E-03 

-6.46474846-03 

6.4918731E-03 

-3.7809a6*E-04 

Z 

l.COOCDCCE 

CO 

-i.iMiocoe 

01 

4.5449349E-02 

-1.01682336-02 

9.4572T9C6-04 

1. 29888026-02 

-1.S081I62E-02 

-6.18497246-03 

3 

1.00SOC03C 

w 

-2.)3MOOOE 

01 

4.S52a052E-02 

-1.6736109E-04 

5.3959579E-02 

1.22628956-01 

-1.33641806-01 

-4.061U93E-02 

4 

l.OOOCOOOE 

CO 

-3.197%M1E 

01 

4,4994l93E-02 

1.09394946-02 

1.0833035E-01 

2.10778256-01 

-1.7579772E-01 

-1.17751146-01 

5 

l.OS3<5CC3E 

00 

-4.076Se«lE 

•1 

4.32495466-02 

2.35S1196E-02 

1.6000935E-01 

2.485352CE-01 

-1.07160906-01 

-l.9265l22t-01 

8 

1.Q030CCCE 

00 

-S.C458COIE 

•1 

4,O3T778SE-02 

3.67708866-02 

7.0Z30714E-01 

2.2359037E-01 

3.64157226-02 

-1.8239U2E-01 

7 

1.C0CCCC3E 

oo 

-S.0l48999e 

01 

3,6475lS2E-02 

4.97156516-02 

2.29888436-01 

1.41798416-01 

1.73282066-01 

-4.81905876-02 

8 

i.ocaosoaE 

CO 

-6.9S38C01E 

01 

3.16378336-07 

6.1531699E-02 

2.39107626-01 

2.45040566-02 

2. 25274926-01 

1,43291126-01 

9 

1.QC3C0Q0E 

CO 

“7.952999SE 

Cl 

2.S9%3215(-«Z 

7.14044176-02 

2. 28384596-01 

-9.57210216-02 

1.55215706-01 

2,59948346-01 

10 

t.CDOSCCCE 

CO 

-8,9221001E 

01 

1.95645«Si-«Z 

7.85035116-02 

1. 98376146-01 

-1.83852246-01 

5.60832056-04 

1.9710509E-01 

ll 

l.CCOOCCCE 

CO 

-9.89119986 

Cl 

l.266a971t-«2 

8.23054126-02 

1.54354526-01 

-2.14951106-01 

-U40773586-01 

7r41635Z46-03 

u 

1,C322CG.1E 

CO 

-l.oaao3cc6 

C2 

5.328*48*6-93 

a.2S‘5l5ll6-02 

9,96396106-02 

-1.87816586-01 

-2.10315086-01 

-I.f43tm6-0l 

13 

l.CCCCCCCE 

CD 

-1.18294CCS 

C2 

-2.34*70156-03 

7.96966C3E-02 

3.96917226-02 

-1.111370CE-QI 

-1.69063306-01 

-2.2693398C-01 

U 

I.CMICCZE 

CO 

-1.27986206 

02 

-1.013I2736-C2 

I.S076619E-02 

-2,32591116-02 

4.1462S246-C4 

-1.26778966-02 

-1. 96736896-02 

IS 

cc 

-1.37MTC0E 

C2 

-1.9032S166-C2 

3.&3S63836-C? 

-2.1CQ0764E-02 

1.36543616-02 

9. 24331746-03 

1.2126091E-02 
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TABLE  33 

FREQUENCIES  OF  THE  VEHICLE  WITHOUT  OUTER  LOX  TANKS 


ANALYSIS  OP  THIS 
REPORT 


mode 

(c.p.s.) 
12. 3^" 

2”^  mode 

45.29 

3^^  mode 

71.13 

4^^  mode 

80.09 

5  mode 

80.59 

6^'^^  mode 

82.97 

7^^  mode 

93.31 

6^^  mode 

166.07 

VIBRATION  TESTi^  RESULTS 
(WITH  OUTER  LOX  TANKS) 

(c.p.s. ) 

13.4 

44.7 


*Taken  from  NASA  TN  D  1593^  Investigation  of  the  lateral  Vibration 
Characteristics  of  a  l/^-scale  Model  of  Saturn  SA-1  by  John  S.  Mixson, 
John  J.  Catherine,  and  Ali  Arman,  January,  1963. 
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The  modal  influence  coefficient  matrix,  [Gq] ,  was  then  formed  from  the  modal 
stiffness  matrix  by  the  method  presented  in  Section  2.2.3*^  of  this  report, 
such  that  the  "modal-mode  shapes"  and  modal  frequencies  of  the  Center  Lox  Taiik 
Vehicle  were  determined  through  the  iteration  of  the  expression. 


[GreltMgHir}  = 


(11-73) 


such  that  ['n'cl  ,  the  "modal-mode  shapes"  of  the  Center  Lox  Tank  Vehicle,  was  a 
26  X  10  matrix  containing  two  rigid  body  modes  and  eight  elastic  modes. 

It  is  somewhat  disconcerting  to  find  that  the  "modal-mode  shape"  matrix, 
has  little  or  no  direct  physical  interpretation.  However,  gratification 
is  obtained  through  the  use  of  an  expression  such  as  11-7^.  The  deflections 
of  the  component  structures  may  be  determined  in  this  manner  and  plotted  to 
yield  a  picture  of  the  complete  vehicle  in  a  particular  bending  mode.  However, 
it  should  not  be  forgotten  that  the  primary  purpose  of  [Vcl  is  the  reduction 
of  the  number  of  degrees-of -freedom  in  the  final  coupling  analysis. 


or 


ipy  =  ifciHc} 


where 


(<Pc1  =  [(|][tTc] 


It  should  also  be  noted  here  that, 

^'^8}  =  (TrcH<^c} 


m-ih) 


(11-75) 


(11-76) 


(11-77) 


where  was  the  final  modal 
generalized  coordinates  of  the 
Center  Lox  T&nk  Vehicle. 
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3-3  Coupling  of  Outer  Lox  Tanks  With  the  Rest  of  the  Vehicle 

3*3*1  Analysis  of  Outer  Lox  Tanks 

3*3*1»1  Outer  Lox  Tank  Geometry  and  Basic  Data- 

A  schematic  of  one  of  the  four  outer  lox  tanks  is  shown  in  Figure  135* 


OXC159 


FIGURE  135  GEOMETRY  OF  OUTER  LOX  TANK 

The  inertia  properties  of  the  ends  of  the  tank  are: 


Mp  =  mass  =  6.0202  Ibj^ 

Ip  =  moment  of  inertia  about  T. 


Xr  -  =  1^6.010303  .  ^ 

6.0202  inches 

1%  =  mass  =  7.141  rDf,j 

Ig  =  moment  of  inertia  about  B 
=  869.57078  Ibj^-in^ 


=  490.51505  lb, 


M 


=  67.12528 
7.141 


-in 


The  shell  has  the  following  material  properties 


E  =  10.6  X  10^  Ibp/in^ 

(11-76) 

=  0.3 

(11-79) 

G  =  4.0769  X  10^  Ibp/in^ 

(11-80) 

p  =  0.1  Ibjjj/in^ 

(11-81) 

The  tota.l  mass  of  the  shell  is  then 


Z  nh  TLp  =  10.0577  lb„ 


{11-82) 
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and  the  total  mass  of  one  outer  lox  tank  is  23.2189 

3'3-l*2  Outer  Lox  Tank  Collocation  Point  Geometry  and 
Generalized  Coordinates 


Fifteen  points  at  equal  intervals  along  the  shell  are  shown  in  Figure  I36. 


p...  ...  .. 

‘  © 

>■  2  .3...  j  U  1 

.5  ' 

FIGURE  136  COLLOCATION  POINTS 


Each  point  is  allowed  3  degrees-of -freedom  and  describing  bending  in 

two  planes  and  longitudinal  deformation. 

In  addition  each  end  has  five  degrees -of -freedom  as  shown  in  Figure  137« 
These  are 


^8 


FIGURE  137  GENERALIZED  COORDINATES  FOR  THE  ENDS 


Compatibility  at  the  ends  requires 


(11-83) 

%  ^6 
’  Sr 

u.'  ’-fT 

Vf  ‘  'Is 
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The  complete  set  of  generalized  coordinates  for  the  outer  lox  tank  is 

then 


I  - 

Sz 


( 11-84) 


3.3»1*3  Outer  Lox  Tank  Influence  Coefficients  and  Modes 


The  influence  coefficients  for  the  structure  cantilevered  at  x  =  333*857 
were  first  calculated  by  complementary  energy  techniques 


FIGURE  138  CANTILEVERED  OUTER  LOX  TANK 


These  influence  coefficients  were  then  transformed  to  influence  coeffi¬ 
cients  on  on  simple  supports  as  shown  in  Figure  139* 


FIGURE  139  OUTER  LOX  TANK  ON  SIMPLE  SUPPORTS 
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The  modes  in  bending  vrere  then  obtained  from 


(iterate  for  first  3  modes 


(11-85) 

) 


where  includes  inertia  properties  of  the  ends  of  the  tank  and  it  is 

assumed  that  the  modes  are  the  same  in  both  planes. 


The  longitudinal  modes  were  obtained  from 


(11-86) 

[Er'UAr']-{(fJ- =  (iterate  for  first  2,  modes) 

where  [E^(^)j  is  the  longitudinal  influence  coefficient  for  the  tank  constrained 
at  X  =  350.717. 

3.3»1-^  Outer  Lox  Tank  Modal  Transformation  Matrix 

The  complete  set  of  modes  for  the  lox  tank  are  associated  with  the  follow¬ 
ing  generalized  coordinates: 

-1 

^2  longitudinal  modes  constrained  at  X  =  350. 717 
■Jf  1 

1  rigid  body  rotation  mode  about  x  =  350.717 
In  the  x-z  plane 


'A 


3  lateral  "pin-pin"  modes  in  x-z  plane 


i*)"  }■  3  lateral  "pin-pin"  modes  in  x-y  plane 

l-fi 

The  complete  modal  transformation  is 


6t  I 


r- 

wr  ] 


f-1 


f'.; 


(11-87) 
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which  defines  the  '49  x  9  matrix  1<Pt]* 

The  outer  lox  tanks  are  numbered  as  in  Figure  ito. 


FIGURE  140  ARRANGEMENT  OF  FOUR  OUTER  LOX  TANKS 


The  total  displacements  of  the  outer  lox  tanks  are 


=  L'PrlT'lr'J'  *■ 

V _ V  - - — ' 


motion  of 
outer  lox 
tanks  relative 
to  center  lox 
tank 


motion  of  rigid 
outer  lox  tanks 
due  to  motion  of 
center  lox  tank 


Due  to  synineti'y: 


The  geometric  transformations  can  be  considered  as 


(11-68) 

(11-89) 


(11-90) 

(11-91) 

(ri-92) 
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where  the  displacements  are  first  transformed  to  outrigger  and  then  from 
outrigger  to  center  lox  tank. 

3.3.2  Geometric  fransformation  Relating  Motion  of  Rigid 
Outer  Lox  Hank  to  Outrigger 

In  deriving  the  geometric  relations  the  tanks  are  assumed  rigid  and  can- 
tilivered  to  the  outrigger 


X=K  =  J33.8S7 


FIGURE  141  GEOMETRY  OF  OUTER  LOX  TANK  -  OUTRIGGER 


At  the  joint  the  following  is  true  (for  the  rigid  tank  with  rigid  joint) 


'•'b  ”  ^ 


**9 


-  ‘1  - 


-  y. 


or 


(11-93) 


f 

r 

i 


6kk 


Also  for  the  rigid,  tank 


(11-95) 


&T  ®a 

=  -{'}  ■‘3 

Ss  =  9s 

ir  “  9 

lyB  9 


i^B 


-x} 


^5 


or 


'■(';  O 
O  0 
O  {l} 
0  0 


(11-96) 


(II-9T) 
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FIGURE  142  SPIDER  BEAM  -  OUTER  LOX  TANK  COMPATIBILITY 


The  compatihility  relations  at  the  joint  can  he  written  as 


0 

(11-98) 

^,0  "  ■  's''  I’Sil 

(11-99) 

(II-IOO) 
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(II-IOI) 


or  in  matrix  form 


[LrKl4'’}=  (L'^'Hh} 


!Lr^'Hb?n  =  ['-n{N^ 


The  total  displacement  of  the  spider  beam  is  assumed  to  be 


■fhsl-  ~  [TiuKK^  +  [(pilf'Jil' 


where  the  spider  beam  "modes"  are 


l<pi1  = 


1 

0 

0 

0 

0 

1 

0 

0 

0 

0 

1 

0 

0 

0 

0 

1 

0 

0 

0 

1 

0 

0 

1 

0 

0 

1 

0 

y 

1 

0 

0 

0 

0 

c» 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

which  describe  a  symmetric  deformation  defined  by 


f>^'= 


( 11-102 ) 

(11-103) 

(II-104) 

(11-105) 


(11-106) 
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and 


3.3*^  Modal  Coupling  for  ?Satural  t-fodes  of  Complete  Vehicle 
Rigid  tanks  -  geometric  transformation: 


-Lk?}  = 


Spider  beam-outer  lox  end  constraints; 


Miodal  coordinate  transformations: 


»  ilciCTcH'I^J 
iFsr  ■“  L~sc]ir».}  "  Lfs3-i?jS^ 

Introduce 

•vi: 

.  •  I 

'ji: 


m 


(II-IOT) 

(11-108) 

(II-1C9) 

(II-UO) 

(ii-m) 

(11-112) 

(11-113) 

(11-114) 

(ii-rL5) 

(n-iib) 


Then  we  can  write 


{Ki  = 

t  p^'  t  “  C  $TW  } 

4^1  = 


(11-117) 


t  5-*'  ^  "  1  fc  '}  1  ^  T  -^  } 

y.s ! 

1'tS‘i]’”  I  y.  o,  t-'fl  ! 


(11-118) 


S-S'**-*!  Constraint-Coiapatibiliiy  !-fetrl>: 


(11-119) 

or 

^ j~ -•- r  =  i  1.  Jsw j -  J (V } 

rr^s. 

(11-120) 

’->.  }  =  -i  Jj- 

(11-121) 

vhere 

(11-122) 
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Ist 


^Oj, 


L  'C 


H^} 


S  <• 


H-<l 

[Tv  Ji5v  r 


(11-123) 


where 


=  coordinates  to  be  eliminated  by  use 
of  constraint  conditions 


! 


(11-124) 


-  ir  t-  = 


-  t) 

*  X. 

r/ 

IT' 


'iO 

■i* 

I.'- 

■J.l' 


ih 


(11-125) 


i  c>j:}=  -  (  [L]LTo]y[L][Tv]  4 


(11-126) 

(11-127) 

(11-128) 


i'lA  =f[Tv]-  tTo]fLL]CT,])lL]CTj'){<|v]- 

compatitiility  matrix  ( 11-129 ) 


]  nuf 
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3.3.i<-.2  Kinetic  Energy 


■=  V"} 

+  }'LMTH4?n  ) 

^  two  tanks  per  side 


[Mtl  -  .[-rrcj'CMBJLn-c] 


IMtI  = 


rij 


I  '  '' 

T(/ry . 

[^?’j 

[cffT 

j  * 

L 

ifij 

T  *=  1 


iyt' 


[M,]=[T]' 


iMc] 


iL(^] 


'iCMt] 


Lo] 


[T] 


3. 3. 4. 3  strain  Energy 


(11-130) 

(11-131) 

(11-132) 


(11-133) 

(II-l3‘^) 


(11-135) 
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(11-136) 


61^' 


'  V 


'X'  , 


longitudinal 
0  flapping  stiffness 


lateral 


lateral 


, 

[Fil  = 


i 


0  =  k  {cjvl'tFvK'^v} 


[Fvl  =  LtJ' 


r>. 


r  V 


ry. 


[Fi] 


[T] 


(II-13T) 


(11-138) 

(11-139) 

(Il-l40) 

(Il-l4l) 
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[6y]  =  Cr’]V]('[-^r[Fv][s])'[s]'[r] 


(11-1U2) 


[s]- 


L 


[rj  =  rtj  _  [MyllTrR/[TTRyiMvJ[iTs])invy 


(Il-li+3) 


Ma^ 

[%J  = 


I  o 

0  I 
90 

00 


(11-145) 


3.3-4.4  Vibration  Modes  and  Frequencies 

Natural  vibration  inodes  and  frequencies  are  obtained  by  iteration  of 


[GyJtMvHTr}  =  \{Tr}- 

_U.  « 

b] 


(II-146) 
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{K'^}=  [^]lT]L-n-H«il  =  • 

it^n  =  l$^jLTl[TrK^}= 

-[Kn-=  [§?’][TTcJiTc][TTH(i}  = 

Ifpn  =  C$n[irclLTc3[TrJH>  = 

{t>Pi  =  C$F'KTrclLTc]LTTH<|,l  = 

Ihl-  =  [$iv,][TlL-n-H(|,l  ^ 

-IbM3='[$M][iTtl[Tc]CTrlH^  = 

{l^u}  =  t$u3[Trc3LTc]LTTH<j}  =  [f  !{<?,} 


APPENDIX  III 

COMPUTATIONAL  PROCEDURES 
FOR  FINITE  DEGREE-OF-FREEDCM 
EIGENVALUE  PROBLEMS 
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1.0  INTRODUCTION 


In  this  appendix  we  shall  consider  sone  nimerical  nethods  for  solving  the 
general  eigenvalue  problem.  We  shall  consider  the  equations 


[N/MHtj)}  ={o} 


(III-I) 


where  [n^X)]  is  a  function  of  the  parameter  X  such  that  [n(X}]  is  real  when  A  is 
real.  Important  special  cases  are 


(1) 

b-xM  =  [Al-XlKl 

(III-2) 

(2) 

=  X  -  [k  J 

(III-3) 

(3) 

:  =  K'y  ]  + 

(III-4) 

The  first  example  is  the  eigenvalue  problem  of  the  general  theory  of  vibrations. 
In  the  case  of  restrained  systems,  where  [KJ  exists,  it  can  be  put  in  the  same 
form  as  (2).  It  is  shown  in  Section  2.2.3*^  that  it  can  be  put  in  the  same  form 
as  (2)  even  when  [k]'"^  does  not  exist.  Case  (2)  represents,  then,  an  important 
sub-case  of  the  general  problem: 


(III-5) 


V/hen  a  real  eigenvalue  exists  and  it  is  the  largest  then  the  eigenvalue  and 
eigenvector  may  be  obtained  from  Equation  III-p  by  iteration. 

When  the  problem  indicates  that  complex  eigenvalues  may  be  present,  the 
general  case.  Equation  III-l,  must  be  considered.  The  case  of  interest  in  this 
report,  is  expressed  in  Equation  III-4  which  has,  in  general,  complex  eigen¬ 
values.  Further  examples  are 


(^)  [Mail  =  VMM* -^[61 +ltl  i  [6l'=[Bi  (III-6) 

which  arises  in  the  general  theory  of  damped  vibrations  (see  Section  2.2.3. 5) 
and 

(5)  = -VMaI  +  AtGl  +  [v]  ;  [G]'=-t&J  (III-7) 

which  arises  in  the  general  theory  of  vibrations  about  a  point  of  steady  motion 
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(examples  are  afforded  by  the  vibrations  of  wings  having  large  rotating  machin¬ 
ery^  vibrations  of  helicopter  blades,  perturbations  of  rotating  space  stations, 
perturbations  of  the  3 -body  problem,  etc,  etc.). 

2.0  SOLUTIONS  BY  MA.TRIX  ITERATION  . 

Vfhen  this  method  applies,  the  equation 


(III-8) 


is  solved  by  assuming  a  trial  -£^},  say  and  computing 

and 

(III-IO) 


if} 


is  normalized,  for  example  by  dividing  by 


so  that 


(Ill-ll) 


Then 


(111-12) 

and  the  procedure  is  repeated.  Proof  of  the  convergence  of  the  process  in  the 
case  of  a  dominant  real  eigenvalue  is  given  by  Fi-azer,  Duncan,  and  Collar^. 

3.0  SOLUTIONS  TO  THE  GENERAL  PROBLEM  BY  THE  TAYLOR'S  SERIES  METHOD 
OP  WIEIANDT 

3.1  Computational  Procedure 


The  method  to  be  described  depends  on  having  an  estimate  of  the  eigenvalue 
and  eigenvectors  of  the  problem 


(N  =  -so}. 


(III~13) 


-Frazer,  Duncan,  and  Collar,  Elementary  Matrices,  Cambrid^. 
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The  methods  to  obtain  these  estimates  will  be  considered  in  Section  3*2 
of  this  appendix.  let  us  denote  the  estimate  of  the  eigenvalue  by  Xj_  and  the 
estimate  of  the  eigenvector  by  \(f}. •  Then,  if  X  is  an  eigenvalue  of  III-13, 
let  ^  '■ 

(III-14) 

where  is  a  correction  which  is  to  be  made  zero. 

Expand  N(x)  in  a  Taylor's  series  about  the  point  X- 

[NM]  =  [n^'OI  +  [  a-Xi'i  +  (Xjll  (VXvt  ( III-15 ) 


or 


=  [Nfxol  +  +  ... 


(III-16) 


. . .  terms  of 
order  of 


let 


=  {(fli  + 


0 


(III-IT) 


(First  element  is  uncorrected) 


where-{(p}-  is  an  eigenvector  of  III-13 


Then 


(N(X')]{(p}  =  ([N(Xi)3  +(g^xO]hY-(f},  +  ro  ]) 

=  [NfxoKfJ-^ 


[NfXiO 


0 


0 


(III-18) 


This  term  is  second  order 


Since  X  and{tp}are  solutions  to  III-13  we  have 


If 


[T]  = 


-{o}' 

■■ij 


(III-20) 


then  we  can  write 

[NfX'i’Hcph 4  [NfAi)][THA}  =  {0} 


(III-21). 


These  equations  may  he  solved  for  the  corrections 


A 

iA} 


-I 


[a] 

c> 

V 

[MUOltT] 


Then  compute 


(III-22) 


(III-23) 


—  -Cif}!,  +  I"’"  RA} 


+  A 

and  iterate  the  procedure.  For  most  problems  the  process  converges  satisfactori¬ 
ly  in  five  to  ten  iterations.  The  process  is  repeated  for  the  problem 


(111-24) 

(III-25) 


[n(xi3'-{i73-  =-[o} 


(111-26) 


starting  with  a  "trial"  which  is  the  converged  value  for  the  iteration  for 
The  solutions  can  be  normalized  by  the  condition 


=  ' 


(III-27) 


The  above  process  fails  for  a  repeated  root. 

3.2  Methods  to  Obtain  Estimates  for  Use  in  Wielandt's  Procedure 


The  common  method  for  obtaining  the  eigenvalues  from  the  solution  of  a 
polynominal  is  available  when  the  problem  is  in  the  special  form 


[NCx-ll  =  fij  -  [m] 
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(111-28) 


Most  problems  can  be  reduced  to  this  "canonical"  form  by  increasing  the  number 
of  equations.  For  example,  the  third  case  (Equation  III-4)  can  be  reduced  by 
taking  [N  ]  as 


[N]  = 

-  [M]'[Ci]  , 

-t-  f5|p[CRl) 

ri,  I 

[0]  . 

L 

(III-29) 


In  the  canonical  form,  the  determinant 


h(k)  =  U  '■ij  -  [Ml 


(III-30) 


can  be-  expanded  into  a  polynominal  by  the  method  of  Danielewski,  and  the  re¬ 
sulting  polynominal  solved  by  Ne-wton's  method  for  the  i  =  1,2...N. 

Approximate  eigenvectors  may  be  ob-tained,  when  the  eigenvalues  are  known, 
by  the  following  procedure 


(NfiOKCfJi  = 

•* 

N„(XO 

■{NlifXv)} 

1 

= 

0 

k - 

{0} 

(III-31) 


then 


and 


(III-32) 


(III-33) 


This  procedure  is  not  generally  very  accurate^,  but  it  suffices  to  obtain  es- 
tima-tes  for  Weilandt's  method. 


■krhis  is  true  because  of  Rayleigh's  theorem  which  says  that  eigenvalues  are 
insensitive  to  errors  in  the  eigenvectors  they  are  calcula-ted  from.  Conversely, 
the  eigenvectors  are  poorly  determined  from  the  eigenvalues. 
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A  routine  incorporating  Danielewski  expansion  and  Wielandt's  method  has 
been  used  with  considerable  success  at  LTV  Astronautics.  The  choice  of  tiiis 
combination  over  other  possible  methods  was  largely  based  on  a  survey  article 
by  Paul  A.  White^  and  suggestions  by  Mario  Rheinfurth  of  the  NASA  Marshall 
Space  Flight  Center^. 


See  White j  Paul  A.  The  Computation  of  Eigenvalues  and  Eigen  Vectors  of  a 
Matrix  Journal  of  the  Society  of  Industrial  and  Applied  Mathematics,  Vol.  6, 
No.  December,  1958. 

p 

Rheinfurth,  Mario  Control-Feedback  Stability  Analysis  ABMA  Report  No. 
DA-TR-2-bO  January  i960. 
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TABLE  35 

TWO-DIMENSIONAL  DIPARABOLIC  INTEGRATION  MATRICES 


TWO-DIMENSIONAL  DIPARABOLIC 
INTEGRATION  COEFFICIENTS  FOR 


USE  IN 

PLATE  AND  SHELL 

f/’l 

ANALYSES 

ROW 

L^/J 

COLUMN 

1 

2 

3 

A  , 

1 

l.OOOOOOOE  00 

5.0000000E-01 

3.3333333E-01 

5.0000000E-01 

2 

5.0000000E-01 

3.3333333E-01 

2.5000000E-01 

2.5000000E-01 

3 

3.3333333E-01 

2.5000000E-01 

2.0000000E-01 

1.6666667E-01 

A 

5.000COOOE-01 

2.5000000E-01 

1.6666667E-01 

3.3333333E-01 

5 

2.5000000E-01 

1.6666667E-01 

1.2500000E-01 

1.6666667E-01 

6 

1.66666676-01 

1.2500000E-01 

9.9999999E-02 

1.11111116-01 

7 

3.3333333E-01 

1,6666667E-01 

1.  lllllllE-01 

2.5000000E-01 

8 

1.6666667E-01 

1.  lllllllE-01 

8.3333333E-02 

1.2500000E-01 

9 

l.lllllllE-01 

8.3333333E-02 

6.6666666E-02 

8.3333333E-02 

10 

2.5000000E-01 

1.2500000E-01 

8.3333333E-02 

2.0000000E-01 

11 

1.2500000E-OL 

8.3333333E-02 

6.2500000E-02 

9.9999999E-02 

12 

8.3333333E-02 

6.2500C00E-02 

A.9999999E-02 

6.6666666E-02 

13 

2.5000000E-01 

2.0000000E-01 

1.6666667E-01 

1.2500000E-01 

lA 

1.2500000E-01 

9.99999g9E-02 

8.3333333E-02 

8.3333333E-02 

15 

8.333.3333E-02 

6.6666666E-02 

5.5555555E-02 

6.2500000E-02. 

16 

6.2500000E-02 

A.9999999E-02 

A. 1666666E-02 

A.9999999E-02 

668 


ROW 


1 

2 

3 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 


5 

2.5000000E-01 

1 . 6666567  E~  0 1 

1.2500000E-01 

1.6  6  66  667  E—  0 1 

l.lllllllE-01 

8.3333333E-02 

1.2500000E-01 

6.3333333E-02 

6.2500000E-02 

9.9999999E-02 

6.6666666E— 02 

4.9999999E-02 

9.9999999E-02 

6.6666666E”02 

4.9999999E-02 

3.9999999E-02 


COLUMN 

6 

1.6666667E“01 
1 .2500000E-01 
9.9999999E-02 

l.lllllllE-01 

8.3333333E-02 

6.6666666E“02 

8.3333333E-02 

6.2500000E-02 

4.9999999E-02 

6 . 6666666E— 02 

4.9999999E-02 

3.9999999E-02 

8.3333333E-02 

5.5555555E-02 

4.1666666E-02 

3.3333333E-02 


7 

3.3333333E-01 

1  •  6666667E*"01 

l.lllllllE-01 

2. 5000000E-01 

1.2500000E-01 

8.3333333E-02 

2.0000000E-01 

9,9999999E-02 

6.6666666E-02 

1.6666667E-01 

8.3333333E-02 

5.5555555E-02 

8.3333333E-02 

6.2500000E-02 

4.9999999E-02 

4. 1666666E-02 


8 

1.6666667E—01 

l.lllllllE-Ol 

8.3333333E-02 

1.2500000E-01 

8.3333333E-02 

6.2500000E-02 

9.9999999E-02 

6.6666666E-02 

4.9999999E-02 

8.3333333E-02 

5.5555555E-02 

4. 1666666E-02 

6 . 6666666E-02 

4.9999999E-02 

3.9999999E-02 

3.3333333E-02 
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ROW 

COLUMN 

9 

10 

11 

1 

l.lllllllE-01 

2.5000000E-01 

1.2500000E-C1 

2 

8.3333333E-02 

1.2500000E-01 

8.3333333E-02 

3 

6 • 66  66  666  E~  02 

8.3333333E-02 

6.2500000E-02 

4 

8.3333333E-02 

2.0000000E-01 

9. 9999999E-02 

5 

6.2500000E-02 

9.9999999E-02 

6.6666666E-02 

6 

4.9999999E-02 

6.6666666E-02 

4. 9999999E-02 

7 

6«6666666E“02 

1 ,6666667E”0l 

8.3333333E-02 

8 

4.9999999E-02 

8.3333333E-02 

5.5555555E-02 

9 

3.9999999E-02 

5.5555555E-02 

4.  1666666E-02 

10 

5.5555555E-02 

1.4285714E-01 

7.1428571E-02 

11 

4, 1666666E-02 

7.1428571E-02 

4.7619047E-02 

12 

3.3333333E-02 

4.7619047E-02 

3.5714285E-02 

13 

5.5555555E-02 

6.2500000E-02 

4.9999999E-02 

14 

4.1666666E-02 

4.9999999E-02 

3.9999999E-02 

15 

3.3333333E-02 

4.1666666E-02 

3.3333333E-02 

16 

2.7777778E-02 

3.5714285E-02 

2.8571428E-02 

12 

8.3333333E-02 

6.2500000E-02 

4.9999999E-02 

6 • 6666666E-02 

4.9999999E-02 

3.9999999E-02 

5.5555555E-02 

4. 1666666E-02 

3.3333333E-02 

4.7619047E-02 

3.5714285E-02 

2.8571428E-02 

4. 1666666E-02 

3.3333333E-02 

2.7777778E-02 

2.3809524E-02 


670 


ROW 


COLUMN 


13 

lA 

15 

16 

1 

2.5000000E-01 

1.2500000E-01 

8.3333333E-02 

6.2500000E-02 

2 

2.0000000E-01 

9.9999999E-02 

6.6666666E-02 

A.9999999E-02 

3 

1.6666667E-01 

a.3333333E-02 

5.5555555E-02 

A.1666666E-02 

A 

1.2500000E-01 

a.3333333E-02 

6.2500000E-02 

A.9999999E-02 

5 

9.9999999E-02 

6.6666666E-02 

A.9999999E-02 

3.9999999E-02 

6 

a.3333333E-02 

5.5555555E-02 

A.1666666E-02 

3.3333333E-02 

7 

8.3333333E-02 

6.2500000E-02 

A.9999999E-02 

A.  1666666E-02 

8 

6.6666666E-02 

A.9999999E-02 

3.9999999E-02 

3.3333333E-02 

9 

5.5555555E-02 

A. 1666666E-02 

3.3333333E-02 

2.7777778E-02 

10 

6.2500000E-02 

A.9999999E-02 

A.  1666666E-02 

3.571A285E-02 

11 

A.9999g99E-02 

3.9999999E-02 

3.3333333E-02 

2.8571A28E-02 

12 

A.  1666666E-02 

3.3333333E-02 

2.7777778E-02 

2.380952AE-02 

13 

1.A28571AE-01 

7.1A28571E-02 

A.76190A7E-02 

3.571A285E-02 

lA 

7. 1A28571E-02 

A.76190A7E-02 

3.571A285E-02 

2.8571A28E-02 

15 

A.76190A7E-02 

3.571A285E-02 

2.8571A28E-02 

2.380952AE-02 

16 

3.571A285E-02 

2.8571A2BE-02 

2.380952AE-02 

2.0A08163E-02 
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TWO-DIMENSIONAL  DIPARABOLIC 
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ROW  COLUMN 


3  0. 

6  0. 

9  0. 

12  0. 

13  0. 

14  0. 

15  0. 

16  0. 


0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 


4.0000000E  00  0. 
2.0000000E  00  0. 
1.3333333E  00  0. 
l.OOOOOOOE  00  0. 
6.0000000E  00  0. 
3.0000000E  00  0. 
2.0000000E  00  0. 
1.5000000E  00  0. 


ROW 


COLUMN 


3  0. 

6  0. 

9  0. 

12  0. 

13  Q. 

14  0. 

15  0. 

16  0. 


6 

2.0000000E  00  0. 
1.3333333E  00  0. 
l.OOOOOOOE  00  0. 
7.9999999E-01  0. 
3.0000000E  00  0. 
2.0000000E  00  0. 
1.5000000E  00  0. 
1.2000000E  00  0. 


0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 
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COLUMN 


ROW 


9 

1  u 

n 

l.OOOOOOOE  00 

3 

1,3333333E  00 

0. 

u  • 

0. 

7 . 9999999E-0 1 

A 

l.OOOOOOOE  00 

0. 

6.6666666E-01 

Q 

n 

9 

7.9999999E-01 

0. 

u  • 

5.7142857E-01 

A 

12 

6 • 6666666E“0 1 

0. 

u  • 

1.5000000E  00 

A 

13 

2.0000000E  00 

0. 

u  • 

1.2000000E  00 

A 

14 

1.5000000E  00 

0. 

0. 

9.9999999E-0  1 

15 

1.2000000E  00 

0. 

8.5714284E-01 

n 

16 

9.9999999E-01 

0. 

u  • 

ROW 

3 

6 

9 

12 

13 

14 

15 

16 


13 

6.0000000E  00 
3.0000000E  00 
2.0000000E  00 
1.5000000E  00 
1.2000000E  01 
5.9999999E  00 
4.0000000E  00 
3.0000000E  00 


COLUMN 

14 

3.0000000E  00 
2.0000000E  00 
1.5000000E  00 
1.2000000E  00 
5.9999999E  00 
4.0000000E  00 
3.0000000E  00 
2.4000000E  00 


15 

2.0000000E  00 
1.5000000E  00 
1.2000000E  00 
9. 9999999E-01 
A.OOOOOOOE  00 
3.0000000E  00 
2.4000000E  00 
2.0000000E  00 


16 

1.5000000E  00 
1.2000000E  00 
9.9999999E-01 
8.5714284E-01 
3.0000000E  00 
2.4000000E  00 
2.0000000E  00 
1.T142857E  00 
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TWO-DIMENSIONAL  DIPARABOLIC 
INTEGRATION  COEFFICIENTS  FOR 
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'ROW 

COLUMN 

5 

6 

7 

8 

7 

0. 

0. 

4»OOOOOOOE 

00 

2.0000000E 

00 

8 

0. 

0. 

2.0000000E 

00 

1.3333333E 

00 

9 

0. 

0. 

1.3333333E 

00 

l.OOOOOOOE 

00 

10 

0. 

0. 

6.0000000E 

00 

3.0000000E 

00 

11 

0. 

0. 

3.0000000E 

00 

2.0000000E 

00 

12 

0. 

0. 

2.0000000E 

00 

1.5000000E 

00 

15 

0. 

0. 

l.OOOOOOOE 

00 

7.9999999E- 

■01 

16 

0. 

0. 

1.5000000E 

00 

1.2000000E 

00 

ROW 

COLUMN 

9 

10 

11 

12 

7 

1.3333333E  00 

6.0000000E 

00 

3.0000000E 

00 

2.0000000E 

00 

3 

l.OOOOOOOE  00 

3.0000000E 

00 

2.0000000E 

00 

1.5000000E 

00 

9 

7.9999999E-01 

2.0000000E 

00 

1.500COOOE 

00 

1.2000000E 

00 

10 

2.0000000E  00 

112000000E 

01 

5.9999999E 

00 

4.0000000E 

00 

11 

1.5000000E  00 

5.9999999E 

00 

4.0000000E 

00 

3.0000000E 

00 

12 

1.2000000E  00 

4.0000000E 

00 

3.0000000E 

00 

2.4000000E 

00 

15 

6.6666666E-01 

1 .5000000E 

00 

1.2000000E 

00 

9.9999999E- 

•01 

16 

9.9999999E-01 

3.0000000E 

00 

2.4000000E 

00 

2.0000000E 

00 

COLUMN 


15 

l.OOOOOOOE  00 
7.99<)9999E-01 
6.6666666E-01 
1.5000000E  00 
1.2000000E  00 
9.9999999E-01 
5.7142857E-01 
8.5714284E-01 


16 

1.5000000E  00 
1.2000000E  00 
9.9999999E-01 
3.0000000E  00 
2.4000000E  00 
2.00Q0000E  00 
8.5714284E-01 
1.7142857E  00 
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TWO-DIMENSIONAL  OIPARASOLIC 
INTEGRATION  COEFFICIENTS  FOR 
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ROW  COLUMN 


7  0. 

8  0. 

9  0. 

10  0. 

11  0. 

12  0. 

15  0. 

16  0. 


0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 


3 

z.oooooooe  00  o 

l.OOOOOOOE  00  0 

6.6666666E-01  0 

3.0000000E  00  0 

1.5000000E  00  0 

9.9999999E-01  0 

5.0000000E-01  0 

7. 5000000E-01  0 
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ROW 


■J  0. 

6  0. 

7  0. 

8  0. 

9  0. 

10  0. 

11  0. 

12  0. 

13  0. 

14  0. 

l‘j  0. 

16  0. 


COLUMN 

6 

0. 

G* 

l.OOOOOOOE  00 
5-OOOOOOOE-Ol 
3.3333333E-01 
2.0000000E  00 
9.9999999E-01 
6.6666666E-01 
0. 

0. 

2.5000000E-01 

4.9999999E-01 


7 

2.0000000E  00 
l.OOOOOOOE  00 

0. 

0. 

6.6666666E— 01 

0. 

0. 

5.0000000E-01 
3.0000000E  00 
1.5000000E  00 
9.9999999E-01 
7.5000000E-01 


8 

l.OOOOOOOE  00 
5.0000000E-01 

0. 

0. 

3.3333333E-01 

0. 

0. 

2.5000000E-01 
2.0000000E  OO 
9.9999999E-01 
6.6666666b-0  t 
4.9999999E-01 
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ROW 


COLUMN 


9 

10 

11 

12 

3 

6.6666666E—01 

3.0000000E  00 

1.5000000E  00 

9.9999999E-0  1 

6 

3.3333333E-01 

2.0000000E  00 

9.9999999E-01 

6 . 6666666E-0 1 

0 

5  .OOOOOOOE-0 1 

7 

6 . 6666666E— 0 1 

0. 

u  • 

A 

2.5000000E-01 

8 

3.3333333E-01 

0. 

\J  « 

9 

4. 44 44 444 E— 01 

1.5000000E  00 

7.5000000E-01 

6 . 6666666E-0 1 

A 

1.2000000E  00 

10 

1.5000000E  00 

0. 

U  • 

A 

5.9999999E-01 

11 

7.5000000E-01 

0. 

u  • 

12 

6.6666666E-01 

1.2000000E  00 

5. 9999999E-01 

7. 9999999E-01 

13 

1.5000000E  00 

4.500C0OOE  00 

3.0000000E  00 

2.2500000E  00 

14 

7.5000000E-01 

3.0000000E  00 

2.0000000E  00 

1.5000000E  00 

15 

6.6666666E-01 

2.2500000E  00 

I.5OOOOOOE  00 

1.2500000E  00 

16 

7.5000000E-01 

1.8000000E  00 

1.2000000E  00 

1.2000000'E  00 

COLUMN 

ROW 

13 

14 

15 

16 

n 

5.0000000E-01 

7.5000000E-01 

3 

0. 

U  • 

r\ 

2.5000000E-01 

4.9999999E-01 

6 

0- 

U  • 

7 

3.0000000E  00 

1.5000000E  00 

9. 9999999E-01 

7.5000000E-01 

8 

2.0000000E  00 

9.9999999E-01 

6. 6666666E-01 

4. 9999999E-01 

9 

1.5000000E  00 

7. 5000000E-01 

6*6666666E”‘01 

7.5000000E-01 

10 

4.5000000E  00 

3.0000000E  00 

2.2500000E  00 

1.8000000E  00 

11 

3.0000000E  00 

2.0000000E  00 

1.5000000E  00 

1.2000000E  00 

12 

2.2500000E  00 

1.5000000E  00 

1.2500000E  00 

1.2000000E  00 

13 

0.- 

0. 

1.2000000E  00 

1.8000000E  00 

5.9999999E-01 

1.2000000E  00 

14 

0. 

0  • 

15 

1.2000000E  00 

5.9999999E-01 

7.9999999E-01 

1.2000000E  00 

16 

1.800C000E  00 

1.2000000E  00 

1.2000000E  00 

1.4400000E  00 
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ROW 

COLUMN 

5 

6 

7 

8 

5 

l.OOOOOOOE 

00 

l.OOOOOOOE 

00 

0. 

l.OOOOOOOE 

00 

6 

l.OOOQOOOE 

00 

1.3333333E 

00 

0. 

l.OOOOOOOE 

00 

.  8 

l.OOOOOOOE 

00 

l.OOOOOOOE 

00 

0. 

1.3333333E 

00 

9 

l.OOOOOOOE 

00 

1.3333333E 

00 

0. 

1.3333333E 

00 

11 

9.9999999E- 

01 

9.9999999E- 

-01 

0. 

1.5000000E 

00 

12 

9.9999999E- 

01 

1.3333333E 

00 

0. 

1.5000000E 

00 

14 

9.9999999E- 

01 

1.5000000E 

00 

0. 

9.9999999E- 

■01 

15 

9.9999999E- 

01 

1.5000000E 

00 

0. 

1.3333333E 

00 

16 

9.9999999E- 

01 

1.5000000E 

00 

0. 

1.5000000E 

00 

ROW  . 

COLUMN 

9 

10 

11 

12 

5 

l.OOOOOOOE 

00 

0. 

9.9999999E 

-01 

9.9999999E- 

-01 

6 

1.3333333E 

00 

0. 

9.9999999E 

-01 

1.3333333E 

00 

■8 

1.3333333E 

00 

0. 

1.5000000E 

00 

1.5000000E 

00 

9 

1.7777778E 

00 

0. 

1.5000000E 

OO 

2.0000000E 

00 

11 

1.5000000E 

00 

0. 

1.8000000E 

00 

1.8000000E 

00 

12 

2.0000000E 

00 

0. 

i.BOOOOOOE 

00 

2 .4000000E 

'oo 

14 

1.5000000E 

00 

0. 

9.9999999E- 

-01 

1.5000000E 

00 

15 

2.0000000E 

00 

0. 

1.5000000E 

00 

2.2500000E 

00 

16 

2.2500000E 

00 

0. 

1.8000000E 

00 

2.7000000E 

oo 
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COLUMN 


14 

9.9999999E-01 
1.5000000E  00 
9.9999999E-01 
1.5000000E  00 
9.9999999E-01 
1.5000000E  00 
1.8000000E  00 
1.8000000E  00 
1.8000000E  00 


15 

9.9999999E-01 
1.5000000E  00 
1.3333333E  00 
2.0000000E  00 
1.5000000E  00 
2.2500000E  00 
1.8000000E  00 
2.4000000E  00 
2.7000000E  00 


16 

9.9999999E-01 
1.5000000E  00 
1.5000000E  00 
2.2500000E  00 
1.8000000E  00 
2.7000000E  00 
1.8000000E  00 
2.7000000E  00 
3.2399999E  00 


TWO-DIMENSIONAL  DIPARABOLIC 
INTEGRATION  COEFFICIENTS  FOR 
USE  IN  PLATE  AND  SHELL  ANALYSES 


ROW 

COLUMN 

1 

2 

3 

1 

0. 

l.OOOOOOOE  00 

l.OOOOOOOE  00 

2 

0. 

5.0000000E-01 

6.6666666E-01 

3 

0. 

3.3333333E-01 

5.0000000E-01 

A 

0. 

5.0000000E-01 

5.0000000E-01 

5 

0. 

2.5000000E-01 

3.3333333E-01 

6 

0. 

1.6666667E-01 

2.5000000E-01 

7 

0. 

3.3333333E-01 

3.3333333E-01 

8 

0. 

I.6666667E-01 

2.22Z2222E-01 

9 

0. 

l.lllllllE-01 

1.6656667E-01 

OLD 

0. 

2.5000000E-01 

2.5000000E-01 

Oil 

0. 

1.2500000E-01 

1.6666667E-01 

012 

0. 

8.3333333E-02 

1.2500000E-0I 

013 

0. 

■  2.5000000E-01 

4.0000000E-01 

014 

0. 

L.2500000E-01 

2.0000000E-01 

015 

0. 

8.3333333E-02 

1.3333333E-01 

016 

0. 

6.2500000E-02 

9.9999999E-02 

COLUMN 


5 

6 

7 

8 

1 

5.0000000E-01 

5.0000000E-01 

0. 

3.3333333E-01 

2 

2.5000000E-01 

3.3333333E~01 

0. 

1.6666667E-01 

3 

1.6666667E-01 

2.5000000E-01 

0. 

l.lllllllE-01 

4 

3.3333333E-01 

3.3333333E-01 

0. 

2.5000000E-01 

5 

1.6666667E-01 

2.2222222E-01 

0. 

1.2500000E-01 

6 

l.lllllllE-01 

1.6666667E-01 

0. 

8.3333333E-02 

7 

2.5000000E-01 

2.5000000E-01 

0. 

2.0000000E-01 

8 

1.2500000E-01 

1.6666667E-01 

0. 

9.9999999E-02 

9 

8.3333333E-02 

1.25POOOOE-01 

0. 

6.6666666E-02 

10 

2.0000000E-01 

2.0000000E-01 

0. 

1.6666667  E— 0 1 

11 

9.9999999E-02 

1.3333333E-01 

0. 

8.3333333E-02 

12 

6*6666666  E~  0  2 

9*9999999E-02 

0. 

5.5555555E-02 

13 

1.2500000E-01 

2.0000000E-01 

0. 

8.3333333E-02 

14 

8.3333333E-02 

1.3333333E-01 

0. 

6.2500000E-02 

15 

6.2500000E-02 

9.9999999E-02 

0. 

4.9999999E-02 

16 

4.9999999E-02 

7.9999999E-02 

0. 

4.1666666E-02 

682 


ROW 


COLUMN 


9 

10 

11 

12 

1 

3.3333333E-01 

0. 

2.5000000E-01 

2 . 5000000E-01 

2 

2.2222222E-0L 

•0. 

1.2500000E-01 

1.6666667E—01 

3 

1.6666667E-01 

-  0. 

8.3333333E-02 

1.2500000E-01 

4 

2.5000000E-01 

0. 

2.0000000E-01 

2.0000000E-01 

5 

1.6666667E-01 

•0. 

9.9999999E-C2 

1. 3333333E-01 

6 

1.250C0OOE-01 

0. 

6.6666666E-02 

9.9999999E-02 

•  7 

2.0000000E-01 

0. 

1.666666  7E-01 

1.6666667E-01 

8 

1.3333333E-01 

0. 

8.3333333E-02 

1.  lllllllE-01 

9 

9.9999999E-02 

0. 

5.5555555E-02 

8.3333333E-02 

10 

1.6666667E-01 

0. 

1.4285714E-01 

1.4285714E-01 

11 

l.lllllllE-01 

0. 

7. 1428571E-02 

9.5238094E-02 

12 

8.3333333E-C2 

0. 

4.7619047E-02 

7. 1428571E-02 

13 

1.3333333E-01 

0. 

6.25OC000E-O2 

9.9999999E-02 

14 

9.9999999E-02 

0. 

4.9999999E-02 

7.9999999E-02 

15 

7.9999999E-02 

0. 

4. 1666666E— 02 

6 . 6666666E— 02 

16 

6.6666666E-02 

0. 

3.5714285E-02 

5.7142857E-02 

683 


ROW 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 


13 

9.9999999E-01 

7. 5OOQ0OOE-O1 

5.9999999E-01 

4.9999999E-01 

3.7500000E-01 

3.0000000E-01 

3.3333333E-01 

2.5000000E-01 

2.0000000E-01 

2.5000000E-01 

1.075OOOOE-O1 

1.5000000E-01 

4.9999999E-01 

2.5000000E~01 

1.6666667E-01 

1.2500000E-01 


COLUMN 

14 

4-9999999E-01 

3.7500000E-01 

3.0Q00000E-01 

3.3333333E-01 

2.5000000E-01 

2.0000000E-01 

2.5000000E-01 

1.8750000E-01 

1.5000000E-01 

2.0000000E-01 

1 .5000C00E-01 

1.2000000E-01 

2.5000000E-01 

1.6666667E-01 

1.2500000E-01 

9.9999999E-02 


15 

3.3333333E-01 

2.5000000E-01 

2.0000000E-01 

2.5000000E-01 

1.8750000E-01 

1. 500C000E-01 

2.0000000E-01 

1.5000000E-01 

1.2000000E-01 

1,6666667E~01 

1.2500000E-01 

9.9999999E-02 

1.6666667E~01 

1.2500000E~01 

9.9999999E-02 

8.3333333E-02 


16 

2 .5000000E-01 

1.8750000E-01 

1 .5000000E-01 

2 .OOOOOOOE-01 

1 .5000000E-01 

1.2000000E-01 

1 . 6666667  E~0 1 

1.2500000E-01 

9.9999999E-02 

1.4285714E-01 

1.0714286E-01 

8.5714284E-02 

1.2500000E-01 

9.9999999E-02 

8.3333333E-02 

7. 1428571E-02 
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[r,] 

ROW 

COLUMN 

1 

2 

3 

2 

0. 

l.OOOOOOOE  00 

l.OOOOOOOE  00 

3 

0. 

l.OOOOOOOE  00 

1.3333333E  00 

5 

0. 

5.0000000E-01 

5.0000000E-01 

6 

0. 

5.0000000E-01 

6 . 6666666E— 0 1 

8 

0. 

3.3333333E-01 

3.3333333E-01 

9 

0. 

3.3333333E-01 

4 . 4444444E— 0 1 

11 

0. 

2.5000000E-01 

2. 5000000E-OI 

12 

0. 

2.5000000E-01 

3.3333333E-01 

13 

0. 

l.OOOOOOOE  00 

1.5000000E  00 

14 

0. 

5.0000000E-01 

7. 5000000E-01 

15 

0. 

3.3333333E-01 

5.0000000E-01 

16 

0. 

2.5000000E-01 

3.7500000E-01 

ROW 

COLUMN 

5 

6 

7 

8 

2 

5.0000000E-01 

5.0000000E-01 

0. 

3.3333333E-01 

3 

5.0000000E-01 

6.6666666E-01 

0. 

3.3333333E-01 

5 

3.3333333E-01 

3.3333333E-01 

0. 

2.5000000E-01 

6 

3.3333333E-01 

4.444A444E— 01 

0. 

2.5000000E-01 

8 

2.5000000E-01 

2.5000000E-01 

0. 

2.0000000E-01 

9 

2.5000000E-01 

3.3333333E-01 

0. 

2.0000000E-01 

11 

2.0000000E-01 

2.0000000E-01 

0. 

1.6666667E-01 

12 

2.0000000E-01 

2.6666667E-01 

0. 

1»6666667E~01 

13 

5.0000000E-01 

7. 5000000E-01 

D. 

3.3333333E-01 

14 

3.3333333E-01 

5.0000000E-01 

0. 

2.5000000E-01 

15 

2.5000000E-01 

3.75nO0OOE-Ol 

0. 

2.0000000E-01 

16 

2.0000000E-01 

3.0000000E-01 

0. 

1 .6666667E-01 

686 


ROW 

COLUMN 

9 

10 

11 

12 

2 

3.3333333E-01 

0. 

2.5000000E-01 

2.5000000E-01 

3 

4.4444444E-0 1 

0. 

2. 5000000E-01 

3.3333333E-01 

5 

2.5000000E-01 

0. 

2. OOOOOOOE-01 

2.0000000E-01 

6 

3.3333333E-01 

0. 

2.0000000E-01 

2.6666667E-01 

8 

2.0000000E-01 

0. 

1,6666667E-01 

1 . 6666667  E-0 1 

9 

2.6666667E-01 

0. 

1.6666667E-01 

2.2222222E-01 

11 

1.666666TE-01 

0. 

i.4285714E-01 

1.4285714E-01 

12 

2.2222222E-01 

0. 

1.4285714E-01 

1.9047619E-01 

13 

5.0000000E-01 

0. 

2.5000000E-01 

3.7500000E-01 

14 

3.7500000E-01 

0. 

2.0000000E-01 

3.0000000E-01 

15 

3.0000000E-01 

0. 

1 ,6666667E~01 

2.5000000E-01 

16 

2. 5000000E-01 

0. 

1.4285714E-01 

2. 1428571E-01 

687 


ROW 

2 

3 

5 

6 
8 
9 

11 

12 

13 

14 

15 

16 


13 

l.OOOOOOOE  00 

1.5000000E  00 

5.0000000E-01 

7.5000000E-01 

3.3333333E-01 

5.000C000E-01 

2.5000000E-01 

3.7500000E-01 

1.8000000E  00 

8.9999999E-01 

5.9999999E-01 

4.4999999E-01 


COLUMN 

14 

5.0000000E-01 

7.5000000E-01 

3.3333333E-01 

5.0000000E-01 

2.5000000E-01 

3. 7500000E-0 1 

2  .OOOOOOOE-0 I 

3.00000C0E-01 

8.9999999E-0  I 

5.9999999E-01 

4.4999999E-01 

3.6000000E-01 


15 

3.3333333E-01 

5.0000000E-01 

2.5000000E-01 

3. 7500000E-01 

2.0000000E-01 

3.0000000E-01 

I  ,6666667E“0l 

2.5000000E-01 

5.9999999E-01 

4.4999999E-01 

3.6000000E-01 

3.0000000E-01 


16 

2.5000000E-01 
3. 7500000E-01 
2 .OOOOOOOE-01 
3.0000000E-01 
1 .6666667E“0l 
2 .5000000E-0 I 
1 .4285714E-01 
2. 1428571E-01 
4.4999999E-01 
3.6000000E-0  1 
3.0000000E-01 
2.5714286C-01 
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[^] 

ROW  COLUMN 


4  0. 

5  0. 

6  0. 

7  .  0. 

8  0. 

9  0. 

10  0. 

11  0. 

12  0. 

14  0. 

15  0. 

16  0. 


0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
,  0. 


0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 


4 

l.OOOOOOOE  00 
5.0000000E-01 
3.3333333E-01 
l.OOOOOOOE  00 
5.0000000E-01 
3.3333333E-01 
l.OOOOOOOE  00 
5.0000000E-01 
3.3333333E-01 
2.5000000E-01 
2.5000000E-01 
2.5000000E-01 


689 


COLUMN 


5 

5.0000000E-01 
3.3333333E-01 
2.5OQO0OOE-01 
5.0000000E-01 
3»3333333E-0l 
2. jOOOOOOE-01 
5.0000000E-01 
3.3333333E-01 
2.5000000E-01 
2.0000000E-01 
2.0000000E-01 
2.0000000E-01 


6 

3.3333333E-01 
2.5000000E-01 
2.0000000E-01 
3.3333333E-01 
2.5000000E-01 
2.0000000E-01 
3.3333333E-01 
2.5000000E-01 
2.0000000E-01 
1.6666667E-01 
1.6666667E-01 
1 .6666667E-01 


7 

l.OOOOOOOE  00 
5.0000000E-01 
3.3333333E-01 
1.3333333E  00 
6.6666666E-01 
4.A444A4AE-01 
1.5O0COO0E  00 
7.5000000E-01 
5.0000000E-01 
2. 5000000E-01 
3.3333333E-01 
3.7500000E-01 


8 

5.0000000E-01 
3. 3333333E-01 
2.5000000E-01 
6.6666666  E~  0 1 
4.4444444E-01 
3.3333333E-01 
7.5000000E-01 
5.0000Q00E-01 
3.7500000E-01 
2.0000000E-01 
2.6666667E-01 
3.0000000E-ai 


ROW 

COLUMN 

9 

10 

11 

4 

3.3333333E-01 

l.OOOOOOOE  00 

5.0000000E-01 

5 

2.5000000E-01 

5-OOOOOOOE-OI 

3.3333333E-01 

6 

2.0000000E-01 

3.3333333E-01 

2.5000000E-01 

7 

4.4444444E-01 

1.5000000E  00 

7. 5000000E-01 

a 

3.3333333E-01 

7.5000000E-01 

5.0000000E-01 

9 

2 . 6666  667  E~  0 1 

5.0000000E-01 

3.7500000E-01 

10 

5.0000000E-01 

1.8000000E  00 

0.9999999E-O1 

11 

3.7500000E-01 

8.9999999E-01 

5.9999999E-01 

12 

3.0000000E-01 

5.9999999E-01 

4.4999999E-01 

14 

1.6666667E-01 

2.5000000E-01 

2.0000000E-01 

15 

2.2222222E-01 

3.7500000E-01 

3.0000000E-01 

16 

2.5000000E-01 

4.4999999E-01 

3.6000000E-01 

12 

3.3333333E-01 

2.5000000E-01 

2.0000000E-01 

5.0000000E-01 

3.7500000E-01 

3.0000000E-01 

5 .9999999E-01 

4.4999999E-01 

3.6000000E-01 

L.6666667E-01 

2.5000000E-01 

3.0000000E-01 


691 


ROW 

COLUMN 

13 

14 

15 

16 

4 

0- 

2.5000000E-01  . 

2.5000000E-01 

2.5000000E-01 

5 

0. 

2.0000000E-01 

2.0000000E-01 

2.0000000E-01 

6 

0. 

1 .6666667E-01 

1.6666667E-01 

1.6666667E-01 

7 

0. 

2.5000000E-01 

3.3333333E-01 

3.7500000E-01 

e 

0. 

2.0000000E-01 

2.6666667E-01 

3.0000000E-01 

9 

0. 

1.6666667E-01 

2.2222222E-01 

2.5000000E-01 

10 

0. 

2.5000000E-01 

3.7500000E-01 

4.4999999E-01 

11 

0. 

2.0000000E-01 

3.0000000E-01 

3.6000000E-01 

12 

0. 

1.6666667E-01 

2.5000000E-01 

3.0000000E-01 

14 

0. 

1.4285714E-01 

1.4285714E-01 

1.4285714E-01 

15 

0. 

1.4285714E-01 

1.9047619E-01 

2. 1428571E-01 

16 

0. 

1.4285714E-01 

2. 1428571E-01 

2.5714286E-01 

692 
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ROW 

[''9] 

COLUMN 

1 

2 

3 

4 

2 

0. 

0. 

0. 

5.0000000E-01 

3 

0. 

0. 

0. 

5.0000000E-01 

A 

0. 

5.0000000E-01 

5.0000000E-01 

0. 

5 

0. 

2.5000000E-01 

3.3333333E-01 

2.5000000E-01 

6 

0. 

1.6666666E-01 

2.5000000E-01 

2.5000000E-01 

7 

0. 

5.0000000E-01 

5.0000000E-01 

0. 

8 

0. 

2.5000000E-01 

3.3333333E-01 

1.6666666E-01 

9 

0. 

1.6666666E-01 

2.5000000E-01 

1.6666666E-01 

10 

0. 

5.0000000E-01 

5.0000000E-01 

0. 

11 

0. 

2.5000000E-01 

3.3333333E-01 

1.2500000E-01 

12 

0. 

1.6666666E-01 

2.5000000E-01 

1.2500000E-OL 

13 

0. 

0. 

0. 

5.0000000E-01 

14 

0. 

1.2500000E-01 

2.0000000E-01 

2.5000000E-01 

15 

Oi 

1.2500000E-01 

2.0000000E-01 

1.6666666E-01 

16 

0. 

1.2500000E-01 

2.0000000E-01 

1.2500000E-01 

693 


COLUMN 


5 

6 

7 

8 

2 

2.5000000E-01 

1.6666666E— 01 

5.0000000E-01 

2.5000000E-01 

3 

3.3333333E-01 

2.5000000E-01 

5.0000000E-01 

3.3333333E-01 

4 

2.5000000E-01 

2.5000000E-01 

0. 

1.6666666E— 01 

•5 

2.5000000E-01 

2.5000000E-01 

3.3333333E-01 

2.5000000E-01 

6 

2.5000000E-01 

2.5000000E-01 

3.3333333E-01 

2.7777777E-01 

7 

3.3333333E-01 

3.3333333E-01 

0. 

2.5000000E-01 

8 

2.5000000E-01 

2.7777777E-01 

2.5000000E-01 

2.5000000E-01 

9 

2.2222222E-01 

2.5000000E-01 

2.5000000E-01 

2.5000000E-01 

10 

3.7500000E-01 

3.7500000E-01 

0. 

3.0000000E-01 

11 

2.5000000E-01 

2.9166666E-01 

2.0000000E-01 

2.5000000E-01 

12 

2.0833333E-01 

2.50000GOE-01 

2.OOOC0O0E-O1 

2.3333333E-01 

13 

3.7500000E-01 

3.0000000E-01 

5.0000000E-01 

3.7500000E-01 

14 

2.5000000E-01 

2.5000000E-01 

3.3333333E-01 

2.9166666E-01 

15 

2.0833333E-01 

2.3333333E-01 

2.5000000E-01 

2.5000000E-01 

16 

1.8750000E-01 

2.2500000E-01 

2.0000000E-01 

2.2500000E-01 

69^^ 


ROW 


COLUMN 


2 

3 

A 

5 

6 

7 

8 
9 
0 

11 

12 

13 

lA 

15 

16 


9 

1.6666666E-01 

2.5000000E--01 

1.6666666E-01 

2.2222222E-01 

2.5000000E-01 

2.5000000E-01 

2.5000000E-01 

2.5000000E-01 

3.0000000E-01 

2.6666666E-01 

2.5000000E-01 

3.0000000E-01 

2 • 66  66  666 E~  0 1 

2.5000000E-01 

2. AOOOOOOE-01 


10 

5.0000000E-01 

5.0000000E-01 

0. 

3.7500000E-01 

3.7500000E-01 

0. 

3.0000000E-01 

3.0000000E-01 

0. 

2.5000000E-01 

2.5000000E-01 

5.0000000E-01 

3.7500000E-01 

3.0000000E-01 

2.5000000E-01 


11 

2.5000000E-Q1 

3.3333333E-01 

1.2500000E-01 

2.5000000E-01 

2.9166666E-01 

2.0000000E-01 

2.5000000E-01 

2.6666666E-01 

2.5000000E-01 

2.5000000E-01 

2.5000000E-01 

3.7500000E-01 

3.  1250000E-01 

2.7500000E-01 

2.5000000E-01 


12 

I . 6666666E-0 1 

2.5000000E-01 

1.2500000E-01 

2.0833333E-01 

2.5000000E-01 

2.0000000E-01 

2.3333333E-01 

2.5000000E-01 

2.5000000E-01 

2.5000000E-01 

2.5000000E-01 

3.0000000E-01 

2.7500000E-01 

2.6000000E-01 

2.5000000E-01 


695 


ROW 


COLUMN 


2 

3 

A 

5 

6 

7 

8 
9 

10 

11 

12 

13 

lA 

15 

16 


13 

0. 

0. 

5.0000000E-01 

3.7500000E-01 

3.0000000E-01 

5.0000000E-01 

3.7500000E-01 

3.0000000E-01 

5.0000000E-01 

3.7500000E-01 

3.0000000E-01 

0. 

2.5000000E-01 

2.5000000E-01 

2.5000000E-01 


lA 

1 .2500000E-01 

2.0000000E-01 

2.5000000E-01 

2.5000000E-01 

2.5000000E-01 

3.3333333E-01 

2.9166666E-01 

2 ,6666666E— 01 

3.7500000E-01 

3. 1250000E-01 

2.7500000E-01 

2.5000000E-01 

2.5000000E-01 

2.5000000E-01 

2.5000000E-01 


15 

1.2500000E-01 

2.0000000E-01 

1,6666666E~01 

2.0833333E-01 

2.3333333E-01 

2. 5000000E-01 

2.5000000E-01 

2.5000000E-01 

3.0000000E-01 

2.7500000E-01 

2.6000000E-01 

2.5000000E-01 

2.5000000E-01 

2.5000000E-01 

2.5000000E-01 


16 

1.2500000E-01 

2.0000000E-01 

1.2500000E-01 

1.8750000E-01 

2.2500000E-01 

2.0000000E-01 

2.2500000E-01 

2.AOOOOOOE-01 

2.5000000E-01 

2.5000000E-01 

2.5000000E-01 

2 . 5000000E-01 

2.5000000E-01 

2.5000000E-01 

2.5000000E-01 


696 


TWO-DIMENSIONAL  DIPARABOLIC 
INTEGRATION  COEFFICIENTS  FOR 
USE  IN  PLATE  AND  SHELL  ANALYSES 


y 

COLUMN 

2 

3 

4 

0. 

0. 

l.OOOOOOOE  00 

0. 

0. 

5.0000000E-0I 

0. 

0. 

3.3333333E-01 

0. 

0. 

5.0000000E-01 

0. 

0. 

2.5000000E-01 

0. 

0. 

1 .6666667E-0L 

0. 

0. 

3.3333333E-01 

0. 

0. 

1.6666667E-01 

0. 

0. 

1 .  IIIUIIE-Ol 

0. 

0. 

2.5000000E-01 

0. 

0. 

1.2500000E-01 

0. 

0. 

8.3333329E-02 

0. 

0. 

2.5000000E-01 

0. 

0. 

1.2500000E-01 

0. 

0. 

8.3333329E-02 

0. 

0. 

6.2500000E-0? 

COLUMN 


1 

5.0000000E-01 

3.3333333E-01 

l.OOOOOOOE  00 

5 .OOOOOOOE-0 i 

2 

3.3333333E-01 

2 .5000000E-01 

5.0000000E-01 

3.3333333E-01 

3 

2.500'o\}OOE-01 

2 .OOOOOOOE-01 

3.3333333E-01 

2 .5000000E-0 1 

A 

2.500C000E-01 

1 ,6666667E“01 

6.6666666E-01 

3.3333333E-0i 

5 

1,6666667E“01 

1.2500000E-01 

3.3333333E-CI 

2.2222222E-01 

6 

1.250C000E-C1 

9.9999999E-02 

2.2222222E-01 

L.6666667E-0 1 

7 

1,6666667E— 01 

l.lllllllE-01 

3.000''000E-01 

2 , 5000000E-0 1 

8 

l.lllllllE-01 

8.3333329E-02 

2.500..C0nL-Cl 

1 . 6666667L-0 1 

9 

8.3333329E-02 

6.6666669E-02 

1 . 666^667  f--01 

1 .  ?5C0000b-0 1 

10 

1.2500000E-0  L 

a.3333329E-02 

A.OOGLOOOE-01 

?.OOOOOOOh-Ul 

11 

8.333332qE-02 

6.2500000E-02 

2.0C0C000E-01 

1.3333333E-01 

12 

6.2500000E-02 

A.9999999E-C2 

1.3333333L-L1 

9.9999999h-02 

13 

2.000C000E-01 

1 .666b667E-01 

2 .50000001 -0  1 

2 .OOC OOOOE-0  1 

lA 

9.9999999E-02 

8.3333329E-02 

1 .666O667E-01 

1.3  53333^1-01 

15 

6.6666669E~02 

5.5555559E-02 

1. 2500000E-C1 

9.9999999E-C2 

16 

A.9999999E-02 

A.  1666669E“02 

9.9999999E-02 

7.99999991-02 
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TWO-DIMENSIONAL  DIPARABOLIC 
INTEGRATION  COEFFICIENTS  FOR 


USE  IN 

OLATE  AND  SHELL 

ANALYSES 

ROW 

COLUMN 

9 

10 

11 

12 

1 

3.3333333E-01 

l.OOOOOOOE  00 

5.0000000E-01 

3.3333333E-01 

2 

2.5000000E-01 

5.0000000E-01 

3.3333333E-01 

2.5000000E-01 

3 

2.0000000E-01 

3.3333333E-01 

2.5000000E-01 

2.0000000E-OI 

A 

2.2222222E-01 

7.5000000E-01 

3.7500000E-01 

2.5000000E-01 

5 

1.6666667E-01 

3.7500000E-01 

2.5000000E-01 

1.8750000E-0i 

6 

1.3333333E-01 

2.5000000E-01 

1.8750000E-01 

1.5000000E-01 

7 

1.6666667E-01 

5.9999999E-01 

3.0000000E-01 

2.0000000E-01 

8 

1.2500000E-01 

3.0000000E-01 

2.000COOOE-01 

1.5000000E-01 

9 

9.9999999E-02 

2.0000000E-01 

1.5O00000E-0I 

1.2000000E-01 

10 

1.3333333E-01 

5.0000000E-01 

2.5000000E-01 

1.6666667E-01 

11 

9.9999999E-02 

2.5000000E-01 

1.6666667E-01 

1.2500000E-01 

12 

7.9999999e-02 

1.6666667E-01 

1.2500000E-01 

9.9999999E-02 

13 

1.6666667E-01 

2.5000000E-01 

2.0000000E-01 

1.6666667E-01 

lA 

l.lllllllE-01 

1.8750000E-01 

1.5000000E-01 

1.2500000E-01 

15 

8^3333329E-02 

1.5000000E-01 

1.2000000E-01 

9.9999999E-02 

16 

6.6666669E-02 

1.2500000E-01 

9.9999999E-02 

8.3333329E-02 

699 


COLUMN 


14 

2. 5000000E-01 
2.0000000E-01 
1.6666667E-01 
1.2500000E-01 
9.9999999E-02 
8.3333329E-02 
8.3333329E-02 
6.6666669E-02 
5.5555559E-02 
6.2500000E-02 
4.9999999E-02 
4.  1666669E-02 
1.4285714E-01 
7. 1428570E-02 
4.7619050E-02 
3.5714290E-02 


15 

2.5000000E-01 
2.0000000E-01 
1.6666667E-01 
1.6666667E-01 
1.3333333E-01 
1. lllllllE-01 
1.2500000E-01 
9.9999999E-02 
8.3333329E-02 
9.9999999E-02 
7. 9999999E-02 
6. 6666669E-02 
1.4285714E-01 
9.5238099E-02 
7.  1428570E-02 
5. 7142860C-02 


16 

2.5000000E-01 
2.0000000E-01 
1.6666667E-01 
1.8750000E-01 
1.5000000E-01 
1.2500000E-01 
1.5000000E-01 
1.2000000E-01 
9.9999999E-02 
1 .2500000E-01 
9.9999999E-02 
8.3333329E-02 
1.4285714E-01 
1.0714286E-01 
8.5714289E-02 
7. 1428570E-02 


TWO-DIMENSIONAL  DIPARABOLIC 
INTEGRATION  COEFFICIENTS  FOR 
USE  IN  PLATE  AND  SHELL  ANALYSES 

[^/] 

COLUMN 


4 

L.OOOOOOOE  00 
l»OOOOOOOE  00 
5.0000000E-01 
5.0000000E-01 
3.3333333E-01 
3.3333333E-01 
2.5OOOO0OE-OL 
2.5000000E-01 
L.OOOOOOOE  00 
5.0000000E-01 
3.3333333E-01 
2.5000000E-01 


ROW  COLUMN 


5 

6 

7 

8 

2 

5.0000000E-01 

3.3333333E-01 

l.OOOOOOOE  00 

5.0000000E-01 

3 

6»6666666E~01 

5.0000000E-01 

l.OOOOOOOE  00 

6.6666666E~01 

5 

'  2.5000000E-01 

1.6666667E-01 

6.6666666E-01 

3.3333333E-01 

6 

3.3333333E-01 

2.5000000E-01 

6.6666666E-01 

A.4AAAAAAE-01 

8 

1.6666667E-01 

l.lllllllE-01 

5.0000000E-01 

2.5000000E-01 

9 

2.2222222E-01 

1.6666667E-01 

5.0000000E-01 

3.3333333E-01 

11 

1<,2500000E-01 

8.3333329E-02 

A.OOOOOOOE-01 

2.0000000E-01 

12 

1.6666667E-01 

1.2500000E-01 

A.OOOOOOOE-01 

2.6666667E-01 

13 

7.5O0CO0OE-01 

5.9999999E-01 

l.OOOOOOOE  00 

7.5000000E-01 

lA 

3.7500000E-01 

3.0000000E-01 

■  6.6666666E-01 

5.0000000E-01 

15 

2.5000000E-01 

2.0000000E-01 

5.0000000E-01 

3.7500000E-01 

16 

1.8750000E-01 

1.5000000E-01 

A.OOOOOOOE-01 

3.0000000E-01 

702 


ROW  COLUMN 


9 

10 

11 

1-2 

2 

3.3333333E-01 

l.OOOOOOOE  00 

5.0000000E-01 

3.3333333E-01 

3 

5.0000000E-01 

l.OOOOOOOE  00 

6.6666666E-01 

5.0000000E-0 1 

5 

2.2222222E-01 

7.5000000E-01 

3.7500000E-01 

2.5000000E-01 

6 

3.3333333E-01 

7.5000000E-01 

5.0000000E-01 

3.7500000E-01 

8 

1.6666667E-01 

5.9999999E-01 

3.0000000E-01 

2.0000000E-01 

9 

2.5000000E-01 

5.9999999E-01 

4.0000000E-01 

3.0000000E-01 

IL 

1.3333333E-01 

5.0000000E-01 

2.5000000E-01 

1.6666667E-01 

12 

2.0000000E-01 

5.0000000E-01 

3.3333333E-01 

2.5OOQOOOE-01 

13 

5.9999999E-01 

l.OOOOOOOE  00 

7.5000000E-01 

5.9999999E-01 

14 

4.0000000E-01 

7.5000000E-01 

5.6250000E-01 

4.4999999E-01 

15 

3.0000000E-01 

5.9999999E-01 

4.4999999E-01 

3.6000000E-01 

16 

2.4000000E-01 

5-OOOOOOOE-Ol 

3.7500000E-01 

3.0000000E-01 

703 


ROW 


2  0. 

3  0. 

5  0. 

■  6  0  • 

8  0. 

9  0. 

11  0. 

12  0. 

13  0. 

14  0. 

15  0- 

16  0. 


COLUMN 

14 

2.5000000E-01 

4.0000000E-01 

1.2500000E-01 

2.0000000E-01 

8.3333329E-02 

1.3333333E-01 

6.2500000E-02 

9.9999999E-02 

5.0000000E-01 

2.5000000E-01 

1.6666667E— 01 

1.2500000E-C1 


15 

2.5000000E-01 
4.0000000E-01 
1 .6666667E—01 
2 • 6666667E— 0 1 
1.2500000E-01 
2.0000000E-01 
9. 9999999E-02 
1.600C000E-01 
5.0000000E-01 
3.3333333E-01 
2- 5000000E-01 
2.OOOG000E-01 


16 

2.5000000E-01 

4.0000000E-01 

1.8750000E-01 

3.0000000E-01 

1.5000000E-01 

2.4000000E-01 

1.2500000E-01 

2.0000000E-0 1 

5.0000000E-01 

3.7500000E-01 

3.0000000E-01 

2.5000000E-01 


lOh 


TWO-DIHENSIONAL  DIPARABOLIC 
INTEGRATION  COEFFICIENTS  FOR 

USE  IN  PLATE  AND  SHELL  ANALYSES 

y 

ROW 

COLUMN 

1 

2 

3 

4 

7 

0. 

0. 

0. 

2.0000000E  00 

8 

0. 

0. 

0. 

l.OOOOOOOE  00 

g 

0. 

0. 

0. 

6.6666666E-01 

10 

0. 

0. 

0. 

3.0000000E  00 

11 

0. 

0. 

0. 

1.50000006  00 

12 

0. 

0. 

0. 

l.OOOOOOOE  00 

15 

0. 

0. 

0. 

5.0000000E-01 

16 

0. 

0. 

0. 

7.5000000E-01 

ROW 

COLUMN 

5 

6 

7 

8 

7 

l.OOOOOOOE  00 

6.6666666E“01 

2.0000000E 

00 

l.OOOOOOOE  00 

8 

6.6666666E— 01 

5.0000000E-01 

l.OOOOOOOE 

00 

6.6666666E-01 

9 

5-OOOOOOOE-Ol 

4.0000000E-01 

6 . 6666666E' 

-01 

5.0000000E-01 

10 

1.5000000E  00 

l.OOOOOOOE  00 

A.OOOOOOOE 

00 

2.0000000E  00 

11 

l.OOOOOOOE  00 

7.5000000E-01 

2.0000000E 

00 

1.3333333E  00 

12 

7.5000000E-01 

5.9999999E-01 

1.3333333E 

00 

l.OOOOOODF  00 

15 

A.OOOOOOOE-01 

3.3333333E-01 

5.0000000E- 

-01 

4.00OC000E-O1 

16 

5.9999999E-01 

5.0000000E-01 

l.OOOOOOOE 

00 

7.9999999E-01 

705 


ROW 


COLUMN 


9 

10 

11 

12 

7 

6.6666666E-01 

2.0000000E  00 

l.OOOOOOOE  00 

6.6666666E-01 

8 

5.0000000E-01 

l.OOOOOOOE  00 

6.6666666E-01 

5. OOOOOOOE-Ol 

9 

4.0000000E-01 

6.6666666E-01 

5. OOOOOOOE-Ol 

4. OOOOOOOE-Ol 

10 

1.3333333E  00 

4.5000000E  00 

2.2500000E  00 

1.5000000E  00 

11 

l.OOOOOOOE  00 

2.2500000E  00 

1.5000000E  00 

1.1250000E  00 

12 

7.9999999E-01 

1.5000000E  00 

1.1250000E  00 

8.9999999E-01 

15 

3.3333333E-01 

5.0000000E-01 

4. OOOOOOOE-Ol 

3.3333333E-01 

16 

6.6666666E-01 

1.1250000E  00 

8.9999999E-01 

7.5000000E-01 

ROW 

COLUMN 

13 

14 

15 

16 

7 

0. 

5.0000000E-01 

5.00000GOE-01 

5. OOOOOOOE-Ol 

8 

0. 

4,OOOOOOOE-Ol 

4. OOOOOOOE-Ol 

4. OOOOOOOE-Ol 

9 

0. 

3.3333333E-01 

3.3333333E-01 

3.3333333E-01 

xO 

0. 

7.5000000E-Q1 

l.OOOOOOOE  00 

1.1250000E  00 

11 

0. 

5.9999999E-01 

7.9999999E-01 

8.9999999E-01 

12 

0. 

5.0000000E-01 

6.6666666E-01 

7.5000000E-01 

15 

0. 

2.8571429E-01 

2.8571429E-01 

2.8571428E-01 

16 

0. 

4.2857143E-01 

5.7142857E-01 

6.4285713E-0i 

706 


TWO-DIMENSIONAL  DIPARABDLIC 
INTEGRATION  COEFFICIENTS  FOR 


ROW 

USE  IN 

PLATE  AND  SHELL 

fej 

COLUMN 

ANALYSES 

1 

2 

3 

4 

3 

0. 

0. 

0. 

2.0000000E  00 

6 

0. 

0. 

0. 

l.OOOOOOOE  00 

9 

0. 

0. 

0. 

6.6666666E-01 

.12 

0. 

0. 

0. 

5.0000000E-01 

13 

0. 

0. 

0. 

3.0000000E  00 

14 

0. 

0. 

0. 

1.5000000E  00 

15 

0. 

0. 

0. 

l.OOOOOOOE  00 

16 

ROW 

0. 

0. 

COLUMN 

0. 

7.5000000E-01 

5 

6 

7 

8 

3 

l.OOOOOOOE  00 

6.6666666E-01 

2.0000000E 

00 

l.OOOOOOOE  00 

6 

5.0000000E-01 

3.3333333E-01 

1.3333333E 

00 

6.6666666E-01 

9 

3.3333333E-01 

2.2222222E-01 

l.OOOOOOOE 

00 

5.0000000E-01 

12 

2.5000000E-01 

1.6666667E-01 

7.9999999E- 

■01 

4.0000000E-01 

13 

2.0000000E  00 

1.5000000E  00 

3.0000000E 

00 

Z.OOOOOOnE  00 

14 

l.OOOOOOOE  00 

7.5000000E-01 

2.0000000E 

00 

1.3333333E  00 

15 

6.6666666E-01 

5.0000000E-01 

i.5000000E 

00 

l.OOOOOOOE  00 

16 

5.0000000E-01 

3.7500000E-01 

1.2000000E 

00 

7.9999999E-0i 

707 


COLUMN 


9 

10 

11 

12 

3 

6.6666666E-01 

2.00000006 

00 

l.OOOOOOOE  00 

6.6666666E-01 

6 

4.4444444E-01 

1.5000000E 

00 

7.5000000E-01 

5.0000000E-01 

;9 

3.3333333E-01 

1.2000000E 

00 

5.9999999E-01 

4.0000000E-01 

12 

2.6666667E-01 

l.OOOOOOOE 

00 

5.0000000E-01 

3.3333333E-01 

13 

1.5000000E  00 

3.0000000E 

00 

2.0000000E  00 

1.5000000E  00 

14 

l.OOOOOOOE  00 

2.2500000E 

00 

1.5000000E  00 

1.1250000E  00 

15 

7.5000000E-01 

l.OOOOOOOE 

00 

1.2000000E  00 

8.9999999E-01 

16 

5.9999999E-01 

1.5000000E 

00 

l.OOOOOOOE  00 

7.5000000E-01 

ROW 

COLUMN 

13 

14 

15 

16 

3 

0. 

5.0000000E-01 

5.0000000E-01 

5.0000000E-01 

6 

0. 

2.5000000E-01 

3.3333333E-01 

3.7500000E-01 

9 

0. 

1.6666667E-01 

2.5000000E-01 

3.0000000E-01 

12 

0. 

1.2500000E-01 

2.000C000E-01 

2.5000000E-01 

13 

0. 

1.2000000E  00 

1.200G000E  00 

1.2000000E  00 

14 

0, 

5.99999996-01 

7.9999999E-01 

8.9999999E-01 

15 

0. 

4.0000000E-01 

5.9999999E-01 

7. 20000006-01 

'16 

0. 

3.0000000E-01 

4.8C0C000E-01 

5.9999999E-01 

703 


TWO-DIMENSIONAL  DIPARABOLIC 
INTEGRATION  COEFFICIENTS  FOR 
USE  IN  PLATE  AND  SHELL  ANALYSES 

ROW  COLUMN 


1 

2 

3 

4 

5 

0. 

1-OOOOOOOE 

00 

l.OOOOOOOE 

00 

0. 

6 

0. 

l.OOOOOOOE 

00 

1.3333333E 

00 

0. 

8 

0. 

1 .OOOOOOOE 

00 

l.OOOOOOOE 

00 

0. 

9 

0- 

l.OOOOOOOE 

00 

1.3333333E 

00 

0. 

IL 

0. 

l.OOOOOOOE 

00 

l.OOOOOOOE 

00 

0. 

12 

0. 

l.OOOOOOOE 

00 

1.3333333E 

00 

0. 

14 

0. 

l.OOOOOOOE 

00 

1.5000000E 

00 

0. 

15 

0. 

l.OOOOOOOE 

00 

1.5000000E 

00 

0. 

16 

0. 

l.OOOOOOOE 

00 

1.5000000E 

00 

0. 

ROW 

COLUMN 

5 

6 

7 

8 

5 

5.0000000E-01 

5.0000000E- 

-01 

0. 

3.3333333E-01 

6 

5.0000000E-01 

6 . 6666666E- 

-01 

0. 

3.333333JE-01 

8 

6 . 6 666 666 E—  0 1 

6.66&6666E- 

-01 

0. 

5.0000000E-01 

9 

6.6666666E-01 

8.8888887E- 

-01 

0. 

5.0000000E-01 

11 

7.5000000E-01 

7.5000000E- 

-01 

0. 

5.9999999E-01 

12 

7;5000000E-01 

1. OOOOOOOE 

00 

0. 

5.9999999E-01 

14 

5.0000000E-01 

7.5000000E 

-01 

0. 

3.3333333E-01 

15 

6.6666666E-01 

l.OOOOOOOE 

00 

0. 

5.0000000E-01 

16 

7.5000000E-01 

1.1250000E 

00 

0. 

5.9999999E-01 
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ROW 


COLUMN 


9 

10 

11 

12 

5 

3.3333333E-01 

0. 

2.5OCOO0OE-O1 

2.5000000E~01 

6 

4.4444444E-01 

0. 

2.5000000E-01 

3.3333333E-01 

8 

5.0000000E-01 

0. 

4.0000000E-01 

4-OOOOOCOE-Ol 

9 

6 • 6666  666  E" 0 1 

0. 

4.0000000E-01 

5.3333332E-01 

11 

5.9999999E-01 

0. 

5.0000000E-01 

5.0000000E-01 

12 

7.9999999E-01 

0- 

5.0000000E-01 

6 . 6666666  E~0 1 

14 

5.0000000E-01 

0. 

2.5000000E-01 

3.7500000E-01 

15 

7,5000000E-01 

0. 

4.0000000E-01 

6.9999999E-01 

16 

8.9999999E-01 

0. 

5.0000000E-01 

7.5000000E-01 

ROW 

COLUMN 

13 

14 

15 

16 

5 

l.OOOOOOOE  00 

5.0000000E-01 

3.3333333E-01 

2.5000000E-01 

6 

1.5000000E  00 

7.5000000E-01 

5.0000000E-01 

3.7500000E-01 

8 

l.OOOOOOOE  00 

6 , 6666666E— 0 1 

5.0000000E-01 

4.0000000E~01 

9 

1.5000000E  00 

l.OOOOOOOE  00 

7.5000000E-01 

5-9999999E-01 

11 

l.OOOOOOOE  00 

7.5000000E-01 

5.9999999E-01 

5.0000000E-01 

12 

1.5000000E  00 

1.1250000E  00 

8.9999999E-01 

7.5000000E-01 

14 

i.eooooooE  00 

8.9999999E-01 

5.9999999E-01 

4.4999999E-01 

15 

1.8000000E  00 

L.2000000E  00 

8.9999999E-01 

7.2000000E-01 

16 

1.8000000E  00 

1.3500000E  00 

1.0800000E  00 

8.9999999E-01 
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ROW  COLUMN 


1 

2 

3 

4 

1 

0. 

0. 

0. 

5.0000000E-01 

2 

0. 

0. 

<?• 

2.5000000E-01 

3 

0, 

0. 

0. 

1.6666666E-01 

A 

-5.0000000E-01 

-2.5000000E-01 

-1.6666666E-01 

0. 

5 

-2.5000000E-01 

-1.6666666E-01 

-i.2500000E-0l 

0. 

6 

-1.6666666E-01 

-1.2500000E-01 

-9.9999999E-02 

0. 

7 

-5.0000000E-01 

-2.5000000E-Oi 

-1.6666666E-01 

-1.6666667E-01 

•3 

-2-5000000E-01 

-1.6666666E-01 

-1.2500000E-01 

-8.3333329E-02 

9 

-1.6666666E-01 

-1.2500000E-01 

-9.9999999E-02 

-5.5555554E-02 

10 

-5.0000000E-01 

-2.5000000E-01 

-1.6666666E-01 

-2.5000000E-01 

11 

-2.5000000E-01 

-1.6666666E-01 

-1.2500000E-01 

-1.2500000E-01 

12 

-1.6666666E-01 

-1.2500000E-01 

-9.9999999E-02 

-8.3333334E-02 

13 

0. 

0. 

0. 

1.2500000E-01 

14 

- 1.2500000E-01 

-9.9999999E-02 

-8.3333334E-02 

0. 

15 

-1.2500000E-01 

-9.9999999E-02 

-8.3333334E-02 

-4.1666670E-02 

16 

-1.2500000E-01 

-9.9999999E-02 

-8.3333334E-02 

-6.2500000E-02 
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ROW 


COLUMN 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 


5 

2.5000000E-01 

1.6666666E-01 

1.2500000E-01 

0. 

0- 

0. 

-8.3333329E-02 
-5.5555554E-02 
-4. 1666670E-02 
-1.2500000E-01 
-8.3333334E-02 
-6.2500000E-02 
9.9999999E-02 
0. 

-3.3333330E-02 

-4.9999999E-02 


6 

1 .6666666E-01 
1.2500000E-01 
9.9999999E-02 

0. 

0. 

0. 

-5.5555554E-02 

-4.1666670E-02 

-3.3333330E-02 

-8.3333334E-02 

-6.2500000E-02 

-4.9999999E-02 

8.3333334E-02 

0. 

-2.7777775E-02 
-4. 1666665E-02 


7 

5.0000000E-01 

2.5000000E-01 

1.6666666E~01 

1.6666667E-J1 

8.3333329E-02 

5.5555554E-02 

0. 

0. 

0. 

-9.9999998E-02 
-4.9999999E-02 
-3.3333335E-02 
1.2500000E-01 
4. 1666670E-02 
0. 

-2.4999999E-02 


8 

2 .5000000E-01 
1 .6666666E-01 
1.2500000E-01 
8.3333329E-02 
5.5555554E-02 
4. 1666670E-02 
0. 

0. 

0. 

-4.9999999E-02 

-3.3333335E-02 

-2.4999999E-02 

9.9999999E-02 

3.3333330E-02 

0. 

-2.0000000E-02 
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ROW 

1 

2 

3 

A 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 


9 

1.6666666E-01 

1.2500000E-01 

9.9999999E-02 

5.5555554E-02 

4.1666670E-02 

3.3333330E-02 

0. 

0. 

0. 

-3«3333335E-02 

-2.4999999E-02 

-2.0000000E-02 

8.3333334E-02 

2.7777775E-02 

0. 

- 1  .•6666665E-02 


COLUMN 

10 

5.0000000E-01 
2.5000000E-01 
1.6666666E-01 
2.5000000E-01 
1 .2500000E-01 
8.3333334E-02 
9.9999998E-02 
4.9999999E-02 
3.3333335E-02 
0. 

0.. 

0. 

1.2500000E-01 

6.2500000E-02 

2.4999999E-02 

0. 


11 

2.5000000E-01 

1.6666666E-01 

1.2500000E-01 

1.2500000E-01 

8.3333334E-02 

6.2500000E-02 

4.9999999E-02 

3.3333335E-02 

2.4999999E-02 

0. 

0. 

0. 

g.9999999E-02 
4. 9999999E-02 
2.0000000E-02 
Op 


12 

1.6666666E-01 

1.2500000E-01 

9.9999999E-02 

8.3333334E-02 

6.2500000E-02 

4.9999999E-02 

3.3333335E-02 

2.4999999E-02 

2.0000000E-02 

0. 

0. 

0. 

8.3333334E-02 
4# 1666665  E“ 0  2 
1.6666665E-02 

0. 
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COLUMN 


13 

0. 

0. 

0. 

-  1.2500000E-01 
-9.99999996-02 
-8. 33333346-02 
-1.25000006-01 
-9.99999996-02 
-8.33333346-02 
-1.250C000E-01 
-9. 99999996-02 
-8.3333334E-02 
0. 

-7.14285706-02 
-7.14285706-02 
-7. 14285706-02 


14 

1.25000006-01 

9.99999996-02 

8. 33333346-02 

0. 

0. 

0. 

-4.16666706-02 

-3.33333306-02 

-2.77777756-02 

-6.25000006-02 

-4.99999996-02 

-4.16666656-02 

7.14285706-02 

0. 

-2.38095256-02 

-3.57142846-02 


15 

1.25000006-01 

9.99999996-02 

8.33333346-02 

4.16666706-02 

3.33333306-02 

2.77777756-02 

0. 

0. 

0. 

-2.49999996-02 

-2.00000006-02 

—1.66666656—02 

7.14285706-02 

2.38095256-02 

0. 

-1.42857156-02 


16 

1.25000006- 01 

9.99999996- 02 

8.33333346-02 

6.25000006- 02 

4.99999996- 02 
^ . 16666656-02 
2.49999996-02 
2.00000006-02 
1.66666656-02 
0. 

0. 

0. 

7. 14285706-02 
3.57142846-02 
1.42857156-02 

0. 
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ROW 

COLUMN 

1 

2 

3 

4 

1 

Oo 

5.0000000E-01 

5.0000000E-01 

0. 

2 

-5.0000000E-01 

0. 

1.6666667E-01 

-2 .5000000E-01 

3 

-5.0000000E-01 

-1.6666667E-01 

0. 

-2.5000000E-01 

4 

0. 

2.5000000E-01 

2.5000000E-01 

0. 

5 

-2.5000000E-01 

0. 

8.3333333E-02 

-1.6666667E-01 

6 

-2.5000000E-01 

-8.3333333E-02 

0. 

-1.6666667E-01 

7 

0. 

1.6666667E-01 

1.6666667E-01 

0. 

8 

- 1.6666667E-01 

0. 

5. 5555555E-02 

-1 .2500000E-01 

9 

-1.6666667E-01 

-5.5555555E-02 

0. 

-1.2500000E-01 

10 

0. 

1.2500000E-01 

1.2500000E-01 

0. 

11 

-1.2500000E-01 

0, 

4.  1666666E— 02 

-9.9999999E-02 

12 

-1.2500000E-01 

-4.I666666E-02 

0. 

-9.9999999E-02 

13 

-4.9999999E-01 

-2.5000000E-01 

-9. 999g998E-02 

-2.5000000E-01 

14 

-2.5000000E-01 

-1.2500000E-01 

-4.999999gE-02 

-1.6666667E-01 

15 

-1.6666667E-01 

-8.3333331E-02 

-3.3333333E-02 

-1.2500000E-01 

16 

-1.2500000E-01 

-6.2500000E-02 

-2.4999999E-02 

-9.9999999E-02 

COLUMN 


5 

2.5000000E-01 

0. 

-8.3333333E-02 
1 «  6666667E— 0 1 
0. 

-5.5555555E-02 

1.2500000E-01 

0. 

-4. 1666666E-02 
9.9999999E-02 

0. 

-3.3333333E-02 

-1.2500000E-01 

-8.3333331E-02 

-6.2500000E-02 

-4.9999999E-0Z 


6 

2,5000000E-01 

8.3333333E-02 

0. 

1.6666667E-01 

5.5555555E-02 

0. 

1.2500000E-01 
4. 1666666E-02 

0. 

9.9999999E-02 

3.3333333E-02 

0. 

-4.9999999E-02 

-3.3333333E-02 

-2.4999999E-02 

-2.0000000E-02 


7 

0, 

-1 .6666667E-01 
— 1.6666667E~01 

0. 

-1.2500000E-01 

-1.2500000E-01 

0. 

-9.9999999E-02 

-9.9999999E-02 

0. 

-8.3333333E-02 
-8.3333333E-02 
-1.6666667E-01 
-1.2500000E-01 
-9. 9999999E-02 
-8.3333333E-02 


8 

1 . 66666  6 7E—0 1 

Q- 

-5.5555555E-02 

1.2500000E-01 

0. 

-4.1666666E-02 

9.9999999E-02 

0. 

-3.3333333E-02 

8.3333333E~02 

0. 

-2.7777778E-02 

-8.3333331E-02 

~6.2500000E-02 

-4.9999999E-02 

-4.1666666E-02 


ROW 

COLUMN 

9 

10 

11 

1 

1.6666667E-01 

0. 

1. 2500000E-01 

2 

5.5555555E-02 

-1 .2500000E-01 

0. 

3 

0. 

-1 .2500000E-01 

-4. 1666666E— 02 

4 

1.2500000E-01 

0. 

9.9999999E-02 

5 

4. 1666666E~02 

-9.9999999E-02 

0. 

6 

0. 

-9.9999999E-02 

-3.3333333E-02 

7 

9.9999999E-02 

0. 

8.3333333E-02 

8 

3.3333333E-02 

-8.3333333E-02 

0. 

9 

0. 

-8.3333333E-02 

-2.7777778E-02 

10 

8.3333333E-02 

0. 

7.1428571E-02 

11 

2.7777778E-02 

-7.1428571E-02 

0. 

12 

0. 

-7.1428571E-02 

-2.3809524E-02 

13 

-3.3333333E-02 

-1.2500000E-01 

-6.2500000E-02 

14 

-2.4999999E-02 

-9.9999999E-02 

-4.9999999E-02 

15 

-2.0000000E-02 

-8.3333333E-02 

—4. 1666666E— 02 

16 

-1.6666667E-02 

-7.1428571E-02 

-3.5714285E-02 

12 

1.2500000E-01 
4. 1666666E-02 

0. 

9.99999g9E-02 

3.3333333E-02 

0. 

8.3333333E-02 

2.77777T8E-02 

0. 

7.1428571E-02 

2.3809524E-02 

0. 

-2.4999999E-02 
-2.0000000E-02 
“ L . 6666667E“02 
-L.4285714E-02 
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COLUMN 


13 

99999996-01 
2.5000000E-01 
9.9999998E-02 
2.5000000E-01 
1.2500000E-01 
4.9999999E-02 
1 . 6666667E— 0 1 
8.33333316-02 
3.3333333E-02 
1.2500000E-01 

6.25000006-02 
2.4999999E-02 


14 

2.5000000E-01 

1.2500000E-01 

4.9999999E-02 

1.6666667E-01 

8.3333331E-02 

3.3333333E-02 

1.2500000E-01 

6.2500000E-02 

2.4999999E-02 

9.9999999E-02 

4.9999999E-02 

2.0000000E-02 


15 

1.6666667E-01 
8.3333331E-02 
3.3333333E-02 
1.2500000E-01 
6.2500000E-02 
2. 49999996-02 

9.99999996- 02 

4.99999996- 02 
2.00000006-02 
8.33333336-02 
4. 1666666E— 02 
1.66666676—02 


16 

1.25000006- 01 

6.25000006- 02 
2.49999996-02 

9.99999996- 02 

4.99999996- 02 
2.00000006-02 
8.3333333E-02 
4.  16666666-02 
1.66666676—02 
7. 14285716-02 
3.57142856-02 
1.42857146-02 


TWO-DIMENSIONAL  DIPARABOLIC 
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K] 

ROW  • 

COLUMN 

1  2 

3 

4 

•  0. 

l.OOOOOOOE  00 

l.OOOOOOOE  00 

0. 

5 

0. 

5.0000000E-01 

6.6666666E-01 

0. 

6 

0. 

3.3333333E-01 

5.0000000E-01 

0. 

7 

0. 

l.OOOOOOOE  00 

l.OOOOOOOE  00 

0. 

8 

0. 

5.0000000E-01 

6,6666666E-01 

0. 

9 

0. 

3.3333333E-01 

5.0000000E-01 

0. 

10 

0. 

l.OOOOOOOE  00 

l.OOOOOOOE  00 

0. 

11 

0. 

5.0000000E-01 

6.6666666E-01 

0. 

12 

0. 

3.3333333E-01 

5.0000000E-01 

0. 

14 

0. 

2.5000000E-01 

4.0000000E-01 

0. 

15 

0. 

2.5000000E-01 

4.0000000E-01 

0. 

16 

O'. 

2.5000000E-01 

4.0000000E-01 

0. 
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COLUMN 


5 

6 

7 

8 

4 

5.0000000E-01 

5.0000000E-01 

0. 

3.3333333E-01 

5 

2.5000000E-01 

3.3333333E-01 

0. 

1 . 6666667E— 0 1 

6 

1.6666667E-01 

2.5000000E-01 

0. 

l.lllllllE-01 

7 

6.6666666E-01 

6.66666666-01 

0. 

5.0000000E-01 

0 

3.3333333E-01 

4 .4444444E— 0 1 

0. 

2.5000000E-01 

9 

2.2222222E-01 

3.3333333E-01 

0. 

1.6666667E-01 

10 

7.5000000E-01 

7.5000000E-01 

0. 

5.9999999E-01 

11 

3.7500000E-01 

5.0000000E-01 

0. 

3-OOOOOOOE-Ol 

12 

2.5000000E-01 

3.7500000E-01 

0. 

2.0000000E-01 

14 

1.2500000E-01 

2.0000000E-01 

0. 

8.3333329E-02 

15 

1.6566667E-01 

2.6666667E-01 

0- 

1.2500000E-01 

16 

1.8750000E-01 

3.0000000E-01 

0. 

1.5000000E-01 
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ROW  COLUMN 


9 

10 

11 

12 

4 

3.3333333E-01 

0. 

2. 5000000E-01 

2.5000000E-01 

5 

2.2222222E-01 

0. 

1.2500000E-01 

1.6666667E-01 

6 

1.6666667E-01 

0. 

8.3333329E-02 

1.2500000E-01 

7 

5.0000000E-01 

0. 

4.0000000E-01 

4.0000000E-01 

8 

3.3333333E-01 

0. 

2.0000000E-01 

2.6666667E-01 

9 

2.5000000E-01 

0. 

1.3333333E-01 

2.0000000E-01 

10 

5.9999999E-01 

0. 

5.0000000E-01 

5.0000000E-01 

11 

4.0000000E-01 

0. 

2.5000000E-01 

3.3333333E-01 

12 

3.0000000E-01 

0. 

1.6666667E~01 

2.5000000E-01 

14 

1.3333333E-01 

0. 

6.2500000E-02 

9.9999999E-02 

15 

2.0000000E-01 

0. 

9.9999999E-02 

1.6000000E-01 

16 

2.4000000E-01 

0. 

1-2500000E-01 

2.0000000E-01 
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13 

l.OOOOOOOE  00 
7.5000000E-01 
5.9999999E-01 
l.OOOOOOOE  00 
7,5000000E-01 
5.9999999E-01 
l.OOOOOOOE  00 
7.5000000E-01 
5.9999999E-01 
5.0000000E-01 
5.0000000E-01 
5.0000000E-01 


14 

5.0000000E-01 
3.7500000E-01 
3.0000000E-01 
6.6666666E— 01 
5.0000000E-01 
4.0000000E-01 
7.5000000E-01 
5.6250000E-01 
4.4999999E-01 
2 .5000000E-01 
3.3333333E-01 
3.7500000E-01 


15 

3.3333333E-01 
2. 5000000E-01 
2.0000000E-01 
5.0000000E-01 
3.7500000E-01 
3.0000000E-01 
5.9999999E-01 
4.4999999E-01 
3.6000000E-01 
1 . 6666.667  E-0  1 
2.5000000E-01 
3.0000000E-01 


16 

2.5000000E-01 

1.8750000E-01 

1.5000000E-01 

4.0000000E-01 

3.0000000E-01 

2.4000000E-01 

5.0000000E-01 

3.7500000E-01 

3.0000000E-01 

1.2500000E-01 

2.0000000E-01 

2.5000000E-01 
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M/ffiRIX  NOTATIONS 


[  ] 

{  } 

(  }' 

r 

[]' 

[]" 

[O],(o} 

"ij 

DEFINCTION  OF  TERt'B  IN  THE  mT 

CI,3r,T}s)  inertial  set  of  ri^ht-handed,  orthogonal,  unit  vectors 
lagrangian  particle  variables 
,'5)  Euler ian  variables  for  a  part-icle 
a  position  vector  for  the  x-y-z  particle  at  time,  t 

-tv/ 

V  -  particle  velocity 

particle  acceleration 
f  density 

IP  body  force 

s  stress  dyadic 

(Hj  j 'Jjj , <A<j  ,Qp<i.,(ri.v  various  notations  for  stress  components 
specific  internal  energy 
specific  internal  dissipation  function 
total  internal  encrgj' 

Rayliegh's  dissipation  function 
total  kinetic  energy 
potential  of  body  forces 


U 

U 

R 

T 

!> 


rectangular  or  square  natrix 

column  matrix 

row  matrix 

diagonal  matrix 

matrix  transpose 

matrix  inverse 

null  matrix 

unity  matrix 
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V 

X-, 

CA] 

[K] 

P/ 

[E] 

Cb] 

Wi 
[^] 
CO-,  . 

A; 

[Ll 


total  potential  of  body  forces 
Lagrange's  undetermined  multipliers 
1!?}  generalized  coordinates 
inertia  matrix  referred  to 
stiffness  matrix  referred  to  jD| 
generalized  forces  corresponding  to 
influence  matrix  referred  to 
damping  matrix  corresponding  to  pj 
vibration  mode 
modal  matrix 
vibration  frequency 
vibration  eigem'alue 

generic  notation  for  coefficients  in  linear  constrants 
expressed  in  implicit  form 


[5] 


transformation  matri:c  which  constrains  rigid  body  motion 


OfJ 

[p] 

[P]tEJ[P] 

[Get)] 

[M] 

[F] 

Qs 

[(^]- 

[R] 


rigid  body  modal  matrix 
rigid  body  "sweepir^g"  matrix 
free  body  influence  coefficients 
Green's  function 

generic  notation  foi'  more  specialised  generalized  coordinates^ 
modal  coordinates  or  internal  coordinates  (Section 

inertia  matrix  referred  to  (^j 

stiffness  matrix  referred  to 

generalized  forces  corresponding  to  cj/ 

influence  matrix  referred  to 

damping  matrix  corresponding  to  Q\ 


vibration  node  in  terns  of  a  set  of  C;  's 
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modal  matrix  for 

modal  damping  factor 

displacement  vector  for  x-y-z  particle 

•6IP  , 


generalized  Raylie^-Ritz  functions. 


[it] 

[hi  = 

(tX) 

[•S3i 

[A] 

[A] 

I 

9 

I' 

[R] 

Cn3  axial  load  coefficient  matrix  referred  to  J?,' 

it-R3 , 0-i3  ,  [L o]  quasi-steadj'  aerodynamic  matrices  referred  to 

thrust  force  matrices  referred  to 
£Co}-  Quasi-steady  aerodynamic  matrices  referred  to  ^  J 

orthogonal,  rigid  bcdy  modes. 

Q;|(!5^  M®}]  general  unsteady  aerodynamic  matrix  referred  to 

[JM]  generic  notation  for  coefficient  matrix  in  the  "standard" 

eigeiKalue  problem 

(R  • 


^  I  h,  =  ^  ~  "  O  sanetimes  called  "generalized  displace- 

^  “  ments"  corresponding  to  the  generalized 

coordinates . 

local,  non-dimensional,  particle  coordinates  used  in  inter¬ 
polation  methods 

interpolation  coefficients  for  the  \  th  region 

aerodynamic  influence  coefficients  corresponding  to  J 

streamrise  "differentiation"  matrix 

rigid  body  longitudinal  translation  coordinate 

rigid  bcdyf  lateral  translation  coordinate 

rigid  body  pitch  coordinate 

control  coordinate 

generic  notation  for  transformation  from  external  loads  to 
internal  loads 


nosrnion  vecxor  lor  tne  center  oi  mass 


velocity  of  center  of  mass 

L's  ,{!-}■  generic  notation  for  internal  loads,  stress  resultants, 
stresses,  or  "member"  loads 
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Cijj,Dc) 

SI 

(F 

(Er 

IH 

M 


body'  set  of  right-handed^  orthogonal^  unit  vectors 

angular  velocity  of  (  reference  system 

total  force 

total  moment  of  forces 

total  angular  momentvan 

generic  form  of  geometric  transformations  used  in  the  method 
of  modal  coupling 

modal  matrix  in  terms  of  system,  generalized  coordinates 

rigid  body  generalized  coordinates 

inertial  coordinates  of  center  of  mass 

Euler  angles  for  (  reference 

system 

primary  control  displacements 


GEllERAL  MTHEMATICAL  NCiTATIOMS 
\(  )btv  volume  integration 

)  'dLS  closed  surface  integral 

^  f  )  virtual  change  or  variation 

C** 

Laplace  transform 
Dirac's  "delta"  function 

)4'<t)  Heaviside's  unit  step  function 


7  ,  ^  i 

6  e  du> 

oo 


~  if*!-  -\Ujt 

=  \  cLt 

-/-OD 


>  Fourier  uransform  pair 
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appendix  VI 

the  gill-ruhge-kutta  schime  of 
numerical  integration 
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1.0  COMPUTER  SUBROUTINE  FOR  NUMERICAL  INTEGRATION 


The  method  for  the  numerical  integration  of  ordinary  differential  equations 
described  here  is  the  method  of  Runge-Kutta  which  has  been  adapted  for  use  on  a 
digital  computer  by  Stanley  GUI. 

The  numerical  integration  of  equations  of  the  type 


(VI-1) 


is  accomplished  by  the  Runge-Kutta  method  as  follows. 


let  the  interval  be  of  length  h  so 
where 


that  the  range  of  x  is  divided  by  the  points 


•X.  - 

*  Xo tn K. 


(VI-2) 


Each  increment  Ay  of  y  is  calculated  as  follcv;s 


-  i  Ai  1  4  ifjj  4 

where 

•?i  =  li.  tjA 
h  -t'Xxt 

kj  =  Vj^4 

^4  =  K.  J/Xx  +  K.  Hx  4  kj) 


(VI-3) 


(VI-4) 


A  weighted  average  of  the  four  k’s  affords  a  good  estimate  of  Ay  and  the  error 
is  of  the  order  of  h^,  for  a  given  interval*. 

If  Equation  VI-1  is  of  the  form 


Jm 

55 


“■  f-C A 


(VI-5) 


the  Runge-Kutta  method  reduces  to  Simpson's  rule.  In  this  case  Ay  is  accurately 
given  by  - 

(VI-6) 

*The  derivation  of  the  above  formulas  is  given  in  Ince,  E.  L.,  Ordinary  Dif¬ 
ferential  Equations,  Dover,  1944,  pp.  540  to  547*  See  also  lery,  H.  and  Baggott, 
E.  A.,  Nximerical  Solutions  to  Differential  Equations,  Watts  and  Co.  (London) 

1934,  pp.  96  to  110. 
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The  Runge-Kutta  formulas  give 


=  4  -f  +  Hi}  + 

which  is  seen  to  he  the  Simpson  rule  approximation  for  the  integral  in  VI-6. 

The  computation  form  displayed  helow  is  prohahly  the  most  suitable  if  a 
hand  calculator  is  being  used  for  solution.  The  calculation  of  Ay  is  broken 
up  into  the  following  steps: 


1”- (VI-8) 

*  'Vi 

"  •-}>.  1  ili  '-ji 

^  (VI-9) 


'Ikj  -  (VI- 10) 

'».<  ^  *  !■- 

>1  v-  • 


Finalli' 


{’■4 


=  r  »n. 


■t'4 


(VI-11) 


'tN 


(VI-12) 


-  -j). 

If  it  is  assumed  that  a  differential  equation  can  be  solved  for  the  derivative 
of  highest  order  in  the  dependent  variable,  it  is  seen  that  the  Runge-Kutta 
Equations  VI-3  are  applicable  to  higher  order  equations  since  these  may  be 
reduced  to  a  system  of  first  oi-der  equations. 


The  Runge-Kutta  method  of  integration  has  several  desirable  features  which 
may  be  summarized  as  follows. 

l)  Tnis  method  is  generally  considered  to  have  good  convergence  qualities. 
Forward  integration  and  iteration  procedures  can  sometimes  be  unstable  so  that 
a  calculated  solution  oscillates  with  rapidly  increasing  amplitude  about  nhe 
true  solution.  The  Runge-Kutta  method  does  not  seem  to  be  so  susceptible  to 
this  difficulty. 
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2)  The  Runge-Kutta  method  allows  the  use  of  fairly  large  intervals  com¬ 
pared  to  other  methods  of  numerical  integration. 

3)  Each  integration  interval  is  complete  within  itself,  i.e.,  the  only 
quantities  necessary  to  proceed  from  one  step  to  the  next  are  those  which  would 
also  he  supplied  as  initial  conditions  to  start  the  integration  procedure. 

This  feature  allows  a  change  of  the  interval  size  at  any  point.  The  integra¬ 
tion  may  also  he  re-started  at  any  point  with  ease. 

The  Gill  modification  to  the  Runge-Kutta  process  produces  identical  results 
hut  simplifies  the  labor  involved  when  a  system  of  simultaneous  differential 
equations  are  to  he  integrated  on  a  digital  computer*.  The  Gill -Runge-Kutta 
process  is  defined  hy  the  foUov/ing  equations.  In  these  relations  each  equa¬ 
tion  contains  terms  defined  hy  preceding  equations. 

Equivalent  Fortran 
Statement  Number 
( See  Table  3^  ^ 


40 

rt-x,  =*  l!v  “ 

70 

S’.  “  h'  * 

bo 

90 

“  iv 

120 

140 

-  '>-m 

150 

pi  *  p, 

l60 

190 

hs"  ("jT’  k.j- 

210 

220 

-('xiDk,, 

230 

kx,  '  ^  A  ) 

2&0 

~  K  (kx,  ' 

2tt0 

290 

p,  =  p,-.  ^  J 

300 

*\"nieeler,  D.  J.,  and  Gill,  S.,  The  Preparation  of  Programs  for  an  Electronic 
Digital  Computer  Addison-Wesley,  19bl> 
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The  coefficient  0)  appearing  in  the  expression  for  H-tj,  is  not  critical. 

The  best  value  is  actually  1,  as  it  simplifies  the  program. 

Table  36  is  an  IBM  7090  Fortran  II  listing  of  the  integration  scheme 
used  in  the  results  documented  in  this  report.  It  is  called  Subroutine  RK 
(Runge-Kutta) .  The  definitions  below  will  be  helpful  in  its  interpretation. 

Subroutine  DYDXS  -  Forms  an  expression  for  derivatives 

Subroutine  INPUT  -  reads  data  in 

Subroutine  OUTPUT  -  outputs  results  of  integration 
Y(1)  =  dependent  variables 

DYDX(l)  =  time  derivatives  of  dependent  variables 
Y{1)  =  independent  variable 
DYDX(l)  =  1.0 

p(l)  =  integration  step  size 

2.0  INTEGRATION  OF  THE  GENERAL  LINEAR  TRANSIENT  RESPONSE  EQUATIONS 

The  Runge-Kutta  integration  can  be  used  to  obtain  time-histories  of  tran¬ 
sient  stresses  and  displacenents  by  solving  a  very  general  set  of  equations 
which  arise  when  the  assumption  of  small  displacements  is  made.  The  form  of 
the  differential  equation  is: 


[mK^}  +  +  [|aHF(t)}  (VI-13) 

with  the  stresses  and/or  internal  loads  given  by  the  general  expression: 

-Tl}  =  (VI-14) 


and  the  displacements  and  accelerations  given  by 

{p}=lfK7,} 


(vi~i5) 

(VI-16) 


In  these  expressions,  the  following  coefficient  matrices  are  assumed  to  be  in¬ 
dependent  of  time  and  are  supplied  as  input  to  the  numerical  integration  scheme 
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[m]  ,  the  mass  matrix 


[r] ,  dissipation  matrix  for  the  structure  and  the  damping 
of  quasi-steady  aerodynamic  forces 

[f] ,  structural  stiffness  matrix  and  quasi-steady  aerodynamic 
stiffness 

■iQo),  [|®]  constant  coefficients  in  time  dependent  generalised  forces 


constant  coefficients  relating  stresses  to  time  dependent 
quantities 

[9^*  relation  of  displacements  to  modal  generalized  coordinates 

Also  supplied  as  inputs  is  a  table  of  functions  of  time^  F^(t),  used  to  des¬ 
cribe  the  transient  generalized  forces. 
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TABLE  36 

FORTRAN  SOURCE  PROGRAM  LISTING  OF  RUNGE-KUTTA  SUBROUTINE 


♦ 

LIST 

» 

SYMBOL  TABLE 

CRK 

SUBROUTINE  RX 

COMMON  VAR 

DIMENSION  VAR (240001 »OYOX( 75 ).Y(75).0(75)i 

1  NTEGER(2251 ,P(23400)  , 

EQUIVALENCE  (VAR(l) lY ( 1 ) ) . (VAR (76) »DYDX(1 

1  (VAR(151)» 

Q( 1) 1  * (VAR (301 1.0(11) . ( VAR ( 376 1 >N7EGER( III- 

2  (VAR(5Ql)i 

P (1 1 1 » (NTE6ER(6) .N) 

C 

LOAD  INPUT 

DATA  INTO  MACHINE. 

10 

call  input 

C 

CALCULATE 

THE  OELTAY(J)  AT  Y(l)  «  0.0. 

20 

call  OYOXS 

30 

DO  40  I  »  l.N 

itO 

0(1)  =■  OYDX(  1  )*P  (1 1 

C 

determine 

THE  OUTPUT  OF  THE  INTEGRATION. 

50 

CALL  OUTPUT 

C 

CALCULATE 

THE  Y(J)  AT  Y(l)  =  0.0. 

50 

DO  90  J  »  l.N 

70 

R  =«  .5*(0(J)  -  0(  J)  1 

80 

Y(J)  *  Y(J)  +  R 

90 

0(J!  *  Q(J)  +  3.0*R  -  .5*D(J) 

C 

CALCULATE 

THE  OELTAY(J)  AT  Y(l)  =  HALF  STEP  SIZE. 

100 

CALL  OYDXS 

110 

00  120  I  =  l.N 

120 

0(1)  «  OYOX( I )*P(1 ) 

C 

calculate 

THE  Y(J)  AT  Y(l)  =  half  STEP  SIZE. 

130 

OO  160  J  =  1 .N 

140 

fi  =  ,292893219»(0( J)  -  0(J)) 

150 

Y(J)  »  Y(J)  4  R 

160 

0(J)  =  0(J)  +  3.0*R  -  .292893219*0(0) 

C 

CALCULATE 

the  OELTAY(J)  AT  YIl)  =  HALF  STEP  SIZE  AGA 

17? 

CALL  DYOXS 

180 

DO  190  1  =  l.N 

190 

0(1)  =  OYDX( I )*P( 1) 

C 

calculate 

THE  Y(J)  AT  Y(l)  =  HALF  STEP  SIZE  AGAIN. 

200 

DO  230  J  =  1 .N 

210 

R  =  1.70710678*(0( J)  -  Q(J)) 

220 

Y(J)  =  Y(J)  +  R 

230 

Q(J)  =  0(J1  +  3.0*R  -  1.70710678*D( J) 

C 

calculate 

THE  DELTAY(J)  AT  Y(l)  =  STEP  SIZE. 

240 

call  OYOXS 

250 

DO  260  I  =  l.N 

250 

0(1)  =  OYDX(I)»P(l) 

C 

calculate 

THE  Y(J)  AT  Y(l)  =  STEP  SIZE. 

270 

00  300  J  =  l.N 

280 

R  =  .1656666567*(D( J)  -  2.0*O(J)) 

290 

Y(J)  -  Y(J)  +  R 

300 

OIJ)  *  Q(JI  +  3.0*R  -  .5*DIJ) 

C 

proceed  to  the  next  integration  step. 

310 

NGO  »  1 

320 

GO  TO  (20.330) .NGO 

330 

RETURN 

END 

0055 
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